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ADVERTISEMENT 

TO THE 

FORMER EDITION. 



The present Edition of the Elements of Euclid 
is priiited, with a few variations, from tiie text of 
Dr. Robert Simson. These variations may be 
included under the following heads : — 

1, The Enunciations^ which in the modern 
editions of Simson's Euclid are expressed in the 
present tense, are here given in the future. 

2. In the Problems, the demonstration and the 
, construction, if there be any belonging to it, are 

separated from that part of the proposition which 
forms the actual solution of the problem. 

S. In some of the propositions, which are divided 
into two or more cases, a slight alteration has 
been made, in order to include them all under 
I one general enunciation. 

A 2 




4. In a. few instances, where there appeared t 
be any obscnrity in the Demonstration, whic 
could be removed by a transposition of the sen 
tence, or by the imroductioD of a step, ine Edita 
has ventured to make the alteration. 

5. Numerous margiual references are inserter 
in addition to those which appeared in forme 
editions. Where a eimple reference has not bee 
sufficieat to make the step clear, a short note ha 
been introduced at the bottom of the page. 

6. The punctuation has been corrected, portl 
by a reference to the 4'to Edition of l7S6ti 
pardy by the Editor's own judgment 

R. N. ADAM 
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NEW EDITION. 



In the Universities, algebraical and geometrical 
Symbols Lave now been so generally adopted, not 
only in MSS., but also in Works issuing from the 
Press, that it seems scarcely necessary to adduce 
ally other reason for the use of them in a new 
Pocket Edition of the Elements of Euclid ; 
that Work, to which, perhaps, of all others, the 
gymbolical Notation is most eminently applic- 
able. 

With the algebraical Symbols introduced, the 
mathematical reader will already be perfectly 
fiimiliar ; and of the geometrical, there are but 
two (those for the straight line and parallele- 
piped) which have not long been in common 

1106* 



The text of the former edition of the work hw*^ 
been adhered to, with such slight variations only 
as were rendered necessary by the nature of the 
plan, th'j principal feature of whicli was to eihibit 
the Propositions und^r tho form in which they 
are usually written by students in the University. 
U. BLAKELOCK, J 

Catlnriae HaU, Cambrirli^, 
JuH.S, lasi. 



SYMBOLS. 



AltOKBRAICAL. 



• • 



therefore 



because | 

In the use of the signs of equality and inequality a slight 
discrepancy will be observed in regard to the introduction 
of the auxiliary verbs is, are, &c. ; the symbol =s has been 
used, as in fiict the word eqwd itself is, both adject! vcly 

and as a verb ; before the signs > and ^ the auxiliary 
verb has generally been expressed^; and this has always 
been done in each case, when the omission of it might lead 
to any ambiguity. 



s=: equal 
y- not equal 
^ greater than 
^ less than 



^ not greater than 

<jr not less than 

J^ plus, the sign of addition 

.. minus, the sign of-subtraction 



AB. CD AB multiplied into CD ; it is also used to repre- 
sent the rectangle contained by the two straight 
lines AB and CD as the sides. 

A : B : : C : D signifies that the ratio of A to B is the same 
with the ratio of C to D : and is read, as A is 
to B, so is C to D ; or A is to B, as C is to D. 



GsoirmucAL. 

^x\ triangle 

/ J parallclogi'::m 



circle 

0ce circumfercnca 



) straight line 

H |>arallel to 

lit parallels 

i perpendicular to g) parallelopiped 

Wbpn, in the former Edition the word circumference has been 
used to express only part of the whole circular boundary 
the term arc has been introduced instead oi lYie «:^ii^^c\ 



ABBREVIATIONS. 



alt. - - alternate | altit. • - altitude 
bis^ ... bisect 
The active participle bisecHng is represented by bis', the 
past participle bisected by bis^; and similarly in the 
other abbreviated verbs. 



oircumsc. 


- circumscribe 


opp. - 


- opposite 


com. - 


- common 


prod. - 


. produce 


constr'* 


- construction 


prop" 


- proposition 


cyl. - 


• cylinder 


P^ - 


- point 


desc. - 


- describe 


pntg" - 


- pentagon 


dist. . 


- distance 


pyr^ - 


- pyramid 


div. 


- divide > 


quadrilat' 


- quadrilateral 


dupl. - 


- duplicate 


ro - 


- ratio 


eqniang^ 


- equiangular 


rect. - 


- rectangle 


equilat' 


- equilateral 


reef . 


- rectilineal 


cxt. - 


- exterior 


rem' 


- remainder 


cxtry - 


- extremity 


r» . 


- right 


homol. 


- homologous 


aeg' . 


- segment 


hxg«» . 


- hexagon 


sq. - 


- square 


int. - 


- interior 


tripL - 


- triplicate 


loagn. - 


- magnitude 


w'» . 


• whidi 


n» - 


- number 
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DEFINITION& 



I. 

p A roiNT is that which hath no parts^ or which 
i hath DO magnitude. 

II. 
A line is length without breadth. 

III. 
Tbe extremities of a line are points. 

IV. 
A straight line is that which lies evenly between 
its extreme points. 

V. 

, A superficies is that which hath only length and 
Isreadth. 

VI. 

; Tbe eztremides of a superficies are lines. 

VII. 

A plane superficies is that in whidi any two points 
being taken^ the straight line between them lies 
whdly in that superficies. 

B 



BOOK I. 
VIII. 
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A pUme angle is the inclination of two lines to 
'^ one another in a plane^ which meet together, 
** hut are not in the same direction." 

IX. 

A plane rectilineal angle is A 
the inclination of two 
straight lines to one 

another, which meet to- B*^^ C E- 

gether^ hut are not in the same straight line. 

N.B. ^ When several angles are at one point B, 

* any one of them is expressed hy three letters^ of 

* which the letter that is at the vertex of the angle^ 

* that is, at the point in which the straight lines 

* that contain the angle meet one another^ is put 
' between the other two letters^ and one of these 
' two is somewhere upon one of those straight lines^ 
^ and the other upon the other line: Thus the angle 
^ which is contained by the straight lines^ AB, CB^ 

* is named the angle ABC^ or CBA ; tl^at which is 
' contained hy AB^ DB, is named the angle ABD^ 
' or DBA ; and that which is contained by DB^ 

* CB, is called the angle DBC, or CBD ; but if 
' there be only one angle at a pointy it may be 
' expressed by a letter placed at that point : as the 
'angle at E/ 

X. 

When a straight line standing on an- 
other straight line makes the adjacent 
angles equal to one another, each of 
the angles is called a right angle;' 




M 



DEFINITIOZra. 3 

and the straight line which stands on the other 
ia called a perpendicular to it. 

XL 

An ohtuse angle is that which ia / 

greater than a right angle. / 

XII. 

An acute angle is that which is less than 
- a right angle. 

XIII. 
^A term or boundary is &e extremity of any thing. 

XIV. 
A figure is that which is inclosed by one or more 

boundaries. 

XV 
A cfarde is a plane figure contained 

by one line^ which is called the 

circumference, and is such that 

all straight lines drawn from a 

certain point within the figure to 

Ae circumference, are equal to one another. 

XVI. 
And this point is called the centre of the circle* 

XVII. 
A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways 
by the circumference. 

XVIII. 
A lemicircle is the figure contained by a diameter 
and the part of the circumference cut off by the 
diameter. 

B % 






4 


1 

BOOK I. 




XIX. 


" A si^ment of a circle is the figure contained by .. 
" straight 1 ill Ej and the circumference it cuts off." 




XX. 


Rectilineal figures a 


re those which are contained 


by Etraight lines. 






XXI. 


TrUateral figures. 


r triangles, by three straight 




XXII. 


Quadrilateral, by four straight Unes. 




XXIIl. 


four straight lines. ■ 




XXIV. ■ 


Of three-sided figures, au equilateral a 1 
triangle is that which has three equal / \ J 
BidM. / M 




XXV. 


An iwEcelea triangl 
two Bides equal. 


is that which has only A 




XXVI. 


A Bcalene triangle 


s that which has three 4 
XXVI 1. ^J 


A lighuangled trial 


deij^^j^^^^l 
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XXVIII. 

An obtuse-angled triangle is that which ^xy 
has an obtuse angle. ^ -^ 

XXIX. 

An acute-angled triangle is that which has y\ 
three acute angles. / \ 

XXX. 

Of four-sided figures^ a square is that 
which has all its sides equal^ and all 
its angles right angles. 




I 

! XXXI. 

An oblong is that which has all its angles 
right angles^ but has not all its sides 
equal. 

XXXII. 

A rhombus is that which has aU its 
sides equal, but its angles are not 
right angles. 

XXXIII. 

\ A rhomboid is that which has its op- 
• posite sides equal to one another, but 
all its sides are not equal, nor its 
angles right angles. 

ixxxiv. 

An other four-sided figures, besides these are 
called Trapeziums. 

B 3 
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XXXV. 



Parallel straight lines are such as are iu the same 
plane^ and which^ heing produced ever so far 
both ways^ do not meet. 



POSTULATES. 

I. 

Let it be granted^ that a straight line may be 
drawn from any one point to any other point. 

II. 

That a terminated straight line may be produced 
to any length in a straight line. 

III. 

And that a circle may be described from any cen 
tre, at any distance from that centre. 



AXIOMS. 

I. 

Tumos which are equal to the same thing, arc 
equal to one another. 

II. 

If equals be added to equals^ the wholes are equal. 

in. 

If equals be taken from equals^ the remainders 
are equal. 



POSTULATES. — AXIOMS. 7 

IV. 

If equals be added to unequals^ the wholes are 
unequal. 

V. 

If equals be taken from unequalsj tlie remamders 
are unequal 

VI. 

Things which are double of the same are equal 
to one another. 

VII. 

Things which are halves of the same are equal to 
one another. 

VIII. 

Magnitudes which coincide with one another^ that 
is^ which exactly fiU the same spacc^ are equal 
to olie another. 

IX. 

The whole is greater than its part. 

X. 

Two straight lines catmot inclose a space. 

XL 

All right angles are equal to one another 

XII. 

" If a straight line meets two straight lines, so as 
^* to make the two interior angles on the same 
" side of it taken together less than two right 
V angles, these straight lines, being continually 
'' produced, shall at length meet upon that side 

*. ** on which are the angles which are less than 
** two ri^h^ angles," 
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PROP. I. PROBLEM. 

To describe an equilateral triangle upon a given 
finite straight line. 

Let AB be the given | ; it is req^ to desc. an 
equilat. .^ on AB. 

From cent. A, at (list. AB, 
Postu- desc. © BCD ; from cent. B, at 
^^ ^- dist. BA, desc ACE ; and 
from p^C, in which these » cut 
Post. 1. one another^ draw |« CA, CB : 
ABC shall be an equilat. ^A . 
For, •/ A is cent, of BCD, 
Defini- ,% AC = AB; 

^^^°- and, •/ B is cent of ACE, 

Dcf.!5. .-. BC = BA: 

but, from above, AC ^ AB ; 
.•.AC,BCeach=:AB: 

Axiom •'. AC = BC ^ 

»• .-. AC = BC = AB. 

•*• the triangle ABC is equilateral, and it is 
described on the straight line AB. [q. e. t."] 
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PROP. II. PROB. 

From a given point to draw a straight Une equal 
to a given straight line. 

Let p^ A and | BC be given ; it is req<i to dra^w 
from A a I = BC. 



V 



PROP. I. II. ni. 




Draw I AB, end upon it desc. 
the equilat. ^x^ DAB ; prod, the 
|« DA, DB to E, F; from cent. B, 
itdist. BC, desc.eCGH; firom 
cent. D, atdist DG^ desc. GKL : 

AL shall he = BC. F 

For, •/ B is cent, of CGH, 

BC = BG ; 
and, •/ D is cent, of GKL, 

DL = DG ; 
abo^ part DA = part DB ; 

/, rem'f AL = rem' BG : 
bat from ahove, BC = BG; 
/. AL, BC each = BG : 
AL = BC. 

•*. Jrom the paint A, is drawn a straight line 
equal to the given straight line BC. [q. e. f.] 



Dflf.lS. 

DsT.lft. 

Coostr. 
Ax. 3. 



Ax.l. 



PROP. in. PROB. 

From the greater of two given straight lines to 
cut off a part equal to the less, 

J Let AB and C he the two given |% of w*» AB 
It >C : it is req^ to cut off from AB a part=C. 2.1. 
7 ^Fronijk.draw | AD = C ; and from cent. A, at Post z. 
ii»t.~AD, desc. © DEF : AE shall he = C. 

For, •/ A is cent, of DEF, 

AE = AD ; 
but C = AD : 




Def. 15 
Conftr. 



/.AE, Ceach = AD; \| ^ /^^ 
AE = C. '^^^ — ^F 

/. from AB is cut of apart equal to C% 



Ax.l. 
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PROP. IV. THEOREM. 

Jftwo triangles have two sides of the one equal to 
two sides of the other, each to each ; and have 
likewise the angles contained by those sides equal 
to one another ; they shall likewise have their 
bases, or third sides^ equal ; and the two trian~ 
gles shall be equal; and their other angles shall 
be equal, each to each, viz,, those to which the 
equal sides are opposite. 

In the two .^» ABC, DEF, let the two sides 
AB, AC = the two DE, DF, each to each> viz. 

AB = DE,AC:5=DF; 
andalso^ 

ZBAC=^EDF- 
then «^ftll 

hase BC=base EF, 

^^ABC=:.xxDEF; B C 

and the remS /. » ^ the rem? £ % 
those to w^ the = sides are opp. 
viz. Z. ABC = Z DEF, and /. ACB = DFE. 
For, let .^ ABC he applied to ^^ DEF, so 
that p* A may he on D, and side AB on DE : then 
Hyp. •.• AB coincides with DE, 

and also AB = DE, 
/. p^ B shall coincide with E : 
^p. And •/ AB coincides with DE, 

and also /. BAC = Z. EDF, 
.\ AC shall coincide with DF : 
Hyp. but also AC = DF ; 

•*• pt C shall comcide with F : 




PROP. IV. V. 
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and it has been shown that 

p^ B coincides with £ ; 
.*. base BCshall coincide with base £F; 
Ib^ p^B coinciding with E^ and C with F^ if BC do 
Ml coincide with £F^ two |' will inclose a space : 

but this is impossible. Ax. la 

.% base BC coincides with^ and is = base £F ; Ax. 8. 
ad 



• • 



ABC coincides with, and is=:.^D£F; 
nd the rem? /_^ of the one .^^ coincide with 
and are = the rem^ Z_^ oi the other ^\y viz. 

Z. ABC =Z. D£F, Z ACB =Z DFE. 

/. iftfoo triangles have, cjC. [q. e-d.] 



PROP. V TH£OR. 

The angles at the hose of an isosceles triangle are 
equal to one another ; and if the equal sides he 
producedy the angles upon the other side of the 
base shaU be equaL 

Let ABC be an isos. .^, in w** 
side AB= side AC: 
^let AB, ACbeprodd to D, E: 
shall Z. ABC = Z. ACB, 
and Z CBD = Z BCE. 
In BD take any p^ F ; from AE, 
tne >, cut off AG= AF, the < ; 
and join FC, GB. 
Then, m ^^» AFC, AGB, 
f side AF = side AG, . 

-I side AC = side AB, 

I, and Z PAG is com. to both; 





3.1. 



Consti 
Kyp. 



.-. base FC=l)aseGB,^:\AFC = ^diA( 

theremf /. = of the one =: the reiQ« Z.'oftheoCl 

those to iv'' the ^ sides are opp. 
viz. /. ACF= /. ABG, and L AFC= t 

r. V the whole AF = the whole AG, 
of wli, the part AB = the part AC, 
therein'BF=thereraf CG: 
and, from above, FC ^ GB : 
Hence, in ^^= BFC, CGB, 
.. r sideBF=CG, PC = GB, 
• \ and /BFC=ZCGB, 
.-. .::^BFC=.:^CGB, 
and the Z ' of the mie= the ,i » of the other, 

vii. L FBC, = l_ GCB, Z BCF = t CBI 
and since it has been shown that 

the whole L ABG = the whole i_ ACP, 

the part CBG=the part BCF, 
,•. the rera! Z ABC = theremi i ACB: 
and these are the Z.' at the base ai „^ AH) 
It has also been proved that 

Z. FBC = Z GCB; 
w" are the Z. » on the other side of the base. 
.*. the angki at the bate, S;e. 

[«.. ■..] 

Cob. — Hence erery equilat. ,xi ia also equiai 



PROP. V. VI. VII. IS 

PROP. VI. THEOR. 

Jftwo angles of a triangle be equal to one anotJter, 
the sides also which subtendy or are opposite to 
(Ke equal angles shall be equal to one another. 

In ^y:S ABC, let Z. ABC=Z ACB : 
then sball the side AB=8ide AC. 

For, if AB be qf: AC, one is > 
the other: let AB be the >; from ^f\\ '-^ 
it cut off DB = AC ; and join DC. 




Then, in ,^« DBC, ACB, B' ^C 

. . J side DB= AC, BC is com, to both, Conatr. 
• I and also, Z. DBC = Z. ACB ; Hyp. 

•*. the base DC:=the base AB, 4. i. 

and ^y\ DBC = ,^ ACB, 
t.e. the < xsthe >, 
vr^ is absurd. 
/. ABisnoti^fcAC, 
i.e.AB=AC. 
,*. (^ tito angles^ S$c. [q. e. d.] 

I Con. — Hence every equiang. ^.x^X is also equilat. 

I PROP. VII. THEOR. 

I||»fi the same base, and on the same side of it, 
%| there cannot be two triangles that have their 
sides, whuA are terminated in one extremity of 
Ae base^ equal to one another, and likewise those 
wAtcA are terminated in the other extremity. 

If possible, on the same base AB, and on tlie 
side of it, let there be two ^^^ ACB, ADB, 

c 
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such that their sides CA^ DA^ C D 
terminated in the extry A of the 
hase^ shall be = one another^ and 
likewise those CB DB^ that are 
terminated in B. 

Join CD: and first let the ver- ^ 
tex of each .^^ he without the other ^^ ; the 
Hyp. V AC = AD, 

5. 1. /. Z ACD = Z ADC : 

Ax. 9. but Z ACD > Z BCD ; 

.-. Z ADC > Z BCD ; 
dJbHiori, .\ Z BDC > Z BCD. 
On the other hand^ 
Hyp. •/ BC= BD, 

i. 1. .-. Z BDC = Z BCD : 

but^ fiom above^ 

Z BDC > Z BCD, 
f.c Z BDC is both > and= the sameZ BC 

w^ is impossible. 

If, next, one of the vertices, as D, be within 

other ^xx, prod, AC, AD to E, F : 

then, in ^^ ACD, 

Hyp. •/ side AC = side AD, 

5.1. .-. Z ECD=ZFDC: 

AX.9. but Z ECD > Z BCD ; 

/. Z FDOZBCD; .f 
d/ortiori, /. Z BDC > Z BCD. 

On the other hand. 
Hyp. •/ side BD = side BC, 

•.L A Z BDC=ZBCD: 

bat, from above, 

Z BDC > Z BCD, 
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i*0 L BDC is both > aiid = tha same L BCD« 
w^ is impossible. 

The case in which the yertex of one ^\ Is on 
t ode of the other needs no demonstration. 
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PROP. VIII. THEOR. 

I[ftvo triangles have two sides of the one equal to 
^ sides of the other, each to each, and have 
iStewise their bases equal; the angle whi<^ is 
contained by the two sides of the one shaU be 
c^ual to the angle contained by the two sides 
^iwd to them, of the other. 

In the two ^^^^ ABC, D£F, let the two sides 
AB^ AC = the two D£, DF, each to each, viz. 
ABsDE, AC=DF; A D G 
and also, let the base 
BCssthe base EF: 
theDshaU 
Z BAG = L EDF. b \^ f 

For, let ^^ ABC be applied to DEF, so that 
p' B may be on E, and | BC on EF ; then, 

BC = EF, Hyp. 

,'. p* C coincides with p* F ; 
/, BA and CA shall coincide with ED and FD; 
§», if the base BC coincide with the base EF, 
whilst the sides BA, CA do not coincide with 
Aoie EI>, FD, but have a different situation, as 
16^ F6 ; then, on the same base EF, and on 

c % 





t.tie Bime aide of it, lliere can be two ,^ ' such 
tbiit tlieir sides w'^ are terminated in one estrJ of 
the base, are ^ one another, and likewise thoHe 
v^ are lerminaied in the other extrl : 

but this is impossible : 
.*. if die base BC coincide with EF, the Eides 
BA, CA cannot but coincide with those ED, FD ; 

.'. /. BAG must also coincide with ^ EDF, 
and .-, Z BAC= ^ EDF. 

.', if tv:o trianj/es, i^c. [|<i. v.. d.] 



PROP. IX. PROB. 

3% bisect a given rectilineal angle, tl 

divide it into turn equal anghs. 

Let BAG be thegiven recti Z ; it ia req^ 

Take any p' D in AB ; from AC 

cutoff AB = AD; join DE; on it 

desc. the equilal. .-^ DEF ; and 

join AF : Z BAG shall be bis'l 

by 1 AF. 

For, in ,^' DAF, BAF, 
, r side AD = AE, 

' V-J AF is com. lobotli, 

[ and base DF = baaeEF; 
Z DAF=Z EAF, 
.'. the given angle BAG 
gtrtdght line AF. 



btKcled by the 



1>R0P. IX. X. XI. 



17 



PROP. X. PROB. 

To bisect a given finite straight litis, that is, ts 
divide it into two equal parts. 

Let AB be the giyen | ; it is req^ 
tolHi^it. 

Desc on AB the equilat. .^ 
ABC, andbi8ttheZ.ACBby|CD; 
AB shall be bis^ in pt D. 
For, in .^^^ ACD, BCD, 

side AC = side BC, Coostr. 

CD is common to both, 
and Z ACD = Z. BCD ; 

base AD = base DB : 4.1. 

And •*• the straight line AB is bisected in point D. 




POT, u 

•■{ 
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PROP. XL PROB. 

2*0 draw a straight line at right angles to a given 
straight line, from a given point in the same. 

In the given | AB let the p* C be given ; it is 
req* to draw from C a | at r* /. » to AB. 

Take any p* D in AC, and make CE = CD ; 3. 1. 
on PE desc the equilat. ^^ DEF, and join CF : 
CF, drawn from the p' C, shall be at r^ Z. * to | AB. i- 1- 

For, in ^^^ DCF, ECF, 

{side DC = side EC, ^ Conrtr 

FC is common to both, 
sod base DF=ba8eEF ; 

Z.DCF=ZECF; 

and thej are adp Z *• "^ ^ ^ 
a 3 




%.\. 



r 



but when the adj' Z ', w'' one ] makes ivith auothnr, 
are ^ one another, each is calleil a r' / ; 

,-. each of tho Z' DCF, BCF is a n /_. 

And .*, /ivn> tlie given paint C, in the given 

straight line AB, hru been drawn a straight l^ii 

FC at right angles to AB. 

[Q.E.F.] 

Con, — Hence it may be shown that two j» 
cannot have a com. scg<. 

For if it be possible, let llie two |» ABC, ABD 
hare the com. aeg' AB. 

From p' B ilraw BE at r' /.' to AB ; then, 
ABC is a I, E 

.-. jt CBK=/ K8A; 1 

anti •.' ABD is a |, 

.-. / DBl-:=/ EBA; 

.-. I DBE= I CBE, A ^=^ 

i.e. the <=the >, 
but this is impossible. 
,*. Itcestraight lines eannnt lime a common segment. 



PROr.SIl. PllOB. 

: To drav> a ttralght line perpendicular to a given 
Imight line of an wdimited length Xrom a 
ivrn point without it. 



PROP. ZI. XII. XIII. 
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Take any p^ D on the other side 
of AB; from cent. C, at dist. CD, 
desc. 0£6F^ meeting AB in F 
and G; bis^ FG in H and join .^^jj 
CH: CH shaU be a ± to AB. ^* ^ 



^ 



Post. 8. 



10.1. 
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Join CF, CG ; then in ^yy' FHC, GHC, 

side FH = side HG^ Coiutr 

He is common to both^ 
and base CF= base CG; Der.i5. 

Z.CHF=Z.CHG; s.i. 

and these are adj' ^ » : 
bat when one |^ standing on another |^ makes the 
a4j* Z. •=one another^ each of these Z * is a r* /. ; Def. lo. 
and the | w^ stands on the other is called a JL to it. 

,\/rom the given point C luis been drawn a 
perpendicular CH to the given straight line AB. 

[q. k. f.] 



0m^^^0t0ssi0mi00^m 



PROP. XIII. THEOR. 

Tke angles which one straight line makes with 
anoiker, upon one side 0/ it, are cither two right 
angles, or are together equal to two right angles. 

Let I AB make with CD, on one side of it, the 
/.•CBA,DBA: ^ E 

these shall either 
lie two r^ Z.% or 

dtall together be q , q 

sBtwor^Z*- ^ 'D 

For, if Z CBA=: Z. DBA, 

each of them is a r' ^ • 




DdllO 



II. I. 

Def. I 

i 

&i. I. 

I 



But if Z CBA:7;:iDBA, 

from p' B draw BE at right ^ ' to CD ; 
.-, each 01" the Z, 'CBE.DBli will bear' i. 
Now, Z. CBE=z.'(ABC+ABE); 
leiz: DBE be added: 
then, 

Z.'(CBE+DBE)=Z.8(ABC+ABE+DBE), 
Again, /_ DBA=^=(DBE+ABB) 
let Z ABC be added: 

Z'(DBA+ABC)=i'CDBB+ABE+ABC): 
bat, 

Z.''CCBE+DBE)=these same three Z.»; 
.■.Z'CCBE+DBE)=Z'(I>BA+ABC): 

but CBE, DBE are two H /. • ; 
.-.Z'CDBA+ABC)=two nz.". 

.'. the angles, Sfc. [^<j.E.D.] 
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PROP. XIV. THEOK. 

If, at a point in a straight line, two other straight 

lines, upon the apposite »idet qfit, make the ad- 
jacent angks together equal to tieo right angle*, 

these tiBo straight lines shall be in one and Hie 

fomt straight line. 

At the p' B in ] AB, let the two |' BC, BD, on 
the opp.eidesofAB, make the adji 
Z.< CABC + ABD) = two riZ.*: *. 

BC, BD BhaU be in I 



ifBD benot in thesame I witfaBC, 
A Jet ££ be in the same \ with it : 



PROP. zni. ziv. zv. SI 

then^ 

\* I AB makes with | CB£^ on one side of itj 

the z.«ABC,ABE, 
.-. Z •(ABC+ ABE)= two r^Z. ■ " w. i. 

but ZKABC+ABD)=twortZ.»; Hyp. 

-•.Z.»(ABC+ABE)=Z*(ABC + ABD): Ax.i. 
let the com. Z ABC be taken away ; 
then, the rem« /_ ABE = rems Z. ABD, Ax. s. 

f. c the<=the>, 
w^ is impossible : 
•*.BE is not in the same | with BC. 

And it may in like manner be shown that no 
other can be in the same | with it but BD ; 
•*.BD is in the same | with CB. 

•*• if alt a point, ^c. [[q.e.o.3 



PROP. XV. THEOR. 

If two straight lines cut one another, the vertical, 
or opposite^ angles shall he equal. 

Let the two \^ AB, CD, cut one another in E : 
then, /, AEC=opp. Z. DEB, a^ 
and /CEB=opp.Z.AED. 




For, 

•/ 1 AE makes with CD the Z. « CE A, AED, i^ j, 
/. Z.«(CEA+AED)=twor«Z.*: 
And, 

V IDE makes with AB the Z.»AED, DEB, 
/. also Z.*( AED +DEB)= two rtz.»; ia.i. 

/ »(CEA+AED)=Z.»(AED+DEB). A3ci. 
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LJi, z. Let the com. /_ AED be taken away ; 
then, rems Z. CEA=rem«^ DEB : 

and in the same manner it may be shown that 

Z CEB=^ AED. 

.% if two straight lines, 4(c. [q.e.d.] 

Cob. 1. — Hence it is manifest that^ if two |> cut 
13. 1. one another, theZ. ' w^ they make at the p^ where 
they cat, are t(^ther=four r*/.** 

CoR. 2. — And consequently, all theZ. ' made by 
any number of |* meeting in one p< are tc^ther 
=fourr^Z.«. 
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PROP. XVI. THEOR. 

If one side of a triangle be prodttced^ the exterior 
angle is greater than either of the interior oppo^ 
site angles. 

Let the side BC of the ,^ ABC be prod«i to D ; 
the ext' Z. ACD shall be > either of the inf 
and opp. Z. »CBA, BAC. 

10. 1. Bist AC in E ; join BE ; 
prod. BE to F, making EF 
3.1. =BE, and join FC. 

Then, in .^s AEB, CEF, 
CoMtr. r sideAE=?EC, 

V -! BE=EF, G 

i».i. (. and Z AEB=opp. Z CEF, 

{the base AB=the base CF, 
.^AEB=^^CEF, 
and the remff Z. ' =the rem? Z. •: 




FBOP. zv. XVI. xvu. xvm SS 

/. ZBAE=s:Z.ECF; 
but Z.ECD>Z.ECF; 
.\ Z.ACD>Z.BAC: 

And in like manner^ if the side BC be bis^^ and 
AC pro<^ to G^ it may be shown that 

Z. BCG, i.e. Z. ACD > ABC »»• i- 

.*, if one side, S^c [[q.b.d.3 

PROP. XVII. THEOR. 

JiMg two angles of a triangle are together less than 

two right angles. 

Let ABC be any,^: any two of 
ks Z 'are together < two i^ /.* 

Prod. BC to D ; then 
extrZ.ACD>intrz.ABC: / \ ^^•'• 

let Z.ACB be added: « C » 

Aen, Z.«(ACD+ACB)> Z»(ABC+ACB): 
iHit, Z.'(ACD+ACB)=twortZ."; i3.K 

.•. Z. »( ABC + ACB) < two r» /. • : 
and in like manner it may be shown that 
Z.XBAC+ACB)<twor«Z% 
Z. "(BAC + ABC) < two r^Z. '. 

•*• any two angles, S^c [q.e«d.] 




PROP. XVIIL THEOR. 

Yki greater side of every triangle is opposite to the- 

greater angle* 

In «ny.<:^ ABC^ let side AC be > side AB ; 
£ ABC shall be > Z. ACB. 
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Make ADzsABjandjoio BD; 
then, of .^BDC, 

ext' Z. ADB > iuf DCB ; 
but V Bide AD^sideAB, 
.-. L ADB = iABD; 
.-. L ABD>£ACB; 
& fortiori, 

.-. jL ABOZ.ACB. 
.', the greater side, ^c. 



PROP. XIX. THEOB. 



The greater ai 
the greater . 



fn of every Iriangie is gubiended kg 
le, or has Ihf greater side oppu- 



In aiiy^^ABC, let/ ABC be> Z ACE : 
side AC shall be>aide AB. 
For ^ 

AC must he>, =,or < AB. /^-^ 

Now, ifAC=AB, / \ 

lhenmii5tZABC= ZACB: f, r- 

but this is not the case ; • 

.-. AC ifi :^ AB. 
Next, if ACbe<AB, 

nraust Z.ABCbe<ACB: 

but thifi is not (he case ; 
ACis<AB: 
neither is AC=AB : 
.-. ACmustbe>AB. 
\tte greater angle SjC. [q,b.d.] 




PROP. XVllI. XIX. ZX. ZXI. 25 

PROP. XX. THEOR. 

Any two sides of a triangle are together greater 

^an the third side. 

Let ABC be a ,^^: any two of its sides are 
together > the third ; viz. J) 

(AB+AC)>BC, 
(AB + BC)>AC, 
(BC + CA)>AB. 

Prod. BA to D^ making AD= AC^ and join DC. 3. i. 

Then, •/ AD=AC, 

/. ^ ADC=ZACD: «.! 

butz. BCD>Z.ACD; 
/. /_ BCD>Z.ADC 
orZ.BDC: 
mid, 

V the > Z of a .^is subtended by the > side, 19. i. 
/. side BD > side BC : 
but BD=(BA+AC); Cooi» 

.•.(BA+AC)>BC: 

wad in like manner it may be shown that 
(AB+BC)>AC, 
(BC+AC)>AB. 

/• any two sides^ Sfc. [q.b.d>]] 



PROP. XXI. THEOR. 

^ffrom the ends of the side of a triangle, there be 
ehraum two straight lines to a point within the 
triangle, these shall be less than the other two sides 
fifthe triangle, but shall contain a greater angle* 

Let ABC be a .^ ; and from B^ C, the ends of 



side BC, let two |* BD, CD 
be drawn to a pt D within the 
.^ . then BhaU 
(BD + CD)be<(AB + AC), 
butZ.BDCbe>^BAC. 
Prod. BD 10 E ; tiren, 
*." unj two sides of a ^^ nie > the thirdj 
(AB + AE)>BE: 
let EC be added ; then 

(AB+AC)>(BE+ECJ 
Again, in ^^ LED, 

(CE + ED)>CD: 
let DB be added; then 

(CE + EB)>(CD + DB): 
but, from above, 

(AB+AC)>(BE+EC)j 
i /brtwri, .-. (AB+AC)>(CD + DB) 
Again, 

V iheexfi:.ofa.t^iB>the intt andopp.Z.i 
iBDC>CED; 
and, for the etme reason, 

^CED>BAC: 
but, from above, Z.BDOCED; 
iBDOBAC. 
'. if /rota the ends of, ^c. [q.&dO 

PROP. XSII. PROS. 

1^ fnake a triangle of ahich the sides shall be e^uot 
lo three given straight lines, but any two what- 
averqflkefe mutt be greater than the third. 
Let A, B, C be three given |' of w^ any W 

aTe>the third, viz. 
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(A+B)>C, 

(A+C)>B, 

(B+C)>A: 
b is req^ to form a ^^y 
the sides of w^ shall be 
aererally s= A, B^ C. 

Take a | BE, terminated at D, bat unlimited 
towards E, and make DF= A, FGsB^ GHs=C ; s. i. 
then^ from cent F, at dist FD^ desc DKL ; po^. 3. 
from^cent G. at dist. GH. desc. another HLK^ 
and join KF, KG : .^ KFG shall have its sides 
severally s the three |s A^ B^ C. 

For, V F is cent, of DKL, 

FD = FK: D6ti5. 

but FD = A ; Conttr. 

FK=A. 
Again^ •/ G is cent, of HKL, 

GH = GK; uef.18. 

but GH==C; Con.tr. 

GK = C: 
and FG = B; 

.-. the Y FK, FG, GK = the three A, B, C. 
And .% the triangle KFG has its sides equal to 
Ae three given straight lines A, B, C. 

[q. e. F.3 



.MiMIMhrfMMIMMI* 



PROP. XXIII. PROB. 

At a given point in a given straight line, to make a 
rectilineal angle equal to a givenrectilineal angle* 
Let AB be the given |^ A the given p^ in it, and 

0CK the given Z. : it is req<^ to make at A in | AB 

a&Z: that shall be= DC£. 

j> 2 



IiiCDjCB take any p'= 
D, F, imljoin DE ; then 
make the j^ AFG, the , 
Eidcs of Tv'' shall be^the -^L 
three |» CD, DE, EC, viz. 

CD = AF, CE=AG, DE=FG 
then shaU /_ FAG= /. DCE. 
For, in ,i^' DCE, FAG, 

. . r side DC = FA, CE = AG, 

■ "[and base DE = base FG; 

Z.DCE = ZFAG. 

Alid ,*. ai Ihe given point A in the giv^ 

Straight line AB, the angle FAG is made equalm 

the given angle DCE, [q. e. f,] 

PROP. XXIV. THEOB. 

1/ tmo triangles have lum sides of the one equal tt^ 
liBO sides of the other, each to each; but the 
angle contained by the Iteo sides qf oneqf litem 
greater than tlte angle contained by the two side*, 
uqual to them, of the other ; the base of t! "^ 
v-hidi has ilw greater angle shall be greater It 
the base of the other. 
Let the two ,-:i" ABC, DEF, have the side* I 

AB = DE, and AC = DF; hut the ^ BAC I 

> EDF : llic hsse BC shall be > the base EF. I 
Of the two sides DE, DF, let DE be ihat W* J 

is ^ the other ; at the 

p' D, in I DE, make 
ZEDG=Z BAC; 

sIeo, make DG= AC or 

DF, and join EG, GF 




PBOP. xxni. zny. ziv. 
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4.1. 



iwL 



Then, in ,^» ABC, DEG, 

.. r side AB = DB, AC = DG, 
• tandZ.BAC=EDG, 
/. the base BC = the base EG. 
And, V DG=DF, 

Z.I>GF=Z.I>FG 

but L I>GF > L EGF 

Z. I>FG > l_ EGF 

hJwrtMriy :. L EFG > L EGF 

But the > 2i is subtended by the > side; ». l 
and /. the side EG > the side £F- 

bat, from above, EG = BC ; 

and /, BC > EF. 

/. if two triangles, Sfc. [q. b. d.] 
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PROP. XXV. THEOR. 

Ifimo triangles have two sides of the one equai to 
imo sides of the other, each to each ; but the 
tee of the one greater than the hose of the 
uO^erj the angle contained by the sides of that 
whieh has the greater base shall be greater than 
fi0 angle contained by the sides equal to themqf 
Urn other. 

Let the two ,^« ABC, 
D£F, have the sides 
ABssDE, AC = DF; 
'\mt the base BC>EF: 
. Z. BAC shall be > Z. EDF. 

L BAC must be >, =or < EDF 




Now, 


if ZBAC = EDF, 


then 


must base BC = EF; 




but this is not the caec] 




.-. Z BAC^iEDF. 


Again, if 


Z BAG < EDF, 


then also 


baaeBC<EF: 




but this is not the case ; 




.-. Z BAG < EDF; 


dso, 


Z BAC:?bEDF,- 


and 


.-. Z. BAG > EDF. 


.-, iftieo 


triangieg, S^e. £« 


PROP. XXVI. THEOR. 



tf two triangles have tmo angles of the o; 
to two angles of the olher, each to each ; 
OTIC side equal to one aide, viz., eitlier the ei 
adjacent to tlie cijual angles, or the sidei oj 
site lo equal angkx in each ; then shaU the ot 
fides be egual, each to each, and also the tlm 
angle a/the one lo the third angle of the othtK 
In two ^^' ABG, DEF, let Z ABG!= Z DH 
/, AGB=ZDFE; alBO^ u 

Kill, first, let thoEe Hides A 

bc^w'' are adj' to the _ 

£' diat are = in the 

lwo.^*,viz.BC=EF; 

theothergides Ghall be ^ , 

each lo each, Tiz. side AB=DE, AC=DP; 

and also, the ihir.! Z BAC = tlie thir.l /_ EDF. 
For, if AB:^DE, one mvH be > llie other; 

/rtABbe> D£; makeBG = DE, andjoiiiGC: 



Then, in 



PROP. XXV. XXVI. 

• GBC, DEF, 

Bide BG=DE, BC = EP, 
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and Z. GBC = Z DEF, 

the base GC=the base DF, 
the .^ GBC = the ^^ DEF, 
and the reras Z. »= the rems /. », 
each to each : 
/. ZBCG=:Z.DFE: 
but L DFE = Z.BCA 
.% Z.BCG = Z^BCA, 
or the <=the >, 
w** is impossible. 
/. ABi8not:;fcDE, 
T.e.AB = DE: 

Hence, in ^j^' ABC, DEF, 

f side AB = DE, BC = EF, 
\ and L ABC = DEF; 

the base AC = the base DF, 
and Z. BAC = L EDF. 
Next, let the sides w'> are opp. to the = /. * in 
.Cieh .^ be = one another, viz. AB = DE ; in 
dtis case also the other sides shall be =, vis;, 
ACssDF,BC=EF; and 
«lwZ.BAC=Z.EDF. 
For, if BC:^EF, 
letBCbe>EF; 
makeBH=EF, 
and join AH. 

Then, in ,x:i« ABH, DEF, 

side BH = EF, AB = DB, 



r. 

\ iDd 
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Conatr. 



4.1. 



Hjp. 



4.1. 
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andZABH = Z.DEF, 



the base AH = the base DP 
.^ ABH=,^DEF, 
I sndlherem^Z.'^ the reras £J^ 
each to each. 
.-. ^ BIIA=ZEFD: 
hiitA EFD = Z.BCA; 
.-. L BHA= t BOA, 
~^t' £^ of a^ii^theint'andopp.^ 
but this is imposEihle. 
.-. BC isnotz^iEF, 
i.c. BC = EF, 
n .^' ABC, DEF, 

aide AB = DE, BC = EF, 
andZ ABC = ZDEF, 
thebaseAC=the base DF 
8ndZBAC=ZEDF. 
.', if two IHangks, Sjc. [q. k. e 



or, the es 
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PROP.XXVll. THEOR. 

If a straight line /aUinii upon lico other stral^ 
lines makcx the alternate nugles equal to ti 
another, Ihese ttna straight lines shall be pirraU 
Lei the | EF, v/^ falls on the tw 
nialce the a?t. i'AEF,EFD = oi 

AB shall be || CD. 

For, if not, AB and CD, 

D<f, as, being prod'', will meet either 

^^ towards B, D. or towards A,C: 

^^L lettheiiibeaoprod"andiiieet, 

^H ifpogeible, towards B, S, in p' Q : 



PROP. ZXVf. XXVIU ZXVIII. S3 

Then, V GEFisa^^, 

.-. ext'Z. AEF > int' and opp. Z. EFG : ic. i. 
bat, also ZAEF=Z.EFG; ujp, 

vr^ is impossible. 
•% AB, CD, being prod<*, do not meet towards B^D. 
And in like manner it may be sbown tbat they 

do not meet towards A, C. 
But those I' w*^, though prod^ ever so far, meet 

neither way, are || one another ; DeC8& 

/. AB is II CD. 
if a straight line, Sfc. [q. e. d.] 
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PROP.XXVIII. THEOR. 

J[jf a straight line falling vpon two other straight 
lines makes the exterior angle equal to the in- 
terior and opposite upon the same side of the 
line, or makes the interior angles upon the same 
side together equal to two right angles; the two 
straight lines shall be parallel to one anotfier. 

Let the j EF, w^' falls on the y, 
two |» AB, CD, make the exf \p 
Z EGB = the int' and opp. A.—^^ 
Z_ GHD on the same side ; or^ 
■Mketheint'Z "(BGH + GHD)^ 
«twortZ.*: ABshallbe || CD. 

For, V Z EGB = Z GH D, Hjt- 

and Z. EGB = Z. AGH, 6. i. 

.•.ZAGH = Z.GHD: ak.u 

and they are the alt Z." ; 

AB is 11 CD ST. 1. 
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Again^ 

«yp. •/ L ' (BGH + GHD) a=s two r« Z % 

and also^ 
B. 1. L^ (AGH + BGH) = two r* L S 

.'. Z. • ( AGH + BGH) = L ' (BGH + GHD 
take away the com. Z. BGH ; 
Ax. 3. then, the rems /. AGH =srem8 /. GHD : 

and they are alt. /.*: 
87. 1. /. AB is II CD. 

/• if a straight line, S^c, [q. e. d.] 
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PROP. XXIX. THEOR. 

If a straight line fall upon two pardllel strai§ 
lines, it makes the alternate angles equal to ^ 
another ; and the exterior angle equal to the i 
terior and opposite upon the same side ; a 
likewise the two interior angles upon the mi 
side together equal to two right angles. 

Let the|EF fall on the ||* ^ 
AB, CD : then shall 

Z AGH = the alt. Z GHD, /f 

Z EGB = the mt' Z GHD, 
and also the two int' Z * ^ 

(BGH +GHD) = twort Z «. 

For if Z AGH heijt Z GHD, 
one must be > the other : 
let AGH be the greater of the two Z % 
and add Z BGH to each ; 
then 

Z '(AGH + BGH) > Z *(BGH -f GHD) 




PROFi XXIX. XXX. 

(mt 

/•(AGH4-BGH) = two rt Z.S mlk 

.'. L '(BGH + GHD) < two rt Z. * : Ar. i. 

bat those |» w^ with another | falling on them, 
"Mkethe intf /.» on the same side < two r* Z.% 
'^ meet if continually prod<* ; Ax. is. 

**. I* AB, CD^ if prod^ far enough, will meet : 
hut ^ese |' are ||, 

and .*. never meet : jDet 30b 

.'. L AGH is not zfi GHD, 
i.cZ.AGH = GHD: 
but Z.AGH = EGB, ij.L 

Z.EGB = GHD: 
add to each L BGH ; 
(bes, 

L '(EGB -f BGH ) = L *(GHD + BGH) : 
ta L »(EGB + BGH) = two rt ^ • ; ;a i. 

.; Z»(GHD+BGH)=twortz». ax. i. 

•*• if a straight Hue, S^c, [q. e. d.^ 



PROP. XXX. THEOR. 

&raight lines which are parallel to the same straight 
Hne are parallel to each other. 

Let AB, CD he each || EF : 
AB shall be || CD. ^. 

Let I GHK cut the |» AB, ^ 
JEF and CD. ^ 

Then, 

V GHK cuts the \\* A3, EF, 

••. ZAGH = ZGHF. «kv. 
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Again, •/ GK cuts tlie \\^ EF, CD, 

29. L .•. z:ghf = z.gkd: 

but, from above, 

ZAGK=Z.GHF; 
AX, I. /. Z. AGK = Z. GKD : 

and they are alt. /.*; 
«. 1. /. AB is II CD. 

•'• ifd straight line, Sfc, [q. E.D.] 



PROP. XXXI. PROB. 

To draw a straight line through a given pohU 
parallel to a given straight line. 

Let A be the given p^, and BC the given | ; it 
is req^ to draw through A a || to BC. 

InBCtakeany p^D, joinAD, £ j^ w 

at p« A, in | AD, make Z. DAE "7 

2a L =Z ADC, andprod.|EAtoF: / 

EF shaU be || BC. BD C 

For, •/ I AD meets the two |» BC, EJ[| 
and makes Z. EAD = the alt. Z'ADC 
17. 1. .-. EF is II BC. 

•*• the straight line EAF is drawn through the 
given point A , and is parallel to the given straight 
Una BC. [q. e. f.^ 
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PROP.XXXTI. THEOR. 

ffa side of any triangle be producedy the exterior 
angle is equal to the two interior and opposUi 



1 . 



I ' 
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^ks ; and the tJiree interior angles of every 
triangle are equal to two right angles, 

I«t a side BC of any 
-i^ABC be prod** to D: 
tlwextr^ACD shaU be 
= the two iuf and opp. 
i!l*(CAB+ABC);andthe 
tJ»reeintr^softhe,^,viz. ^ 

Z.'(ABC+AGB4-CAB) = two r* /^: 

Diaw CE II AB : ai. ^ 

^«n, •.• AB is 11 CE, and AC meets them, 

.-. Z. BAC = alt. Z ACE. »• «• 

Agam, 

AB is II CE, and BD falls upon them, 

ext' Z. ECD = int' and opp. /_ ABC : 29. 1. 

^> from above, 

Z.ACE=ZBAC; 

. . me extr ^1 ALU - I ^ s(B AC + ABC) : Ax. 2 
«dd £ ACB ; ihen, 
Z'(ACD+ACB)=Z.'(BAC+ABCH-ACB) ax 2 



Z*(ACD-h ACB)=two rt Z. * : ^3. 1 

.% Z. "(BAC + ABC + ACB) = two r' /. *. Ax. 1 
•'• if a side, S^;c [q. e. d.] 

Coiul. 

All the inf Z. * of any 1 J twice as many r' Z ' as 

pect* flg. 4- four r« Z * j "" 1 the fig. has sides. 

For, any recti fig. ABCDE can, JD 
by drawing j^ from a p* F within ^ 
r the fig. to each Z^ be div*^ into as 
• tltfifij .<>:^' as the fig. has sides. 

J5 
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And by the pfop»J, 

the /} ot each ^ = two !*/.»; 

(twice as man 
the fig. 
But, 

the sAftie Z.*= the Z.»of the fig.+thei 
Cor.2. and theZ*atF = fourrt/l«: 
16.1. .*. theZ.*ofthefig.1^r twice as many 
+ fourrtZ.» J""! the fig. has 

Cor. 2. — Alltheext'Z.'of any recti fig.1 
= four r* Z^ »• 

For, 
•/ each inf Z. "1 aW^ 

'3.^- +itsadjtextrf = *^^''^'^ \ 

ZABD, J D B 

.*. all the intr Z O _ f twice as many i 
+ all the extr Z. * J "~ t there are Z * c 
Cor. 1. i,e. = theint' /. * -f foui 

take away the com. int' /. » ; 
then, all the ext' Z.* = four r* /.«. 
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PROP.XXXIII. THEOR. 

The straight lines which Join the extremitie 
equal and parallel straight lines towards t 
partSy are also themselves equal and pat 

^ Let I AB be = and || CD, and let the 
joined towards the same parts by the I* A< 
ACfihallbe=andl\BD, 
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JoinBC: then, 

•/ BC meets the ||« AB, CD, 
.'.ZABC=alt. ZBCD; 
Hence, in ^y^.* ABC, DCB, C u ^^ 

.. ("side AB^CD, BC is com. to both, 
•. "[and also, Z. ABC= Z. BCD, 

the base AC = the base BD, 
^ ABC = .x:\BCD, 4.1, 

and the rems /. ' = the remB Z. S 
each to each : 
A ^ AGB=Z CBD: 
•nfl V I BC, w»» ipeets the two |« AC, BD, makes 

Z. ACB = alt. Z. CBD, 
/. AC is II BD: ar.i. 

«wl^ from above, AC = BD. 

•*• (he straight Hne^^ S^c, [q. e. d.^ 
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PROP. XXXIV. THEOR. 

^opposite sides and angles of parallelograms are 
fpal to one another, and the diameter bisects 
^hem, that i«, divides them into two equal parts. 

^•9* A parallelogram is a four sided figure, of which the oppa 
^ ddes are parallel j and the diameter is the straight line join- 
%tio tf it« opposite angles 

let ACDB be a / — 7 , BC its diam': the opp. 
*ifa and Z. ' of the fig. shall b? = one anotl^ ; 
«id tiK £amr BC shaU hist it 

B £ 



a&i 



Ax. 2. 
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For, 

VBCmeetsthel|sAB,CD, 

w. 1. .". L ABC = alt. Z. BCD : 

and vBCmeetsthe||«AC,BD, 

29 J. /. L ACB = alt. L CBD : 

Hence, in the two ^^^ ABC, BCD, 

L ^ABC,ACB= L ''BCDjCBD, each toeach, 
and the adj^ side BC is com. to both ^^ ^i 
. J the ^hird L BAC = the third BDC, 
• • \ side AB = CD, side AC = BD. 
And, 

V L ABC = BCD, and L CBD = ACB, 
/. the whole L ABD = the whole ACD : 
and, from above, Z. BAC = BDC : 

.'. the opposite sides and angles of parallelograms 
arc equal to one another. 

Also, in the two .^* ABC, BCD, 
side AB=:CD, BC is com. to both, 
andZ. ABC = Z.BCD; 
4.1. /. .^ABC = .x^BCD. 

/. the parallelogram is bisected by its diameter 
BC. [q. e. d.] 
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PROP. XXXV. THEOR. 

Parallelograms upon the same base, and between 
the same parallels, are equal to one another. 
Let the £Z7» ABCD, EBCF be on the same 

base BC, and between the same ||» AF, BC: 

/ — 7 ABCD c= /zu EBCF. a D f 

First, let the sides AD, DF, opp. 

to the base BC of the / 7 » be eadi 

terminated in the same p* D ; 
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then each / 7 is double of the ,^ BDC ; m. i. 

and .-. OO ABCD = OZJ DBCF. • ax. 6 

But if the sides AD^ EF be not terminated in 
tbe same p^ D^ then^ 
V ABCD is aZZZ7, 

/. AD=sBGj r — \/' y^ T r T y ^*'' 

and 

VBBCFisa/:z:7, 

.f, £F=BC; 

.'. AD = EF, Ax. 1 

andDE = DE; 

J the whole, or the 1 f the whole, or the ^x. 2. 

\ rem'AB J~t rem^ DF. ° 
Hence, in the ^^» EAB, FDC, 
side AE = DF, 

8ideAB = DC; 34.1. 

and extr L FDC = int' L EAB : 2a. 1. 

/. base EB=FC, and ^::\ EAB=^ FDC. 4. 1. 

From the trapezium ABCF, take the ^^ FDC, 
and from the same fig. take the ,^ EAB ; 

the rem" will be = one another, Ax.a 

t. c. C=D ABCD = CZJ EBCF. 

,\ parallelograms on the same base, S^c. 
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PROP. XXXVI. THEOR. 

Parallelograms upon equal bases, and between fhc 
same parallels, are equal to one another. 

Let ABCD, EFGH be /ZZ?" on=:ba^ B(?, 
FGf m'^ between the same ||' AH, BG 

^ 3 
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ABCD = £Z7EFGH. a 

• Join BE, CH ; then, 

'/ BC = FG^ 

"^- and FG=EH, 

^'^' .-.30=: EH; » ^ ^ G 

Ax. 1. and these \^ are ||, and are joined towards the 

same parts by the N BE, CH : 

but |8, w'» join the extr^ of |8 that are = and l|, 

^' ^ • towards the same parts, are themselves ^ and |]; 

/. EB, HC are = and ||, 
Def. 34. .^ jg3(. jj jaaA— 7; 

and it is on the same base BC, and between the 
same jja BC, AH as is CU ABCD ; 

35. i. .-. CZJ EBCH = CZ7 ABCD : 

for the like reasons, 

^=7EBCH=EFGH; 

Ax. I. .% CU ABCD = EFGH. 



/, parallelograms, S^c. [q. e. d.] 
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PROP. XXXVII. THEOR. 

Triangles upon the same base^ and between the 
same parallels, are equal to one another. 

Let the ,^» ABC, DBC be on the same base 
BC, and between the same ||' AD, BC : 
^A ABC = .^ DBC. K A D 



Poeti Prod. AD both ways; 

31. 1. through B draw BE || CA ; 

through C draw CF || BD : S C 

then each of the fig'. EBCA, DBCF is a 




Def. 34. 
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and these / 7 » are on the same hase BC> and 
hetween the same ||' BC^ EF; 
/. dJ EBCA=2:Z7DBCF : 
But '.' every OZJ is bis** by its diamr ; 85 l 

/. .^ ABC = J CZJ EBCA, 34. i. 

^^DBC=:i/^Z7DBCF: 
and the halves of = things are themselves = ; Ax. 7. 
/. -^ ABC = .^rx DBC. 
,% triangles, S^c. [q. e. d.[] 
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PROP. XXXVIII. THEOR. 

Triangles upon equal bases, and between the same 
parallels, are equal to one another. 

Let the ^^^^ ABC, DEF be on = bases BC 
£F, and between the the same ||" BF, AD : 
•A ABC = ^yy DEF. o A D H 

Prod. AD both ways > \ /\ l\ I ^°*' ^ 
through B draw BG I CA; \ / \ / \/ ai. 1. 
through F draw FH I ED: j^ ^-^ ^ 

Then, 

each of the fig» GBCA, DEFH is a dJ ; r>c( 34. 
and these CUP are on := bases BC, EF, ^' 
and between the same ||» BF, GH ; 
.-. nZ7 GBCA = dD DEFH : 36. i. 

But every / 7 is bis** by its diam^ ; 34. 1. 

and .-. x^ ABC = * ZIZZ GBCA, 
.^DEF=:Jz=7DEFH; 
and the halves of = things are themselves = ; Ax. 7. 

.-. ^-:\ ABC = .^DEF. 
,% triangles, ^c, [^q.e,d.'\ 
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PROP. XXXIX. THEOB. 

Equal triangles upon the same hase% and upon the 
same side of it, are between the same paral^. 

Let .^ ABC = ^ DBC, and let these ^^ « 
be on the sarn^ base BC^ and on the same side of 
it : ^j shall b^ between the same ||S 

Join AD ; AD shall be || BC. A p 

For, if not, through A draw \\v 
31. 1. AE II BC, and join EC. 

Then, S ' C 

t;he ^» ABC, JEBC we on the wme \m^ W 
an(} between the swne |J» BC, AE ; 
37. 1. and ,% ^^ ABC ?= ^ EBC : 

Hyp. bHt ^ ABC == ^ DfiC ; 

Ax. 1. .-. ^^ DBC = ^ EBC, 

or the greater = the less, 
w'* is absurd ; 
AE tt BC, 

Similarly it mav be shown that no other | but 
AD is II BC ; 

AD is II BC 

/, equal triangles, S^c [q. b. d.] 
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PROP. XL. TH:eOR. 

Equal triangles upon equal bases, in the same 
straight line, and toioards the same parts, are 
between the same parallels. 

Let .^ ABC = .^ DEF, and let these ,^^* be 
on = bases BC, EF, in the same j, and towards 
the same parts : they shaW Vse WVneeiv the same (|' 



PROP. XXXIX. XL. XLt. 
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Join AD : AD shall be 

11 «c. 

For, if not, through A 
draw AG || BF, and join 
GF. 

Then, 

the .^* ABC, GEF are on = bases BC, EF, 
and between the same \\^ BF, AG; 
and /. ^:^ ABC = .^ GEF; 
but ^:^ABC = .^^DEF; 
.-. ..-rX GEF = ^^ DEF, 
or the greater = the less, 
w'* is absurd ; 
AG is t|. BF : 
And similarly it may be shown that no other | 
but AD is II BE ; 
AD is II BF. 

.•, cqttal triangles, S^c, [q. e. d.] 



31. 1. 



38.1 

Hyp. 

Ax.1. 
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PROP.XLI. THEOR. 

j[f a parallelogram and a triangle be upon the 
same base, and between the same parallels, the 
parallelogram shall be double of the triangle. 

Let ZII7 ABCD and ^^ EBC A 1> K 

be upon the same base BC, and 
between the same \\» BC, AE: 
the / 7 shall be double of the^^i:^^. 

Join AC ; then, 
•.• the .^^» ABC, EBC are on the same base BC, 
and between the same ||» BC, AE ; 
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37.1. /. .i^ ABC = .^EBC: 

34. 1. But, eyery l 7 is bis'* by its diam^'^ 

and .% ZII7 ABCD is double of .^ ABC: 
.*. ABCD ip also double Ql^^ :EIBC. 

/» if a parallelogram, S^c. [|q.e.d.3 
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PROP. XLII. PROB. 

To describe a paraUelogram that t/haU he equal 
a given triar^le, and have one qf its angles equ 
to a given reetiUneal angle. 

Let ABC be the given ,^, and D the given / 
it is reqd to desc. a / 7 that shall be = ,,y\ AB< 
^nd have an /. = Z. I^ i 

10. 1. Bist BC in p« E, join AE, 
and at the pt E in the | EC 
23. 1. m^ke the Z. CEF = Z D ; 
31. J. through A draw AFG || EC, _ __ _ 
Def. 34. through C draw CG || EF : then, FECG is a 

Con.tr. And •/ BE = EC, and BC is || AG, 
38.1. /. .^ABE = .x^AEC; 

and /. ,y\ ABC is double of^y^ AEC ; 

But £17 FECG and ^ AEC are on the sam 
base EC, and between the same ||' EC, AG 
41.1. and /, nu FECG is double of ^^ AEC : 
AX. 6. .-. £=7 FECG = .^ ABC, 

and its Z. CEF = the given Z D. 
/, is described # paraUelogram FECG equal i 
the given triangle ABC, and having one qf i 
QH§le9 equal to the given angle D. 



PROP. XUI. XLIU* 47 



PROP. XLIII. THEOR- 

Tk wmpkmetUM tf the paraUelogtanu wkM are 
abotU the diameter of any paraUehgram, are 
equal to one another. 




B G C 



Let ABCD be a nu, 
of w^ AC is the diam''j 
EH, GF, dT about AC, 
I e. through w** AC j^asses | 
BK, KD the other ZZ7" that 
makeup the whole fig. ABCD. 
and wit are therefore called die complmenie. 

The comply BK shall be = the conrtpl^ KD. 

For, 
'.• ABCD is aiCZ7, and AC its diam', 

^^ABC = .ir\ADC. 34.1.. 

Again, 
•.' AEKH is a CZJ, and AK its diam', 

-!i^AEK = ^AHK; 34.1. 

uid, for the same reason, 

.^KGC = .^KFC. 
Hence, '.• .^ AEK = ^^ AH K, 
and ^ KGC = .^ KFC ; 
.^^:^*(AE1K+KGC)=.^8(AHK^-KFC) : Ax. % 
Bat it was proved, that 
the whole ^ ABC = the whole ,^D AC ; 
.\ the rem* compl' BK = the rem* compl' KD. Ax. 3. 

/• <ft6 complements, S^c* [q.e.d.]] 
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PROP. XLIV. PROB. 

To a given straight line to apply a parallelogram 
which shall he equal . to a given triangle, and 
have one of its angles equal to a given recti- 
lineal angle. 

Let ABbe tliegiven |, 

C the given .^, and 

D the given Z. • it is 

req<* to apply to AB a 

/ — 7 that shall be = C, 

and have an ^ = D. 
44 1. Make the CZ7 BEFG = ^.r^i C, and having 

the Z. EBG= Z D, and placed so that BE be in 

the same | with AB ; prod. FG to H : through A 
31. 1. draw AH || BG or EF, and join HB. 

Then, 

•.• HP falls on the ||» AH, EF, 
aai. /. Z.*(AHF^-HFE) = twortZ.^• 

and /. Z*(BHF+HFE)<twortZ': 
but I' wh, with another |, make the int*" Z. * on tlie 
same side together < two r' Z. *t do meet, if prod** 
Ax. 12. far enough : 

/. HB, FE, being prod<*, shall meet : 
let them meet in K, tlirough K draw KL || EA 
or FH, and prod. HA, GB to the p^ L, M. 

Then, FHLKisaZII7,ofwhichthediam'*is HK, 
and AG, ME are / — 7 » about HK ; and LB, BF 
are the compl^ ; 

«.i. and/. LB = BF: 

Constr. butBF = .^C, 

Axi. .•.LB = ^C: 
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■nd V Z GBE = £ ABM, le 

- and aboZ GBEz= z I>. c< 

.*, Z. ABM= /. D. Ai 

.*, to As tlraight Hm AB f* applied the paral- 
Uegram LB cguof la the triangle C, and kavittg the 
angle ABM tqval to the angle T). 



PROP. XLV. PROS. 

5\i dwcrtic a paraUelogram equal to a given recti- 

Uveal figure and having an angle equal to a given 

reetilineal angle. 

Let ABCD be the given fig. and E the giTeo Z : 
it U req** to desc. aC7that shall be=ABCD, 
•ndhaveanZ =E. 

Ji)inDB;de9Cd7FH=^4ADB,andhaving,2 , 

dieZFKH = ZE; » p v c. I u.i 

■nd to I GH apply ihe V ' ' — — 

Zr:7GM = ^^DBC, \ 
■ndhavingtheZGHM \ / \ 

= ZE:thefig.FKML V A 

ahdlbe the £IZ7 req''. 1* 

For. 

V Z E=each of theZ" FKH. OHM, 
Z FKH = ZGHM: 
let Z KHG be added to each ; 
then, 

Z'(FKH + KHG)=Z'(GHM + KHG); 
tatZ'CFKH + KHGj=twot'Z'; 
.*. Z*(GHM+KHGJ=ti»or'Z': 
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Thus, at the pt H in I HG, the two ]» KH, HB 
on the opp. sides of it^ make ihe adj^^ "as two r^/. 
.4. L and /. KH ia in the sttdie | with HM. 

Agaia^ 

'/ I H6 meets the ||« KU, ¥0, 
29. 1. .*. Z. MHG:£bthe alf< ^ HOP i 

let ^ H6L he added to each ; 
then^ 
Ax. 2. Z «(MHG+ HGL)= /L »(HGF+ HGL) : 
'29.x, hutZ^MHG-f-HGLWtWo i*Z,«| 
Ax. 1. /. Z. 8(HGF -f HGL)=two r* Z »; 
14. 1. and /« FG is ill the same | With GL : 

constr. And •.• KF is II HG, and UG \\ ML, 
30. 1. /. KF is II ML : 

Constr. also KM is 11 FL i 

pef.34. /. KFLMi8a£l7. 

(ionstr. And •/ ^^ ABD = CZJ HF, 

and ^^ DBC = nu GM, 
Ax. JL /. the whole fig. ABCD= the whole CZ7 KFLU 

.*• is described the parallelogram KFLM equ 
to the given rectilinealfigure ABCD, and having tl 
angle FKM equal to the angle £• 

[Q.B.F.] 

Cor. — From this it is manifest how, to a giren 
to apply aZZl7w** shall be = a given rect^ fij 
and have an Z == a given /_ ' ▼!*• hy applying 
the given | a / — 7 that is = the fint triangle ABl 
and has an Z = the given Z • 
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PROP. XLVI. PROB. 

mibe a ^guare upon « given 9trQ^ht line. 

iB be the given I ; it if 
desc a sq. on AB. 

aA draw AC atr* Z.* 
and make AD=ABj 
igl^ D draw DE || AB, 
i^BdrawBEll AD: 

ADEB is a iCZ7 ; 
and AB 3f P£, 
AD=icBE; 

but AB ^ AD ; 
.r.AB=:AD = DE = EB, 
and the /ZU APEB is equilat*. 



ILL 
E SLL 
8LL 

Dec 34. 

B 1- 

Conikr 
AZ.L 



AD iQBets the ||» AB, DE, 

^»(BAD+APE) = twort Z.«; 
but B AD IB a rt /. ; 

/. ADE is also a r' /^ : 

and l}ie opp, Z. * oidT are=s ; 

eachof theZ.*ABE,BEDisart^ ; 
the fig. ADEB is rectangular, 

las h&^ shown to be equilat^ 

%» a 9quare, and it is described on AB. 

[q,e.p.'J 

— Pence, if a £117 have one r^ ^, all its 



29.L 
Constr.' 
AX.S. 
34. L 



Def.aO. 
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PROP. XLVII. THEOK. 

In ani/ right-angled triangle, the tquare, which 

described upon tlie side »ttbtending the right ang 

U of'tai to the figuaven described upon the tit. 

which contain the right angle. 

Let ABC be a r' z ^ ^:i, BAC bdng the r^ i 

the sq. ilesc'' on the side g 

BC shall be = the sq* 

(lesc^ on the sides AB, AC 

r. On BC ileae, the »q. 

BDEC ; on BA, AC, the 

s<f GB, HC; through A 

1. draw AL [| BD or CE, and 

join AD, FC. 
,f. Then, VZ. BAC is art Z, 

rf. 30. aiid also, Z BAG ia a r' /, » 

.-. the two )' AC, AG on the epp. »idea of K 
. I, make with it, at A, the adj' Z " = two r> Z ' ; 
anil /, CA is iu the same [ with AG : 
for the same reason, 

ABisin'lheBanielwith AH. 

^(-30. Veadiof theZ'DBC, FBAUar'Z," 
Li. .-. Z DBC=ZFBA: 

let Z ABC be added to each ; 
•..■L then, the wlwie Z DBA=: the whole Z FB( 
hence, in,^' ABD, FBC, 

.. f sideAB = FB,BD = BC, 

' ' \ andZDBA=ZFBC; 




< 



••{ 



the 



,eAD = 
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Now, the / 7 BL and the .^ ABD are on the 
same base BD, and between the same ||* BD, AL> 

and .*. /II7BL is double of .^ ABD : «. l 

Also, the sq. GB and the .^ FBC are on the 
same base FB, and between the same ij" FB, GC ; 

and /. sq. GB is double of ^^ FBC : 
bat, from above 

,^ABD = .^FBC; 
and the doubles of = things aie themselves = ; A«. i^ 

iZZJ BL = the sq. GB. 

In the same manner, by joining AE, BK, it can 
be shown that 

ZZ:7CL = sq.HC; 
the whole sq. BDEC b the twosq'GB, HC; Ax. 2. 
and the sq. BDEC is desc^ on j BC, 

the sq' GB, HC on BA, AC, 
'. the sq. on BC = the sq' on BAt AC. 

in any right-angled triangle^ S^e. l<j. e. d.] 



PROP.XLVIU. THEOR. 

](f the square described upon one of the sides of a 
triangle he equal to the squares described upon 
the other tufo sides of it, the angle contained by 
these two sides is a right angle. 

Let the sq. desc^ on BC, a side of .^ ABC, be 
s=the sq* desc*^ on the other two sides 
AB, AC : Z BAC shaU be a r' Z . 

From A draw A D at r^ z • to A C, 
making AD=AB, and join DC. 

F 3 
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Then, 

V DA=AB, 
.-. DA2 = AB2: 

let AC^ be added; 
Ax.2. then, DA2 + AC2=AB2 + AC2: 

batvDAC isar^Z., 
47.1. /. DC2=AD2+AC2: 

Hjp. also, BC2=AB2+AC2; 

AX.L /. DC-' = BC2; 

and /. DC = BC. 
Thus, in ^^»DAC, BAG, 
. . r side AD = AB, AC is com. to both 
• X and base DC =base BC, 
8. 1. /. Z DAC = Z BAC : 

CoTJtr. but DAC is a r* Z. ; 

Ax. 1. and /. BAC is also a r* /I . 

if the squars^ S^ (.9. k. r 
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DEFINITIONS. 



I. 



Every right-angled pai'allelograni^ or rectangle^ Is 
said to be contained by any two of the straight 
lines ivhich contain one of the right angles. 



II. 

In every parallelogram, any of 
the parallelograms about a 
diameter, together with the 
two complements, is called a 
Gnomon. ' Thus the paral- u 

* lelogram HG, together with 

* the complements AF, FC, 
'is the gnomon, which is 

' more briefly expressed by the letters AGK, or 
' ' £HC, which are at the opposite angles of the 
' parallelogTams which make the gnomon^ 
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PROP. I. THEOR. 

//* there be two straight lines, one of which is 
divided into any number of parts; the rect- 
angle contained by the two straight lines, is 
equal to the rectangles (}ontfiin^4 ^ ^^^ undivided 
line, and the several parts of Hie divided line. 

Of the two |8 A and BC, 
let one BC be div<i into any B DEC 
no of parts in the p^ D, E : the 
rect. contained \sj the twp |* 
A, BC shall be==the rect. G 
contained by A, BD, -f that ^ 
contained by A, DE, + that 
contained by A, EC : 
«r A. BC = A. BD + A. DB + A. EC. 

Ill- . From p« B draw BF at rt ^ « to BC, and make 

3. I. 
31. 1. 




BC ; and through 
BG. Then, 



BG = A ; through G draw GH 
D, E, C, draw DK, EL, CH 

the rect. BH = the rect^ (BK + DL+EH). 

But BH is contained by the |« GB, BC, 

Con.tr. Ofwh GB = A, 

and /. BH=A. BC: 

Also, 
BK is contained by GB, BD, of w»» GB= A, 
and /. BK=A. BD: 
34. 1. DL is contained by DK, DE, of w^ DK=BG=A, 

and /. DL = A. DE: 
similarly, EH==A.EC: 

.% the rect A. BC=A.BD + A.DE-|- A.EC 

•*• if there he two ^traigltt Uries, &;o. (^q. e. d.]] 



VBOP. I. 11. III. 
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PROP. 11. THEOR. 

V a itraight line he divided into any two partly 
the rectangles contained by the whole and each 
of the parts, are together equal to the square of 
&e whole line. 

Let I AB be div<^ into any two parts in p^ C : the 
rect. AB, AC + the rect. AB, CB=the sq. of AB; 

Or AB. AC + AB. CB = AB2. a 

On AB desc. the sq. ADEB, arid 
through C draw CF || AD or BE. 

Then, 

AE= the rect* (AF + CE) : 
l»rt,AE = AB2: 

Also, 
AP is contained by |» AD, AC, of w^ AD = AB, Dcf. sa 

and/. AF = AB. AC;! 
CE is contained by |» BE, CB, of w^ BE == AB, 
and /. CE = AB. CB. 

the rect* (AB. AC + AB. CB) = AB2. 

if a straight line, <SfC. [q. e. d.] 




• • 



• • 



^0itl^***i0>Stf0>^i*^tM 



PROP. III. THEOR. 

If a straight line be divided into any two parts, the 
rectangle contained by the whole and one of the 
parts, is equal to the rectangle contained by the 
two parts, together with the square of the afore^ 
said part. 

Let I AB be div^ into any two parts in p^ C : 
dien, AB. BC = AC. CB+BC^. 
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Hyp. 




46. 1. On BC desc. the sq. CDEB ; A_C 

prod. ED to F^ and through A 
31 I draw AF || CD or BE. 

Then, 

AE=AD4-DB: 

But, 
Def. 80. AE is contained hy AB, BE, of w»» BE = BQ 

and /. AE=AB. BC: 
Also, 
AD is contained by AC, CD of w^ CD = BC 

and /. AD = AC. BC : 

and DB = BC2 : 

.-. AB. BC = AC. BC+BG*. 

/, if a straight line, S^c. {^. e. d.] 



<WWW»>^W^><^^WiW» 



46.1. 
31.1. 



PROP. IV. THEOR. 

Jf a straight line he divided into any tioo parts, 
the square of the whole line is equal to the 
squares of the two parts, together with twice the 
rectangle contained hy the parts. 

Let I AB be div^ into any two parts in p* C : 
then, AB2 = AC2+CB2+2AC.CB. 

On AB desc. the sq. ADEB ; 
join BD ; through C draw CGF || ^ 
AD or BE, and through G draw jj 
HK II AB or DE. 



Then, 



D 







99. 1. 



BD falls on the ||» CF, AD, 
.'. ext' Z. BGC= int' / ADB • 
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Sut */ ADfB is a square, 

/. side AB = side AD ; Def. «l 

and .'. Z.ADB=Z.ABD: 5.1. 

/. L BGC = L CBG ; Ax. i. 

tfid 4% side BC = side CO : «• *• 

btii ftlitai, BC:=: 6K, C6 = BK ) 34. 1. 

.•.BC = CG=GK = BK, 
and /. the fig. CGKB is equilat'. Ax. 1. 

i^^ain^ 

CB meets the ||8 CG, BK, 

.\ Z**(KBC+GCB) = twottZ.*i 29- 1- 

but KBC is itself d t« /. ; Def. 30. 

GCB is also a r* 2I ; Ax. a. 

/. theopp. Z.* CGK, GKB, are also 1^ L^i 34. 1. 
/. the fig. CGKB is rectangular : 
and it has been shown to be equilat^. 
.*« it is a square ; 
arid it is dn the side CB. i>«f. aa 

For the same reasons, 

HF is a square; 
and it is on the side HG, 

andHG = AC; 34. 1. 

A HF, CK are the sqs of AC, CB. 

And, •.• complt AG = compl^ GE ; ^3. 1 • 

. nd that complt AG = AC. CG 

•ti, =AC. CB^ Def.80 

"' /. GE = AC. CB: Ax. 1. 

Wd /. AG+GE = 2AC. CB; 

nd HF, CK are the sq» of AC. CB : 
, rthefig«(HF+CK+"l _r ACHBC^ 
j •• \ AG+GE) J -I +2AC. CB: 




but HF, CK, AG and GE inake np « 

, Bg. ADEB; and thisSg.ia ttaeiq.of AB: 

.-. AB-=AC--i-BC2+2AC. CB. 

.". if a straight line, IjC. [4. If. I 

Cob. — It is manifest, from the demonBtn 

that / 7 * about the diam' of a sq. are themE 

aq'. 



PROP.V. THEOR. 

if a straight tine be divided into two. equal , 
and alto itilo tao unequal parts ; the rect 
contained by the uneqtial parts, together 
the square of the line between the poin. 
tection, i> equal to the eqiiare of half the li 
Let I AB be div^ into lwo = part3 in the 
and into two :^ parts in the p' D: then, 

AD. DB+CD- = CB-. 
On CB. desc the eq. CEFB ; 
ioin BE ; through D draw 
HHGIICEorBF; through 
H draw KLM || CB or EF, 
and through A draw AK || 
CLorBM. Then, 

tilt compl' CH = the ct 
let DM be added to each ; 
. then, the wholeCM = thcwholeDP. ] 
But, •.'AC = CB, 

.-. AL = CM; 
.-. AL = DF; 
let CI! be added ; ' 
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then, the whole AH = (DF+CH), 
But, AH is contained by AD, DH, 
of whDH = DB, 
and/, AH = AD.DB. 



Az.lL 

Def.aa 



Ax. 1. 

Cor.4.2: 
34.1. 



BF and CH make up the gnomon CMG ; 
.*. the gnomon CMG = the rect AD. DB : 
«ddLG,t.c.CD2; 
then, CMG+LG=AD.DB+CD2: 

But CMG and LG together make up the fig. ax. 2. 
CEPB, wb is the sq. of CB ; 
AAD.DB+CD2 = CB2. 

/. (/*c straight line, <Jyc. [q.e.d.] 

From this proposition it is manifest, that the 
difference of the sq» of two :^ |» AC, CD, is = to 
the rect contained by their sum and difference. 



PROP. VI. THEOR. 

Vd straight line be bisected, and produced to any 
point; the rectangle contained by the whole line 
thus produced, and the part of it produced, 
togetfier with the square of half the line bisected, 
is equal to tJie square of the straight line which 
it made up of the Imlf and the part produced. 

Let I AB be bis^ in C, and prod^ to D : then, 
AD. DB-|-CB^ = CD-\ 

OnCDdescthesq.CEFD. A C B D 46.1. 
join DE; through B draw 

BHG II CE or DF ; through \<^ ^ *7f— l^^i 31. 1. 

HdrawKLMJIADorEF; 
and through A draw AK || 
CL or DM. 
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Hyii. Then, •/ AC = CB, 
36. 1. .*. teci, AL = redl. CH ; 

48.1. but CH = HF; 

Ax. 1. .". also, AL = HF : 

let CM be added; then, 
AX. 2. the whole AM = the ^omotti CMG t 

Def.jio. but AM = AD. DM 

ctft.4.%. =AD. DB; 

Ax.1. .% CMG = AD.DB; 

oor.4.24 kt L6 u e. CB'-^, be added, 
^\^^ then AD. DB + CB^ = CMG + LQ - 

but CMG and LG make up the whole fig- CBPl) 
Constr. and this fig. is CD^; 
Ax. a .'. AD. DB +■ CB2 = CD2. 

.% if a straight line, S^c. ([«.b.d.3 

PROP. VII. THEOR. 

1/ a straight line he divided into any two parts, the 
squares of the whole line, and of one of the parts, 
are equah to twice the rectangle contained by the 
whole and that part, together with the square of 
the other part. 

Let I AB be div* into any two parts in the p* C : 
then, AB2 + BC2 = 2 AB. BC -f AC^. 
46. 1. On AB desc the sq. ADEB, and 

make the same donstruction as in 
the preceding propositions. 

Then, 

43* I. compl' AG = compl' GE : . 

addCK; then, D F^E 

AK = CB, 
and /. AK4-CE = 2AK. 




But AK,CE make np the gnomoD AEF, lo 

with the sq. CK ; 

■Dd .-. AKF+CK = aAK: a 

But, SAK=3AB. BK D 

= 2AB. BC: c. 

.-, AKP+CK=2AB.BC: a 

■ddHF,».e.AC»; c. 

then, 

AKF+CK+HF=8AB.BC+ACi: A: 

but the gnomon AKF, logether with the >q* CK, 
HF, make np the whole Bf. ADEB md th«t CK, 
W4 dHW fig*, are the iq* of AB, BC ; 
.-, AB2+BC^ = 2AB.BC+AC». 
,', if a ttraight line, ^c Q<).b.ii.3 

PROP. VIII. THEOR. 
ffa ttraight line be divided into any twipartg,/bur 
timet the reetangle contained by the lehoie line 
and one of the parts, together vith the square 
^ the other part, it equal lo the tqvare qf the 
ttraight line, v>hich it made up of the ahole and 
thai part. 
Let I AB be diT<' into any two parts in the p( C : 

tiB.Bc+ic!-. l"".'3-°','l,'Jr"'!u°''°' 

1^ AB and BC together. 

Prod. AB to D, EO that BD = /^ c IID ^< 

BCjonAD.descthenq.AEFD; ' 

ud woBtruct two fig* such as in 
' d|f preceding propositions. 
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] 


PoDrir. Then, •. 


'CB = 


BD, 


■ 


ti and that 


CB = 


GK, 1J1) = 


:KN, ■ 


fci. 


,GK= 


KN: 


■ 


BimiUrl;, 


PB= 


RO: 


.■ 


And, 






■ 




CB = 


:BD,GK = 


= KN fl 


i,l. .". rect 


.CK= 


BN,GR = 


RN; H 


Bat CK, 


RS.an 


! thacompI^ofCZjCO fl 


.1. anil .-. 


CK = 


:BN; 




fc 1. .-. also 


, BN = 


-GR; 


fl 


.-.BN. 


=CK- 


=GR = BN 


■ 


and .-. the t 


lum of these four ^ 


rectMs quadru^J 


of one of Ihem CK 




j9 


Again, 






fl 




V CB = 


= BD 




, 'andttiat 


CB- 


= GK 


^H 


and also. 




= GP 


^^^^^^^ 


BD = 


= BK 


^^^^^^M 


31.1. 




= CG 


^^^^^^M 




,-. CG = 


= GP: 




and ■.■ 


CG^ 


= GP, PR= 


= R0, H 


36.1. .■- rect.AG = 


= MP, PL^ 


.RF: ■ 


but MP, PI 


, are tht 


;com,.l"ofcZ?ML, ■ 




MP = 


= PL; 


m 


iMte. i. X also, 


AG= 


= RF: 


M 


M ■•■ AG = 


= MP= 


= PL==RF 


m 


■ and .-. the s 


urn of these four = 


reef iti quadruptS 


■ of one of them AG. 






^M And from above. 




1 


■_ theniraofBN.CK 


, GR, RN ia 


quadruple of ClS 


^^^.-.tbeo 


ightrec 


t' w<> form the g-nomon AOtfH 


^ - 


together quad ru pit 


lofAK. H 
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and •/ rect AK = AB. BK, 

=AB.BC, 
4AK = 4AB.BC. 
but^ from above^ 4 AK = AOH. 
/. 4AB.BC = A0H: 

add XH, t. e. AC^ ; then, 

4ABBC+AC3=AOH+XH: 

bat AOil and XH make up thp %• ABFD. 
and this fig. is AD^ : 
/. 4 AB. BC + AC-' = AD2. 

= (AB+BC)2. 

•% if a straight line, S^e, [Q.B..D.] 



Ax.l. 
Cor.4.S 
ft 34.1. 
Ax. 2. 



CoDitr 



^m0m0^^»mtm^0mm 



PROP. IX. THEOR. 

If a straight line be divided into two equal, and also 
into two unequal parts ; the squares of the two 
unequal parts are together double of the square 
of half the line, and of the square of the line be^ 
tween the points of section. 

Let I AB be diy** into two= parts at the p* G 
and into two imparts at D : then - 
AD2 + DB2 == 2 ( AC2 H- CD^). 

From C draw CE at r' Z» to 
AB and = AC or CB ; join 
EA, EB ; through D draw DF 
CE; through F draw FG 
BA, and join AF. Then, 

AC = CE, 
/_EAC==Z. AEC: 
o 3 







Conitr. 
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and V ACEisartZ., 

tt. I. .-. Z • (AEC + EAC) = one r' L ; 

and these Z. ' are = one another ; 
/. each of them is half a r^ Z : 
similarly^ 

each of the Z. * CEB, EBC is half a i« Z 
/. the whole AEB is a r^ Z. . 
And, •/ GEF is half a rt Z. , 
29. L andEGF=int'Z. ECB = artZ., 

32. , /. remK Z. EFG is half a r' Z. : 

Z. GEF= Z. EFG, 
6, 1. and /. side EG = side GF. 

Again, 

Z. FBD is half a rt Z , 
29. u and Z. FDB = intr Z. ECB = a i* Z. * 
/. rems Z. BFD is half a rt Z. i 
/. Z.FBD=:ZBFD, 
6.1. and /. side DF = side DB. 

And, 

AC=: CE, 

AC2=CE2, 

and /. AC2-}-CE2=:2AC2: 

but V ACE is a r^Z, 

47.1. /. AE-'=AC->CE2; 

AE-» = 2AC-\ 

Again, 

EG = GF, 
EG- = GF- • 
and y. EG2+GF2=2GF-': 
<7.u but EF2=EG2-f-GF2; 

EF2 = 2GF2; 

34L7, =2CD2: 
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and, from above, AE2= 2 AC^ ; 

/. AE2+EF-^=: 2 (AC2+CD2). 

AEF is a r' ^ , 

AF^ = AEHEF2; 

AF-' = 2(ACHCD-). 

ADFisar'Z., 
AF-'=ADHDF-'; 
/. ADHM'^^g (ACHCD2). 

andDF=DB; 
/. AD-' + DB2 = 2 (AC-' + CD2). 

.*. if a straight line, ^c. [q. b. d.] 



But 

and 
But 






47.1. 



0.1 



PROP. X. THEOR. 

If a straight line he bisectedj and produced to any 
pointy the square of the whole line thus produced, 
and the square of the part of it produced, are 
together double of the square of half the line 
bisected, and of the square of the line made up 
of the half and the part produced. 

Let I AB be bis'^ in the p^ C and prod** to D; 
then, ADHDB-=2 (AC2+CD2). 

From C draw CE at r'^ » 
io AB and r= AC or CB ; 
join AE, EB ; through E 
drawEF || AB, and through ^r 
P draw DF || CE. 

Then, 

I EF meets the \Y EC, FD, 
/. Z.«(CEF + EFD)=twort2l«; sjq. i 

/md .% Z*(BEF+EFD}<twor«^8; 
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Ax. 12. but I* w^, with another |, make tl^ m^ ^ » on t 
same side together < two r^ Z. % will meet if pn 
far enough : 

.% EB, FD will, if prod^, meet towards B, I 
let diem meet in G^ and join AG. 

Then, 

AC = CE, 
5.;. /. ZAEC=i:Z.CAE; 

and ACE is a r« Z. ; 
82. 1. /, each of the Z' AEC, CAE is hidf a rt Z 
For tibe same reason, 

each of the Z'CEB, CBE is half a rt Z : 

AEBisar'z. 

And, 

EBC is half a r* Z , 
15. 1. /• its opp. Z DBG is also half a r* Z J 
29.1. butBDG==alt. Z DCE=a rt Z ; 
/. remg Z DGB is half a r* Z , 
ZDGB=ZDBG, 
6. 1. and /. side BD = side DG. 

Again, 

EGFishalf art Z, 
S4.L and that Z EFG=opp. ZECD = artZ 
.•. rem? Z FEG is half a r* Z ; 
Z FEG= Z EGF, 
«. 1. and /. side FG = side FE. 

And, V EC=:AC, 

*EC2 = AC2 
and.% EC2+'AC2 = 2ACr^: 
C.i. but AE2 = EC^+AC2; 

AE2=2AC2. 



• • 
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Again 

FG 

FG2 

and/. FG24-FE-' 

but EG2 

EG2 

and, from above^ AE^ 

/. AE2+EG2 

butAG2 

AG2 

but also, AG2 

.•.AD24-BD2 
/. (/"a straight line, 



=-. FE2 ; 
= 2FE2: 
=:FG-' + FE2; 
= 2 FE2 
= 2CD2: 

= 2AC2; 
= 2(AC2+CD2): 
= AE2 + EG-^ 
= 2(AC-'^+CD2) 
= AD2+GD2 
= AD2-fBD2; 
= 2(AC2-f.GD2). 



47.1. 

47.1. 
47.1. 



(5^c. 



[Q.E.D.] 



r*>f»t>fmi'0»f»>m0>t 



PROP. XI. PROB. 

To divide a given straight line into two parts, so that 
the rectangle contained by the whole and one of the 
parts shall he equal to the square of the other part* 



Let AB be the given | : it is reqd 
to div. it into two parts, so that the 
lect contained by the whole and 
one of the parts shall be = the A 
sq. of the other part. 

On AB desc the sq. ABDC ; E 
bis* AC in E, and join BE ; prod. 
GAto F, making EF = EB, and c 
on AF desc. the sq. FGHA : 





G 




>^ 



K D 



46. I. 
10. 1. 
3.]. , 
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AB shaU be div<> in H, so that AB. BH = AH' 
Prod. GH to K : then, 

•/ AC is bia'i in E, and prod* to F, 
6.2. /. CF.AP+AE2=EF2 

Constr. = ^^ 

«... =AB2+A«»; 

take away the com. part AE^ ; 
Ax 3 then, CF. AF = AB? ; 

But, fig. FK=CF.FG 

Dcf. 30. = CF. AF, 

fig.AD=AB2; 
Ax. 1. and /• fig. AD = FI^ : 

take away the cem. part AK ; 
Ax. 3. then, the rem' FH =s the rem' |ID : 

butHD=:HB,BD 
Dcf. 30. =HB.AB; 

FH = AH2; 
and .-. AB.HB==AH2. 

.'. the straight line AB is divided in H so that 
the rectangle AB. BH is equal to the square qfAll* 

[Q.E.F.]! 



m00'S'^0i00*'m0i00>*s 



PROP. XII. THEOR. 

In obtuse-angled triangles, if a perpendicular be 
dvaumfrom either of the acute angles to the op^ 
' posite side produced, the square of the side eub^ 
tending the obtuse angle is greater than the 
squares of the sides containing the obtuse angle, 
by twice the rectangle contained bg the side upm 
whichj when produced, the perpendicular fiiUe, and 
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the slraighi line intercepted toithout the (riangUf 
between the perpendicular and the obtuse angle. 

Let ABC be an obt Z. *^^\; 
and, ACB being the obt. /., 
from A draw AD J_ BC prodd : y^/ ilL 

AB2 shaU be > ( AC2 + BC^) 
by twice the rect. BC. CD. 

For, 

•/ I BD is div^ into two parts in C 
/. BD2=BC2-f.CD2+2 BC. CD : 4.2. 

addAD2; then, 

BD2 + AD2 = BC2 4- CD- + AD-' + 2 BC. CD : ax. i. 
but, '.' ADB is a r' Z. , 

.\ AB2=BD2+AD2, 47.1. 

and also, 

AC2 = CD2 + AD-'; 47.1. 

.-. AB2=BC2+ AC2+2 BC. CD, 
f. e. the sq. of AB exceeds the sqs of AC, BC by 
twice the rect. BC. CD. 

.*, in obtuse-angled triangles, <^c [q. e. d.] 



0i^0*^>0fpi0im00<0t0>0m 



PROP. XIII. THEOR. 

/» every triangle, the square of the side subtending 
either of the acute angles is less than the squares 
of the sides containing that angle, by twice the 
rectangle contained by either of these sides, and 
the straight line intercepted between the perpen" 
dicular let fall upon it from the opposite angle, 
and the acute angle. 
Let ABC be any ^^ J ^ atB one of its acute/.*; 

nd on BC, one of the sides containing this Z. > 
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12.1. let fall the _L AD from the opp. /. BAG: 
AC2 shall be < ( AB'-' + BC-) ^ 

bv twice the rect. BC. BD. 



' Fh-st, 

let AD fall within .xx ABC; 



7.2. 
Ax. 2. 
47.1. 



IG.l. 




B D 



then^ 



•.• I CB is div^ into two parts in p^ D, 
.-. CB2 + BD2 = CD2 -f. 2 BC. BD : 

let AD2 be added ; then, 

CB2+BD2-|-AD2=CD2-|-AD2+2 BC.BD: 

but, •.• each of the /. * at D is a r« Z. ^ 
AB-*=BD2-f.AD2, 
^and AC2 = C]>' + AD2; 
/. CB-' + AB2 = AC2 + 2 BC. BD. 

i.e. AC2 is <(BC2+ AB2) by 2 BC. BD. 

Secondly, 
let AD fall without ^^ ABC : 
then, 

V ZatDisart^., 

.-. Z. ACBis>artZ.; B C 

12. 2. and .-. AB2=AC2 + BC2+2 BC. CD : 

let BC2 be added ; 
Ax.2. then, AB2-|.BC2=AC2-f2 CBC2.f BC. CD) : 
But, 

BD is div^ into two parts in C, 

8.2. /. BD. BC=BC2^-BC.CD; 

and 

the doubles of equal things are themselves equal ; 
.% AB2+BC2=:AC2+ 2 BD. BC : 

t.c. AC2 is<rAB2+BC-')by 2 BD. BC. 




PBOP. xin. XIV. 



IS 



A 



LasUy, let the side AC be J. to BC: 
BC is the I between the J. and 
the acute /^ at B: and, 

AB-'=AC- + BC-, 

.-. AB2 4- BC2 = AC2 4- 2 BC^. 

=:AC2 + 2BC.BC B i 

.'. in every triangle, 4*c« [q» e. d.] 



47.1. 



PROP. XIV. PROB. 

^0 dcieribe a square that shall be equal to a given 
rectilineal figure* 

Let A be the given rect^ fig. : it is req^ to desc 
^sq. that shall be := A. 

BescthertZ. **iCI7BCDE= A: then, if its rides ii. i. 
5E, ED, be equal, the fig. is a sq,, and what "was Def. so. 
^ is done. 

Btttifthesesidesbe:;^, 
PW)d, one of them BE to 
P*makeEF = ED,and 
las^BFinG; from cent. 
^. at dist GB or OF, 
^the|-©BHF, and 
P«)d.DEtoH. Thesq. V 
fec««.onEH shall be = 
^ given fig. A. 

JoinGH: then, 
V I BF is divd into two equal parts in p* G, 
and into two unequal parts in p^ E, 
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6.2. 


A BE.EF4-EG2: 


= GF2 


Dof. 16. 




= GH2 


<7. 1. 




= EH2 + EG2: 




take away the com. part EG^; 


Ax. 3. 


then the rem' BE. EF: 


= the rem' EH*: 


Constr. 


but the/ — 7BD: 


= BE.ED 


AX.1. 




= BE. EF; 




.-.BD: 


= EH2: 




butBD = 


= the jBg. A, 




••.EH^ = 


= A. 




And /, therein found i 


a square equal to the given 




fywre A, mz, the square 


described on EHm 



BOOK III. 
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DEFINITIONa 

I 

£ouAL circles are those of which the diameters are 
eqoalj or from the centres of which the straight 
lines to the circumferences are equaL 

'^ This IS not a definition^ but a theorem^ the 
trotli of which is evident ; for, if the circles be 
applied to one another, so that their centres coin, 
cide, the circles must likewise coincide, since the 
straight lines from the centres are equal. 

II. 

A straight line is said to touch 
a circle when it meets the 
eirde, and being produced 
does not cut it. 

III. 
Circles are said to touch one another^ which meet 
but do not cut one another 

IV. 

Straight lines are said to be equally 
distant from the centre of a circle, 
when the perpendiculars drawn to 
them from the centre are equal. 

H 2 
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V. 

And the straight liiie on which the greater perpen- 
dicular falls^ is said to be farther from the centre. 

VI. 

A segment of a circle is the figure 
contained by a straight line and the 
circumference which it cuts off. 

VII. 

''The angle of a segment is that which is contained 
by the straight line and the circumference." 

VIII. 

An angle in a segment ip the angle ^'IC""^ 
contained by two straight lines / \ \ 
drawn from any point in the cir- ( \ J 

cumference of the segment to the V ^^ 
extremities of the straight line ^^-^'^-^ 
which is the base of the segment. 

IX. 

And an angle is said to insist or stand upon the 
circumference intercepted between the straight 
lines that contain the angle. 

X. 

A sector of a circle is the figure 
contained by two straightlines drawn 
from the centre, and the circun^- 
ference between them. 

XI. 

Similar segments of circles are 

those in which the angles /""^^v ^c^ 
are equal, or which contain (^y^ ^ ^^^ 
egual angles. 




PROP. I. 
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11.1. 



PROP. I. PROS. 

To find the centre of a given circle. 

Let ABC be tlie given : it is req** to find 
its cent. C 

Within the draw any j AB 
and bis^ it in D ; from the p^ D 
draw DC at r' /.« to AB, prod. 
CD to E. and bifit CE in F: 

Fshall bethe cent, of ABC 

For, if not, let, if possible, some other p* G be 
the cent.; and join GA, GD, GB: 
Then, in^^r^^ADG, BDG, 

., f side DA = DB, DG is com. to both, Constr. 
• \ and also rad. AG = racL BG, Det i5. 

/. Z. ADG = BDG: s.i. 

bnt when one |, standing upon another |, makes 
the adj* ^»=one another^ each ^ is a r* Z.i DeLio. 

ZGDBisartZ.: 
but Z FI>B is also a rt Z. ; Constr. 

ZFDB=ZGDB, Axi. 

t. e, the greater = the less, 
wti is impossible: 

/. G is not the centre of ABC. 
And in the same manner it can be shown that 
no other p^ but F is the cent, of the • 

/. F is the centre. [q. s. i.] 

Cor. — From this it is manifest, that if in a 
one I bis^ another at r* /_*, the cent of the is in 
that I w** bis*8 the other. 

B 3 



PROP. 11. THEOR. 

If any two points be taken in tht eiroumferenee 

a circle, the etraii/lit line tchich joint them 

fail mithin the cirde. 

Let A, B be aiiy two p" in the « of Q ABC| 
the I drawn from A to B Ehall fall within the 

For, if not, let it, if poEsible, fall 
niihout the Q, as ABB: And the 
cent. D of the Q ABC ; join DA, 
DB; in the arc AB take any ji' F, 
join DF, and prod. DF to E. 

e. Then. ■.■ rad. DA = rad. DB, 
.-, Z DAB=i DBA: 
and •.' Bide AE of ^^ ADE is prod" I 
.-, exl' C DEB > int' /_ DAE: 
but, from above, 

/ DAE=Z DBE; 
.-. Z DEB > Z DBE; 
but to the greater Z the greater side it opp. 
and .-. Eide DB > DB; 



but 



DB = DF; 



DF > DE, 

». e. the less > ihe greater, 
v^ is impossible: 
.-. I AB does not fall without the o. 
In the same manner it may !« shown that 
does not fall upon the ©", 
and .". it falls within it. 



I if on;/ lu-o poinfSi ^c, 



[g. B. p.] 
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PROP. III. THEOR. 

If a straight line drawn through the centre of a circle 
Insect a straight line in it which does not pass 
through the centre^ it shall cut it at right angles; 
and if it cut it at right angles, it shall bisect it. 

In ABC, let CD, a | drawn through the cent. 
Ins* any | AB, w'* does not pass through the cent, 
in p« F: CD shall cut AB at r^ Z*. 

Find £ the cent of the 0^ and join EA^ £B. i.3. 
Then, m ^i^» AFE, BFE, 

r AF=FB, 

V -| FE is com. 

tandba8eAE = BE, 

ZAFE=Z.BFE: 
butwhenone |, standing on another], 
makes the a4j* Z. ■ = one another, 

each of them is a r^/. ; 

/. each of the /i » AFE, BFE is a rt Z. : 
and /• I CD drawn through the cent, and hisecting 
another | AB, w^ does not pass through the cent, 
cuts AB at rt /_ \ 
But, let CD cut AB at rt Z.*: CD shall also 
bis' AB, t. e. AF = B F. Make the same constr'* ; 
Then, V rad. E A = rad. EB, Def.ift. 

/. ZEAF = EBF; ki. 

and rt Z. A FE = r* /. BFE : Def. lo. 

Hence, in the two ^^^ EAF, EBF. *' 

two Z ■ of the one = two /, 8 of the other, 
each to each, 
and the side EF, w^ is opp. to eqiud Z.' in 
each .^, is com. to hoth; 
/. side AF = side BF. i\.^ 

,% if a 8trai(^ht Hne, ^c ^q. ^,"d."\ 
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used each other. 335,^^0 not bo* 

^WCD. let two ' AC, »V^ ^„ in pt E 
In ABC^'the cent, cut eacft 
^ tSotto'eacbotber^^ E^BD. 

*^'y '^ Ube possible, let K^--^ ^-^ 
For, if vtbeP ^^^^„^gY^ ^ ^ 

\i one of tl«^ I .^ ,^„„ot ^ ^ 
^as'til^ *e cenu 



1.3. 

Hyp- 
a. 3* 



„,s througb the cen ^^^ ^^^^.^ 

Bntifnei*etoftlve\'P^-SFB--*rC 
^ 1 V the cent, ot ^"^ , ^g cent, ms \ 

^'^•l .^i F E. passing *;^,Cougb the cent. 

,•: / AEFisa'^''^- 
ana . • ^ 
A«ai«..,.3p.^doesnotpass^ughtheceo 

...\FEb«''\Bj^^^^BDatr^A • 
•• " , FEB is a r« /-• 
and .*• '- 
but,fro-ab2e^^^i alsoa.^^ 

•*• ieMs^*e greater, 
,..AC.BDdonotb«e ^^ ^^^ 
. if in a circle'^- 



Hyp* 
8.3. 



PROP. IV. V. VI, 
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PROP. V. THEOR. 

If two circles cut one another^ they shall not have the 

same centre. 

Let the 08 ABC, CDG cut each other in the 
p*» B, C : they shall not have the same cent. 

For, if it be possible, let E be Q 

their common cent.: join EC, 
and draw any | EFG meeting 
the ■ in F and G : then, 
•/ E is cent of © ABC, 
EC = EF : 

Again, 

E is cent, of © CDG, 
EC = EG : 
but EC = EF ; 

EF = EG, 
i, e. the less =: the greater ; 
w** is impossible. 
.*. E is not the cent, of the ©» ABC, CDG, 
•*• if two circles, S^c, [q. e. d.] 




Def. 16. 
I. 

Ax. I. 



PROP. VI. THEOR. 

If two circles touch one another internally, they shall 
not have the same centre. 

Let the ©« ABC, CDE touch each other 
internally in the p* C : they shall not have the 
same cent. C 

For, if they have, let this 
cent, be F : join FC, and draw ^| 
any | FEB meeting the © • in 
E and B : then. 
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•,• F is cent, of ABC; 
Uei.15. /. FC = FB: 

^' ako, •/ F is cent, of © CDE, 

FC = FE : 

but FC = FB ; 

Ax.1. .-. FE=FB, 

or the less = the greater 
w^ is impossible : 
,% F is not the cent, of the ©» ABC, CDE. 

/, if two circles, S^c, [q. e. d.] 



PROP. VII. THEOR. 

ff any point be taken in the diameter of a cirde which 
is not the centre, of all the straight lines which 
can be dravm from it to the circumference, the 
greatest is that in which the centre is, and the 
oih& part of that diameter is the least; and, of 
any others, that which is nearer to the line which 
passes through the centre is always greater than 
one more remote : and from the same point there 
can be drawn only two straight lines that are equal 
to one another, one upon each side of the shortest 
line. 

Let ABCD be a , AD its diamr, E its cent 
and in AD let any p' F be taken w'» is not the c^t. 
of all the |« FB, FC, FG, &c. that can be drawn 
from F to the ««-•, FA «hall be the greatest, and 
FD, the other part of the diam^ AD, the leasr : and 
of the others, FB shall be > FC, FC > FG, &c 

Join BE, CE, GE : then. 



PBOP. VII. 
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■••{ 




Def.16 
1. 



Vtwosidesofa,^are> thethird, ^ ^ ». i. 

BE + £F>BF: 
butAE = BE; 
AE + EF > BF, 
i.c.AF>BF: 

Agjdn, in .x^* BEF, CEF, 

BE = C£, FE is com. to both^ 

but Z. BEF > CEF ; Ax.9.1 

/. base BF > base CF : »4. 1. 

and for the same reason, 

CF>GF: 

Again, V GF + FE>EG. ».,, 

and that EG = ED, 
.•. GF 4- FE > ED : 
' take away the com. part FE ; 
then, rem' GF > FD. ^^5, 

/• FA is the greatest, and FD is the least, 
of all the I* drawn from F to the © cc; 
and BF is > CF, CF > GF. 

Also, there can be drawn only two equal |* from 
tiie pt F to the 0<^, one on each side of the 
diortest | FP. 

At p^ E in I EF, make L FEH = L FEG, 23. 1. 
and join FH. 
then, in ^^^ GEF, HEF, 

,. rsideGE = EH, andEFiscom.toboth,f•'^•»»• 
• \ and Z GEF =Z. HEF; Constr 
/. base FGs=base FH : 4. 1. 
but besides this | FH, no other can be drawn 
from F to the 0c« that shall be= FG : 
for, if there can, let it be \ FK: 



i, e. a I DParer to that w'' pasEes through the w 
is^one w'' is more remote; 
but it has been shown that this is ii 
.'. if any point be laken, SfC. [s 



PROP. Vlll. THEOR. 

If any point betaken without a, circle, andttrai/i 
linegbedratonfromittiitheciTtiumferenee,^ 
of one passei through tlie centre; of those u 
fail upon tlie concave circamferenee, the gnattit^ 
it that Khich pattea through the centre, and 4 
the reat. that which is nearer to the one pa»>ti>§M 
through the centre it alwayt greater thanonem 
remote: but of those vhieh fall vpon the « 
dreumference, the leail it that between Ihepi 
withont the circle and the diameter; and of II 
rett, that which it nearer to the least it alwayttt, 
than one moreremote: and only tiroequut straigi 
fines ran be drawn J¥om the tame point to I 
circumfiretice, one vpon each tide iff the loall^^ 

Let ABCbea o, and D any p' without HM 
from n" let |> DA, DE, DF, DC, be drawn t 
the Q"^, whereof DA passes through the cent. 

Of lliose w" fall on the concave pari of ( 
®ff AEPC, the greatest shall be DA, « 



PBOP. VUI. 
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throng the cent, and the nearer 
to it shall be > those more remote, 
Ti«. DE > DF, DF > DC : 
bat of those w** fall on the convex 
0<^ HLKG^ the least shall be 
DG between p< D and the diam<^ 
AG; and the nearer to it shall 
be < those more remote^ via. 
DK < DL, DL < DH. 



find the cent M of ABC, i. s. 

and join ME, MF, MC, MK, ML, MH. 
Then, AM=M£; 

addlfD; 

AD = ME + MD: Ax. i. 

bttt(ME + MD)>ED: mi. 

/. also AD > ED. 
Agam, in ,^s EMD, FMD, 
. ./side ME = MF, MD is com. to both, 
' tbut L EMD > L FMD; ax.9. 

base ED > base FD : 24. i. 

In fike manner it may be shown, that 

FD > CD, 
And 
/. DA is the greatest | ; DE > DF, DF > DC. 
Also V (MK 4- KD) > MD, 20. 1. 

andMK = MG, P«'f»' 

rem"- KD > rem' GD, ax. 6. 

t.c GD<KD: 

ad 

V from the extJ«» M, D of the side MDof .^[XMLD, 
the I* M K, D K are drawn to pt K within the .^, 

/. (MK -Y DK) < (ML + LD): 2i- 1- 

I 
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Def. 15. but M K = M L ; 

Ax. 5. .*. tl^e rem' DK < the rem' DL } 

in like manner it may be shown, that 

DL < DU. 
And 
.-. DG is the least ]; DK < DL, DL < DH. 

Also there can be drawn only two equal |* from 
the p^ D to the ce^ one on each side of the least |. 

23. 1. At pt M, in I MD, make Z. DMB =s Z. DMK, 
and join DB : 
then, in ^^^ KMD, BMD, 

. . f side MK = MB, MD is com. to both, 
constr. • I and Z. KMD= Z. BMD; 
4. ,. .-. base DK = base DB: 

but, besides this | DB, no other | can be drawn 

from D to the ce that shall be = DK: 
for, if there can, let it be DN: 
then, V DK = DN, 

and also DK = DB, 
DB = DN, 
t. e, a I nearer to the least | is = one more remote, 
w'^ has been proved to be impossible. 

.*. ifani/ pointy ^c [q. e. d.] 



PROP. IX. THEOR. 

1/ a point be taJcen within a circle, from which 
there/ail more than ttoo equal straight lines to the 
circumference, that pointisthecentreoftheeirde. 

Within the ABC let pt D be taken, from tH* 
to the <^ there fall more than two equal |% vii. 
DA^ DB, DC: D shall be the cent, of the 0. 



t 
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For, if notj let E be the cent ; /^ ^ 

join DE, and prod, it to the c« pL DjE V oef. 17 

in F,G; then, FG is a diam' of V /\\/ 
tbeeABC: >-W^^ 

A o 

and 

V in FG, the diam' of ABC, there is taken 

the p^ D, w** is not the cent. 
/, DG is the greatest | from it to the «•, 7. s. 

and DC > DB, DB > DA: 

but these |^ are also r= one another. Hyp. 

w'* is impossible : 
•*• E is not the cent, of ABC: 



And IB like manner it may be shown, that 
no other p< but D is the cent. 
.*• D is the cent. 

•*• ^a point he taken, 4fc. [q, ■• d.*] 
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PROP. X. THEOR. 

One circumference of a circle cannot cut another 
in more than two points. 

If possible, let the Q^ FAB 
eot the 0c« DEF in more than 
two pte, viz. in B, G, F. 

Knd the cent K of ABC, d^ 2^ 3 s. 
ttdjoinKB,KG,KF: 

Then •/ K is cent of ABC, jw ,. 

KB = KG = KF: \. 

I 2 




• m 



ami '.' williin © DEF there is Cakcu liie p' 
from wii to the a 1^' DEF fall more than two ( 
KB, KG, KF, 
,-. Kia the cent, of ©DBF: 
r. but K is also the cent, of © ABD; 

and .■. the same p' is [lie cent, of two G 
w'' cut one another; 
but this is impossible. 
.', one eircumfcrence, Sjc. [it. n 



PROP. XL THEOR. 

T/tao drcleatoiich eachotherintemalli/ithetirt 

line ichichjoin^ tlieir centres being produe«iI , 

past tlvrough the point of contact. 

Let the two ©' ABC, ADE touch each o 

internally in the p' A; and let F be the cenU 

ABC, G the cent, of ADE: 

the I w'' joins the cent' F, G, being 

prod'', shall pass through thep'A. 

For, if not, let it, if possible, 

{a^ otherwise, as FGDH, and join 

AF, AG. 

Then, 

V two Bides of a ^^ are > the thirds 

(FG + AG) > FA; 

but FA = PH ; 

(FG + AG) > FH : 

tafce iway the com, part FG ; 

the rem' AG > the rem' GH: 
*■ butAG = GD; 



PROP. n. XII. 89 

and/. GD>GH, 

or the less > the greater^ 
w*^ is unpossible. 

.\ the I w^ joins the p^ F, G, being prod^, eannot 
fall oth^TTvise than on the p' A^ 
t. e, it roust pass tlirough A. 

.'• if two circles, S^o. [q. e. d.] 
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PROP. XII, THEOR, 

If two circles touch each other externally, the straight 
. Une which joins their centres, shall pass through 
the point of contact. 

Let the 0» ABC, ADE touch each other ex- 
ternally in the p'A; and let 
P be the cent, of ABC, ^ 
G the cent, of © ADE: / 
Ae I w'» joins the p^^ F, 
G, shall pass through the 
P* of contact A, 

For, if not, let it, if possible, fall otherwise, a& 
PCDG, and join FA, AG. 

Then, •.• F is cent of © ABC, 

FA=FC: 
also, •/ G is cent, of © ADE, 

GA=GD, 
.%(FA + AG) = (FC + DG); Ax.8. 

and .-, (F A + AG) < the whole FG : 
but (FA 4- AG) > the same FG ; ao i. 
li e. (FA 4- AG) is both> and < FG ; 
w^ is impossible ; 
I 3 



.■. the I w" joins ihe p" F, G cntinot pa 
wise than through the p' of contact 
1. e. it must pass through it. 
.■. iftmo cirelei, ^'c. [q. 
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PROP. XIII. THEOB. 

One circle cannoi touch another in more paints Ih 
oiu, whether it loaches it on the inside or outiidt. 
For, if poBsiblej let S EBF touch ABC bf 

more p" than one ; and lir&t. on the inside, jd ^ 
1. pi'B.D: join BD, and drawGHjbisaBDat t' Z.*!' 




Tlien. 

-.- die p" B, D Bre in the G '" of each G , 

I BD falls within each G ; 

. .*. the cenf of both ©'are in | GH, 

wi'hist'BDatr'Z'; 

»nd /, Gil paKBes through ihe p' of ooDtact : 

But -.- the p» B, D we both without | GH, 

,*, GH does not pass through this p', 

I.e. GH does and does Tiof pass through iheMmep', 

wii is absurd : ^ 

,', one cannot touch another on the ioBide'^ 
more p" x\\an oiw. 
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N<»r can two * touch one another on the outside 
in more than one p'. 

For, if possible^ let © ACK 

touch ABC in p^ A» C : join AC\ 

then, 

•.* the two pt« A, C are in the ©c^ 

of ©ACK, 
/. I AC falls within ©ACK : 

hut © ACK is without ABC ; 

/. I AC is without this © ABC : 

but •/ p«« A, C are in the © <* of © ABC, 

•*, I AC must be within © ABC, a. a. 

L 0. AC is both within and without the same 0, 

w^ is absurd : 
•% one cannot touch another on the outside in 

more p^ than one. 

•*• one circle, <^c [q.e.d.] 
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PROP. XIV. THEOR. 

Equal straight lines in a circle are equally distant 
from the centre ; and those which are equally 
. distant from the centre, are equal to one another. 

In ABDC, let I AB= I CD ; they shaU be 
equally distant from the cent ^ C 

Find the cent E of © ABDC, 
from it draw EF, EG, J. AB, CD, 
and join EA, EC. 




r 



I 



And 







CD=2CG 
bin AB = Cn; 

AF=:CG, 
andAF-=CG^'. 



AE^= EC-: 
but V AFB,PGCBrerti', 

AE^=AF^+FE^, 
andEC;=EO-'+GC2; 
.-. AF2+1''E==EG2+GC=: 
hu^ from above, AF-'=CGJ, 

rem' F.F^= rem' EG^, 
an<iEF = EG: 
3' liut I* in a O are said to be equally distitnt fi 
tbp cent, when the _L* let fall upon them frcn 

the cent, are^ one another : 
.% I' AD, CD are equally distaiit from the centfc. 



AB=aAP, 
CD = 2CG; 
and also, EF-J- AF-=EGi-VCG«., 



B=CD. 

, it may ]« J 



PROP. XIV. XV. 



9S 



Init 



• . 






and •*. 

bat 

and /. 



EP = EG, 
EF'=EG2; 
rem' AF^rsremr CG2, 
AF = CG: 
AB = 2AF, 
CD=2CG, 
AB = CD. 



\ equal straight lines, S^c, 



Hrp. 

Ax. 8. 



AX.C 



[Q.E.D.]] 
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PROP. XV. THEOR. 

T%e diameter is the greatest straight line in a circle; 
and, of aU others, that which is nearer to thecentre 
is always greater than one more remote; and the 
greater is nearer to the centre than the less. 

Let ABCD be a , E its cent AD a diam'; 
and let BC be nearer to the cent. 
than FG: AD shall be > any | BC, 
w^ 18 not a diamr; and BC > FG. 

From cent. E draw EH, EK JL" 
to BC, FG; and join EB, EC, EF. 

Then, V AE = EB, 

and ED = EC, 

AD = (EB + EC): 
but (EB + EC)>BC; 
and /. AD > BC. 

Again, 

•.• BC is nearer to the cent, than FG, Hyp. 

.•. EH < EK Def.6J. 

andEH^<EK2: 




12.1. 



Def.l8w 
1. 
Ax. 2. 

20.1 



bal, as teas showu in the preceding propo, 
B0 = 2BH, 
FG=2 KK, 
and EH=+ IlH-'= El\-'+ FKif: 
but, from above, EH'< KK-: 
.-. BH> VK-, 
andBH > KK; 
.-. BC > KC. 
Next, let BC be>FG: BC sliaU be nparer 
J. tlie cent, ihon FO, i. e. the same constr" beii 
made, EH BhaU be < EK, 
For, -.- BC > FG, 

.-. BH>FK; 
I andBHi'>FK«: 

I but BHH EH-= FKJ+ EK»; 

.'. EH-<EK-, 
and EH <EK; 
s. and /. BC is nearer to the cent, Ihnn FO. 



', the diameter, ^e. 
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PROP. XVI. THEOn. 

TTienlraighllincdrawnatrighlangleitothediamttefU 
n/a eirrie,/rom the txtrtmity of it, fall* vilMiOm 
the circle; and Mtlraiffht line eanliedrawnfivmm 
the t^ttremily, between that Hraigkt line and tkiU 
circumference, »o nt not to Cut the eirthi or,m 
mhich it the mime thing, no straight line can i 
10 great an acute angle with the diameter at itvM 
extremity, or to umall an angle with the ttraisUM 



PROP. XVI. 
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but 



Hm which is at right angles to it, as not to eui 
the circle. 

Let ABC be a ^ D its cent, and AB a diani>^: 
the I drawn at r^ Z. * to AB, from iu extrJ A, 
shall fall without the 0. 

For, if not, let it, if possible, /^ ^ic 
fall within the , as AC ; and j^( -'^^\X 
draw DC to the p« C, in w»» it \^^J 
meets the © ^. V.^.^^/ 

■ Then, 

DA=DC, 
Z.DAC=/DCA: 

DAC isart^; 
DCA is also a r^ ^ ; 
and /. Z " (DAC + ACD) = two r^ Z.*: 
but this is impossible : 

.*. the I drawn from A at r^Z. ' to BA does not fall 

within the : 

and in the same manner it may be Ehown, that it 
does not fall upon the ^, 

,\ it must fall without the circle, as AE. 

Also, between the | AE and the c*' no other | 
can be drawn from the p' A w^* does not cut the 

For, if possible, let A F be 
between them : from the p' D 
draw DG J_ to AF, and let it 
meet the © ce in H. 

Then, V AGDisart^, 
andDAG<artz., 

DA>DG: 



Def. 15 

1. 

6.1. 

Hyp. 



32.1. 




12. L 



17.1. 
19.1. 




I 



i. but DA = DH; 

DH > DG, 

i. e. the leas > the greater, 
wli is iro possible. 

.', no ttmight tine can bedrauin from the point 
ielween AE andlltecircur>i/'erenee,v!hichdoef note 
the cirrte ; or, mhicli amounU to the game Uiing, 
however great an acute angle a elraight line milled 
milh the diameter at IhepoiaiAiOr however tmaUan 
angle it makes w\thMS,,the cireumferencemutt ptut. 
belii:een that straight lineand the perpendicular h'S, 

" And this is all that is U> be □nderstood, when, 
in the Greek text, and translations from it, the^ 
of the ^ is said to be > any acute rect' /_ , aild 
the remK ^ < any rect' I, ," [«. e. d.] 

Con. — From tliis it is mauifeBt, that the | w'' 
drawn at r'^ ' to the diam' of a , from the extiT 
I. of it, touches the ; and that it touches it only in 
one p'; for, if it did meet the O iu two, it would^ 
fall witliin it. " Also it is evident, that there can 
be but one [ w'' touches the a in the same j 



PROP. XVIJ. PIIOB, 

To draa a Hraight line from a given point either 
vrithout or in the cireumferente, whiiA iliall touek 
a given circle. 

First, let the given p' A be without the givcRi 
OBCOi it is Kq>'U(lnwiMiHAft| w** ~ 




1. 
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Find the cent E of the ; i. 3. 

join AE ; and from cent. £^ 
at dist. £A^ desc AFG; 
from p« D draw DP at r* Z.' G( (C E ^ JrJ F ii. i. 
to £A, and join £BF, AB : 
AB shall touch the BCD. 

For, V £ is cent, of • BCD, AFG, p««t ift. 

/. £A=EF, £D=:£B: 

Hence, in.^»A£B, F£D, 

side A£ = £F, £B s £D, 
and z. A£B is com. to the two.^*, 
the base DF = the base AB, 
,,^ FED = ,^ A£B, 
and the other ^ " = the other Z. "• 
Z. EBA= Z. EDF: 
but EDF is a r« Z. ; Conitr. 

EBAisar^Z.: ax.i. 

and EB is drawn from the cent. 
but a I drawn from the extr* of a diami", 

at r* Z. ' to it, touches the . k* 

A AB toitches the circk; and it is drawn f ram 
the given point A. [q. e. f.] 

But if the given p^ shall be in the ce of the , 
as the p^ D, draw DE to the cent. £, and DF 
at rt Z.' to DE : DF touches the . J®'* '•• 



4.1. 



■ • 






Cor. I& 
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PROP. XVIII. THEOR. 

If a straight line touches a circle, the straight line 
drawn fromthe centre to the point of contact, shall 
be perpendicular to the line touching the circle* 

Let the | DE touch the ABC in the p^ C ; 

u 



98 



BOOK III. 



1.3. 



17.1. 



19.1. 



Def. 15. 
1. 



and from the cent. F, let | FC be drawn : FC shall 
be J_ to DE. 

For, if not, from the p' F draw FG J. to DE : 
then, 

V FGCisart/., 
/, GCF is an acute /. ; 
and to the greater ^ 
the greater side is opp. 

FC > FG: 

but FC = FB : 

FB > FG, 

i. e, the less > the greater, 

wi» is impossible : 

/. FG is not X to D3. 

And in the same manner it may be shown, that 
no other | is X to DE, but FC : t. e. FC is X to DE. 

.% if a straight line, 6;c, [q. e. d.] 
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PROP. XIX. THEOR. 



j[f a straight line touches a circle, and from the 
point of contact a straight line he drawn at 
right angles to the touching line, the centre of 
the circle shall be in that line. 

Let the | DE touch the ABC in pt C, and 
from C let CA be drawn at r^ Z. ' to DE: the cent, 
of the shall be in CA. 

For, if not, let, if possible, F be the cent, and 
joinCF: then. 



PROP. XIX. XX. 
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•/ DE touches the ABC, 
and FC is drawn from the cent, to the p^ of contact^ 

FC is j: to DE, 18. 3. 

and /. FCE is a r« /. : 

1)ut ACEisalsoariZ. ; 
and .-.z: FCE =Z. ACE, 

f . c. the less = the greater, 

w^ is impossible : 

.*, F is not the cent, of ABC. 

And in the same manner it may be shown, that 
no other p', w^ is not in CA, is the cent 
i, c. the cenL is in CA. 




/. if a straight line, S^c. 



[q.e.d/] 



PROP. XX. THEOR. 

The angle at the centre of a circle is double of the 
angle at the circumference upon the same base, 
that isy upon the same part of the circumference. 

In ABC, let EEC be an /. at the 
BAC an /. at the © ««, w^ have the 
same arc BC for their base : 
/. BEC shall be double of Z. BAC. 

Join AE, and prod, it to F ; and, b' 
firs*, let the cent, of the © be 
within the Z. BAC. 

Then V EA==EB, 

/ E AB = Z. EB A ; .^. i. 

and /. Z*(EAB-f-EBA) = 2Z. EAB; 

but Z. ■ (EAB 4- EBA) = /^ BEF: aa. i. 

K 2 




and .-. L BEF = 2iEAn: 

■or the same reason, l_ FBC = 2ZBAC: 

,*, the wliolei BECisdouble of the wholes BA(3 

Again, let the cent, of the 
JE n-ithout thei BAG: then it 
nay be shown, as in the first case. 



that 



l\ 



L FEC is double of L FAC 
and that 

partFEBiadouhleof part FAB; 

.•. remB Z. BEG is double of the rems i BAC 

^, (Ae onjie at the centre, ^. Qq.b.d.[]i 



The angle 



PROP. XXI. THEOE. 

Ill the >ame segment of a circle ai 
to one another. 



In ABCD, let BAD, BED be^' 
same scg' BAED : then shall 
ZBAD=iBED. 

First,ietseg'BAEDbe>jQ: 
laie the cent. F of ABCD, and 
join FB, FD. 

Then, •/ /. BFD is at the cent. 
£ BAD at the 0", 
and iheseZ'have the same arc BCD for their ba 

.', i BFU=2Z.BAD: 
for the same reason, 

Z. BFD = 2Z-BED: 
and .•. i BAD = Z BED. 



PROP. XXI. XXII. 
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Next, if seg^BAEDbe < i , 
draw AF to the cent prod, it to C, 
and join CE : 

then, £eg« BADC > i- , 
and ,\, by the first case, 
Z.BAC=Z.BEC: 

similarly, V CBED > ^ © , 

/. Z CAD == Z. CED : 
and /, the whole Z. BAD = the whole Z. BED. Ax. i 

/, the angles in the same segment, S^. 

[q. e. n.] 




PROP. XXII. PjaOB. 

The opposite angles of any quadnlateral figure 
inscribed in a circle are together equal to two 
right angles. 

Let ABCD be a quadrilati fig. 
insftr^ in ABCD : any two of its 
opp. Z. * shall together be=: two r' /. ■ ^ arg 

Join AC, BD : then, 

*.• the Z. * in the same seg^are = one another, 21 3 
.-. Z. CAB= Z. CDB in the segt CDAB, 

also, Z. ACB= Z. ADB in the segt ADCB, 

and /. Z. ^ (CAB -j- ACB) =ithe whole Z. ADC . Ax. 2 

add Z. ABC : then, 

Z.*(CAB-i-ACB+ABC) = Z."(ADC +ABC) : Ax. a 

but, 
CAB, ABC, ACB are the three Z. ' of ^^ CAB, 

and /. Z. ■ (CAB + ABC + ACB) = two r^ Z. S* 32. 1. 
/.also, Z'(ADC-}-ABC) = tvco\^ L*- ^^•^ 






it may be Bhown thst 



Z'(BAD + DCB) = 
; the opposite angles, iJfC. 



PROP. XXIll. THEOR. 

0^011 the ta'ne straight line, and upon the lametide 
qf it, there cannot be two timilar segments of 
circles, not coinciding vHCh one another. 

If possible, on the Bsme | AB, and on d 
Bide of it, let there he two Biin'' . 

B^uof 0',ACB.ABD,note< 
elding with one another. 

Then, 

".- Q ACB cuts ADB in the two p" A, B, 

/. they cannot cut one aoolher in any olher p* : 
and .'. one of the seg" must fatt wiiliin the other: 



Then, 

•.- segi ACB IK sim^ to seg' ADB, 
1- and that sim' 5eg'> contain equal ^ • ; 

Z ACB=Z.ADB, 
i. e. tbeest'Z =the inttZj 
w>> is iiDpOEsible. 

,*, there efinnothr.iu^a similar Kgmenit<ifeit 
OR the same tide of the same straight linr. 
do Tiot eoitKide. [^(i.E.t>.J 
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PROP. XXIV. THEOR. 

Shnilar segments of circles upon equal straighi 
Unes are equal to one another. 

Let AEB^ CFD be simr segt* of ' on equal |* 
AB, CD : the seg^ A£B shall be = the seg^ CFD. 

For, let the seg* 
A£B be applied to 

Eegi CFD, so that the 

p* A may be on C, ^ B C 

and I AB on CD : 

then, •/ AB = CD, 

.*. p' B shall coincide with p^ D : 

Hence, | AB coinciding with CD, 

the segt A £B must coincide with CFD, n a 
and .\ segt AEB = segt CFD. Ax. 8. 

.•« eimilar segments, Sfc, [q.e.d.] 





PROP. XXV. PROS. 

A segment of a circle being given, to describe the 
circle of which it is the segment* 

Let ABC be the given seg* of a :. it is req** to 
desc. the of w'' it is the seg^ 

Bist AC in D, from D draw DB at rt Z. * *<» AC, }?• "' 
and Join AB, 



/ 
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A DC E 

Mg. 1. First, let Z. ABD = L BAD : 
6.1. then, I BD=| DA; 

but DA = DC ; 

DB = DA = DC; 
9. a and /. D is the cent, of the © . 

From the cent. D, at (list, DA, DB, or DC, 
desc. a © ; it shall pass through the other two p**, 

and be the © req<* : 
and •/ the cent D is in AC, 
/. the seg' ABC is a i © 

Fig8.2.3 But, if L ABD :jfc BAD ; 
88. 1. at pt A, in | AB, make Z. BAE = ABD ; 

prod. BD, if necessary, toE, and join EC. 

Then, •/ L ABE = Z. BAE, 
6. 1. /. I BE = AE : 

also, in.^^'^ADE, CDE, 

r side AD = DC, 

Coiistr •.• \ DE is com. to both, 

[ and rt Z. ADE = rt Z. CDE, 
4. 1. /, the base AE = the base EC : 

and, from above, A E = BE : 

Ax.1. .-. EA = EB = EC; 

9.3. and /. E is the cent, of the ©. 

From the cent. E, at dist. EA, £B or EC, desc 
a © : it shall pass through the other p^, and be 
the req'*. 
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And it is evident^ that 

if Z. ABD be > Z. BAD, Kf.t. 

the cent. £ falls without the scg^ ABC^ 
and /• the seg^ is < a^ : 
but, if Z. ABD be < Z BAD, rig. ». 

^e cent. £ falls within the seg^ ABC, 
and •*• this seg^ is > a^ O . 
Hence, a segment of a circle being given^ the 
4^cle is described qf which it is the segment. 

[q. b. p.] 
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PROP. XXVI. THEOR. 

In equal circlee, equal angles stand upon equal eir" 
eumferences, whether they be at the centres or 
circumferences. 

Let ABC= DBF; and 
letZ. BGC= Z. EHFatthecent«of the8e0% 
and Z BAC = Z £DF at the © ««• of the ©': 
the arc BKC shall be = the arc ELF : 




Join BC, EF : then, 

©ABC=0DEF, 
.*. the radii of one = the radii of the other : lhiA2, 
hence, in the two,£^«BGC, EHF, 
. , f side GB = HE, GC = HP, 

\ and also, Z. at G= Z. at H ; Hyp. 

/. the base BC = the base EP. «. i. 
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Hyp. And •/ the Z. at A = the /. at D, 

f^' »• /. the segt BAG is sim"" to the segt EDF ; 

and they are on equal js BC, EF : 
21 3. but sim^ segt* of © » on equal |s are = one another; 

and /. segt BAC = segt EDF : 
Hyp. but the whole © ABC = the whole © DEF ; 
Ax. & .'. the rem* segt BKC = the rem? seg' ELF; 
and the arc BKC = the arc ELF. 

/, in equal circles, S^c. [q. e.d.] 



PROP.XXVIL THEOR. 

In equal circles, the angles which stand upon egttal 
circumferences are equal to one another, u^ether 
they be at the centres or circumferences. 

Let © ABC = © DEF; and let the /i» 
BGC, EHF at their cent*, and BAC, EDF at 
their © '", stand on equal arcs BC, EF: then shaU 
Z BGC = Z. EHF, and Z. BAC = Z. EDF. 




If Z.BGC=Z.EHF, 
Air.* ** fo^^^^ that Z. BAC = Z. EDF. 
But, if Z. BGC zt EHF, 

one must be > the other : 

let BGC be > EHF, 
23. L and at the p^ G, in | BG, make Z. BGK = Z. EHF; 
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then, V Z. BGK = Z. EHF, 
and thatequtl /. * at the cent* standon equal arcs, u, JL 
/. arc BK = arc EF: 
but arc EF = arc BC; Hyp. 

/• also BK = BC, A». t 

t. e. the less = the greater, 
wb is unpossibie : 
.% Z. BGC is not:;f: /. EHF, 
t.e. Z.BGO=Z.EHF: 
and the Z. at A=iZ. BGC, m.». 

theZ. at D=|z.EHF; 
/. the Z. at A = theZ. at D. ax.7. 

/. in equal circles, <Sfc. [q.e.d.1 



PROP. XXVIII. THEOR. 

Iti equal circles, equal straight lines cut off equal 
circumferences, the greater equal to the greater^ 
and tJte less to the less. 

Let ABC = DEF, and in these 0* let 
j BC = I EF, these |s cutting off the two greater 
arcs BAC, EDF, and the two less BGC, EHF: 
then shall arc BAC = EDF, and BGC = EHF. 




Take K, L, the cent' of the 0% and join La, 
BK, KC EL, LF : then. 
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V ©ABC=©DEF, 
Der.is. •*• ^c ^^^ 0^ <>°6 = the radii of the other : 
hence, in^^^BKC, ELF, 

8ideBK=EL, CK=FL, 
Hyp. also, the base BC = the base EF ; 

8. 1. and .-. Z. BKC = Z ELF : 

26. a. but equal /. ' at the cent^ stand on equal arcs ; 

.•.arcBGC = arc EHF: 
Hyp. and the whole © ce A BC = the whole ce EDF ; 
Ax. 9, ,\ the rems arc BAG == the remi? arc EDF. 

/, in equal circles, S^c, [q. b. d.] 
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PROP. XXIX. THEOR. 

In equal circles, equal circumferences are subtended 
by equal straight lines. 

Let O ABC = DEF ; also, let arc BGC 
=:=arcEHF; and join BC, EF: 
|BCshallbe=|£F. 




G H 



l.lL Take K, L, the cent* of the 0*, and join 

BK, KG, EL, LF : 

then, •/ arc BGC = arc EHF, 
27.a. /. Z BKC = Z. ELF : 



Def.lS, 



and V © ABC = © DEF, 
•% the radii of one © ^ the radii of the other! 
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hence^ in ibe.^*BKC, ELF, 

rideBK = EL, KC = LF, 

alsoZ.BKC=Z. ELF; 
and .-. the base BC = the base EF. 4. i. 

/, in equal circles, S^c. [q. b. d.] 



PROP. XXX. PROB. 

To bisect a given circtimferencc, that is, to divide 
it into two equal parts. 

Let ADB be the given arc : it is req^ to bis< it 
Join AB, and bis< it in the p^ C : yy lo. i. 

from C draw CD atr*/.* to AB: /^^^T^ »•>• 
the arc ADB shaU be bis** in D. t^ CB 

Join AD, DB : 
then, in^xx»ACD, BCD, 

side AC = CB, 
CD is com. to both, 
and rt Z ACD = rt /. BCD, 
.*. the base AD = the base BD 4. i. 

But equal |" cut off equal arcs, sai a. 

the greater = the greater, the less = the less ; 

and *•* DC passes through the cent., Cor.ix 

AD, BD are each < a ^ ; 
/, the arc AD = the arc DB. 

,% the given arc is bisected in D. [q. e. p.] 
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PROP. XXXI. THEOR. 

In a circle, the angle in a semicircle is a right 
angle; hut the angle in n segment g^eatn* than 



110 BOOK Hi. 

a semicircle is less than a right angle; and the 

angle in a, segment less than a semicircle is 

greater titan a right angle. 

Let ABCD be a , E its cent, BC a ditita' ; 
draw CA, divjr the © into the 8eg«« ABC, ADC ; 
and join BA, AD, DC. 
then the Z. in the^ BAG shall be a r* /. ; 
the Z. in the seg* ABC, w^ is > 4 © , shall be < a r^ /. ; 
theZ.intheseg«ADC,w»»is<|©,8hallbe>ariZ.- 

Join A£, and prod. BA to F : 
then, 
pef.l5. .^. EA = EB, 

• 1. .-. Z. EAB=z:EBA; 

also, 

EA = EC, 
.-. /_ EAC = EGA ; 
Ax.2. and/. Z BAC=Z'(ABC + ACB): 
32. 1. but extrz. FAC= Z"(ABC + ACB) : 

Ax.i. /. z.BAC=:ZLFAC, 

i)et 10. ^jjjI .^ gj^^jj q£ i\iQYn is a r* Z. • 

And .'. the angle BAG in a semicircie is a right 
angle. 

Ajiain, in ,^ ABC, 
17. 1. %• the two Z. ' (ABC -h BAG) < two r« Z S 

and that Z. B AC is a r^ Z. , 
.-. 21 ABC < art Z.. 
And .*. the angle in a segment ABC, which is 
greater tlmn a semicircle, is less than a right angle 
And, '•' ABCD is a quadrilat^ fig. in a ©, 
22.lt /. its two opp. Z. *( ABC + ADC) = two r* Z. S 

bnt, from above, Z. ABC < a r« Z. * 
/, theotherZ. ADC>ar«Z.« 




PROP. XXXI. XXXII. Ill 

And •% ihe anj^ in a segment, which ib- less than 
a semicircity is greater than a right aiiylc. 

Besides, it is manifest, that the arc of the greater 
seg« ABC falls without the r' /_ CAB ; but the arc 
of the less seg« ADC falls within the r^ Z (-AF. 
''And this is all that is meant, when, in the Greek 
text, and the translations from it, the /_ of the 
greater aeg^ is said to be greater, and the /_ of the 
less s^^ 18 said to he less, than a r^ ^ . 

Con. — From this it is manifest, that if one /_ of 
a^^^hcss: the som of the other two, it is a r^ /_: 

fpr the ai^' ^ = the same two, 3j. i. 

and when the adj^ Z. «= one another, 

each of themis a r* Z. . P^^' '^ 
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PROP. XXXII. THEOR. 

Ifastraight line toucha circle, and from thepointof 
contact a straight line he drawn cutting the circle; 
ihe ungks which this line makes with the line 
touching the circle, shall be equal to the angles 
which are in the alternate segments of the circle. 

Let I EF touch ABCD in B, and from B let 
I BD be drawn, cutting the ©: theZ.* w»> BD 
makes with the touching | EF shall be = the /. ^ in 
Ae alt. seg** of the : viz., 
Z DBF = the/, in thesegtl) AB, 
Z DBE = the Z in the seg« DCB. 

From B draw BA at r* Z " to [ / /)^ u. :. 

£JF, Uakt any p^ C in the arc PB, 
and join AD, DC, CB : 
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then, •/ I EF touches ABCD in B, 
and BA is drawn at r* Z. * to EF from the p' of 

contact B, 
ID. 8. /, the cent, of the © is in BA: 

31.3. .'• Z ADBina-^ ©is a r'Z.2 

'^^ 1. and /. the two /_ '(BAD + ABD) = a r* /. : 

Constr. but Z. ABF is also a r^ /. ; 

Ax.i. .-. Z ABF =Z.* (BAD 4- ABD): 

take away the com. part, ^ ABD ; 
Ax. 3. then, the rem? Z. DBF = the rem« Z. B A D ; 

and BAD is the Z. in the alt. seg^ of the . 

Again, V ABCD is a quadrilat^ fig. in a © , 
22.3. .*. theopp.Z.»(BAD + BCD)=twortZ.*: 
13.1. but theZ.'(I>BF + DBE) = twor«Z.*: 

Ax. 1. .•. the Z. • (BAD + BCD) = /. » (DBF + DBE) 
and, from above, 

Z.BAP=Z.DBF; 
Ax. a .-. Z.DBE=Z.BCD, 

and BCD is the Z. iu the alt. seg^ of the . 

•*• if a straight line, i^c, [q.k.d.1 
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PROP. X:vXIII. PROB. 

Upon a given straight line to describe a segment ^ 
a circle, which shall contain an angle equal to a 
given rectilineal angle. 

Let AB be the given |, and C the given Z.: it 
is req** to desc. on AB a seg^ of a 0^ w^ shall oon* 
tainan^l »Z. C. 



PROP. XXXII. XXXIIJ. 



IKS 




10.1. 



31.3. 



First, let Z. C be a r^ Z. : ^ 
bis« ABin F,and from the cent. F, jC 
at the dist. FB, desc i AHB; I 

tbeZ AHBhia^OsstheHZlC. 

But, if Z. C be not a rt Z. ; at p' A, in | AB, Ti. \. 
n^al^e the Z. BAD= Z. C, and from A ibaw AE at ii. i. 
H ^ » to AD ; bis* AB in F, from F draw FG at la i. 
r«/»toAB, wd join GB. 





Dcf. 10. 

1. 

4. 1. 



Then, in.^«AFG, BFG, 
. . J side AF = FB, FG is com. to both, 
• |andr*Z.AFG = rtZ.BFG; 

the base AG = the base BG ; 
and .*. the ©desc* from cent. G at dist. GA, shall 

pass through the p' B. Let AHB be this : 
the segt AHB sh^U contain an Z. = the given Z. C. 

For, 
•/ I AD i9 drawn at r* Z. * to the diam^ AE from its 

extry A, 
/. AD touches the : ^^^- '^ 

and •. •'I AB, drawn from the pt of contact, cuts the , 

/. Z. DAB = the Z. in the alt. aeg^ AHB: 3J. 3. 

but Z. D A B = C ; const r. 

/, Z. C = theZ in theseg' AHB. Ax. i. 

/, on the given straight /me AB is described the 
segment AHB of a circle, which contains an angle 
equaito the given angle C. ^q.«i«f."^ 

' L 3 
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PROP. XXXIV. PROB. 

From, a ^iven circle to cut off a segment, which 
shall contain an angle equal to a given recti^ 
lineal angle* 

Let ABC be the given © , and D the given ^ : 
it is req<i to cut off from the ABC a s^ that 
shall contain an Z. ^ the given /. D. 

17. 3. Draw the I £F touching 

the ABC in the pt B, 

and at the p^ B^ in | "BF, 
». 1. make Z. FBC = Z. D : 

the seg< BAC shall contain 

an Z = ii D. 

For, '.• I EF touches ABC, 

and BC is drawn from the p^ of contact B, 
32. 3. .". Z. FBC = the Z. in the alt. seg^ BAC : 

Con.tr. butZ. FBC = Z. D ; 
Ax. 1. /, Z. D = theZ. inthealt-segtBAC. 

.*, from the given circle ABC, is cutqffthe seg- 
ment BAC, containing an angle equal the given 
angle J). .[q.b.f.] 
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PROP. XXXV. THEOR. 

(ftfi'o straight lines cut one another within a circle, 
the rectangle contained by the segments of one of 
them is equal to the rectangle contained by the 
segments of the other. 



PROP. XZXIV. XXXV. 
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Let the two |' AC^ BD cut each other in the 
pt £^ within the © ABCD; then shall ^ 
the lect A£. EC = the rect. BE. ED. 

If AC> BD each pass through the ^ 
wnL, BO that E is that cent ; then, 
AE=EC = BE = ED, 
and /• A£. EC. = BE. ED. 

But let one of them BD pass 
through the cent, and cut the other 
AC, w^ does not pass through the 
cent, at r« /.*, in the p« E: 
if BDhehis<iinF, Fisthecent: ^ 
join AF: then, 

*•* BD passes through the cent, and cuts AC, w^ 
does not pass through the cent., at r^ Z. % in p^ £. 

.-. AE = EC: 
And, 

•.• I BD is cut into two equal parts in p* F, 
and into two unequal parts in p^ E, 
BE. ED + EF-' = FB2 

= FA2 

= AE^ + EF2: 
take away the com. part EF- : 
then the remff rect BE. £Ds= AE^, 

I.e. BE. ED = AE.EC.* 

Next, let BD, w^* passes through the cent, cut 
the other AC, w^ does not pass j^ 
through the cent, in E, hut not at 
r« /^ : then, as before, if BD ^^ ^ 

be bitf* in F, F is the cent of -^^ n. <HC 
tfaeo. 

* Because it ha< bsen proved that KE^b^C 



3.3. 



6.2. 



47. 1. 



Ax. 3. 




1)6 
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12. 1. . Jem AF, and draw FG J. to AC : tli©«, 
3.3. AG=GC; 

5. 2. and .-. AE, EC + EG^ = AG^ : 

add FG2 : then, 

AE. EC + EG2 + FG2 = AG2+FG2: 
47. 1. but EG- -f FG- = EF^, 

andAG-'4-FG-' — AF-': 
Ax. 2. /. AE. EC -j- EF-' = A F2 

Def. 15. _ pg3 

5.2. =£: BE. ED -f EF» : 
take away the com. part EF-' : then^ 

Ax. 3. AE.EC = BE.ED. 

Lastly, let neither of the j'' A C, w^ — ">. 

1. 3. BD, pass through the cent. ; take /\ ^ \i 
tbe cent. F, and through % the 
p* of intersection of the |* AC, ^ 
DB, draw the diam' GEPH: ^-^ 

then, 9s has been shown ahove, 

AE* £C=: GE* EH. 
and also Pl$. ED:= G£. EH ; 
Ax. 1. /, the rect. AE. EC. =the rect. BE. ED. 

.% ifiwQ straight linesy S^c. [q.e.d.] 
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PROP. XXXVI. THEOR. 

If from any paint without a circle two stmiifht 
lines he drawn, one of which cuts the drele^ and 
the other touches it ; the rectangle cimtaiHM by 
the whole Une which outs the circle, and the part 
of it without the circle, shall be equal to Me 
sguare qf the line which touches it^ 



PROP. XXZV. ZZXVI. 
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Let D be any pt without the © ABC^ and of the 
two I* DCA, DB, drawn from it, - 

let DCA cut theO^ DB touch it: 
then shall the recL AD. DC = DB-. 

Either DCA passes' through the B, 
oent. of the 0, or it does not: 
first, let it pass through the cenL E^ 
and join EB : then EBD is a r^Z : 
and *.* I AC is bisO in pt E, 
and prod^ to D, 
.-.AD. DC+EC-^=ED^; 
but •/ EC = EB, 

EC2 = EB2; 

and V EBDisaf^Z., 
.% ED2=BD2 + EB2: 

.-. AD. DC + EB^=BD2 + EB2: 

take away the com. part EB^; 

thenAD. DC = BD2. 




18. a. 



b. 2. 



47.1* 
Az.1. 

Ax. 81 



8.8« 



But, if DCA do not pass through the cent, of 
the©, take the cent. E, draw EF J. to AC, and ]'^\ 
join EB, EC, ED : then D 

*•* I EF, w^^ passes through the cent, 
cuts AC, w^ does not so pass, at r^^ *, 

.-. EF hist* AC in pt F ; 
and •.• I AC is bis<« in p' F, 
and prod^ to D, 
/. AD. DC + FC^ = FD-': ~ V...^'^ 6. 2. 

addEF^: then, 

AD, DC + FC2 4- EF2 = FD2 + EF2: Ax.a 

but V EFDisaHZ, 

/. ED2a=FD2 + EF«, 47.1. 




118^ BOOK III. 

aud^soEC2=:FC2 4-EF-'; 
A«. 1. and /. AD. DC + EC2 = ED^ : 

but V EC = ED, 
/. EC^ = EB-*, 
also, V EBD isartZ.* 
47.1. .-. ED- = BD- -f EB2 ; 

' aad .-. AD. Pq + EB^ = BD-' + EB2 : 
take away the com. part EB^ : 
Ax. 3. then AD. DC = BD^. 

.'. if from ani^p9int, 4s€, [q.e.d.] 

Cor. — If from any p^ without a 0, there be 
drawn two )* cutting it, as AB, AC, j^ 

the rect. contained by the whol^ |' 
and the par^ of them without the 

> are =s pne another, vi^. the I^ 
rect. BA. AE;=:the rect CA. AF: 
for each of them ia s? the aq, of the 

1 AD, w** touches the 0. 
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PROP. XXXVII. THEOR. 

Xf from a paint tvithotU a circle there be drawn two 
straight lines ^ 0n$ qf which cuts the circle, and 
the other meets it ; if the rectangle contained 
by the whole line which cuts the circle, and the 
part qf it without the circk, be §quql to the 
square of the line which meets it, the line which 
meets shall touch the circle. 



PBOP. XXXVI. XXXVII. 
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Let D be any p' without the ABC, and from 
it kt two |» DCA, DB be drawn, of w»> DCA 
cuts the 0, and DB meets it: 
if the rect. AD. DC = DB', jy 

DB shall touch the ABC. 

Find the cenL F of the 
draw the | DE touching it^ 
and join FE, FB, FD : 
then, FED is a r^Z. : 

and *.* DE touches the , 
and DCA cats it, 
/. AD. DC=DE2: 
but AD. DC = DB2 ; 
/. DE.' = DB^, 
and DE = DB: 

hence, in the,^' DEF, DBF 

fside DE=DB, EF=BF, 
\ and base FD is com. to both ; 
and .-.Z DEF=:Z.DBF; 8. i. 

but Z DEF is a rt^; 

.-. Z DBF is also a HZ. ; ax. i 

and BF, if prod^, is a diami*; 
but the I w** is drawn at )p*Z. • to a diamr, 
from its extr^, touches the : ig. a. 

.*• DB touches the ABC 



18.1. 



36.8. 
Hyp. 
Ax. I. 



•*. if from a point, ^c. 



[q.b,d.] 
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DEFINITIONS. 




I. 

A RECTILINEAL figiiTc is sftid to 1)6 inscribed in 
another rectilineal figure^ when all the angles of 
the inscribed figure are upon the sides of the 
figure in which it is inscribed^ each 
upon each. 

II. 

In like manner a figure is said to be de- 
scribed about another figure^ when all the sides 
of the circumscribed figure pass through the 
angular points of the figure about which it is 
described^ each through each. 

III. 

A rectilineal figure is said to be in- 
scribed in a circle, when all the 
angles cf the inscribed figure are 
upon the circumference of the 
circle. 




DEFINITIONS. 
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IV. 

A rectiliiieal figure is said to be described about 
a cirde^ when each aide of the circumscribed 
figure touches the drcumference of 
the circle. 

V. 

In like manner^ a cirde is said to be 
inscribed in a rectilineal figure, when the cir- 
cumference of the circle touches each side of 
the figure. 

VI. 

A cirde is said to be described about 
a rectilineal figure, when the cur- 
comference of the circle passes 
through all the angular points of 
the figure about which it is de- 
scribed, 

VII. 

A straight line is said to be placed in a circle, when 
the extremities of it are in the circuroforenc? of 
the drde. 




M 
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PROP. I. PROB. 

In a ffiiim circle to place a etfaighi Hn^, equal to 
a given straight Hne which is Mo^ j^Hate^ Ma7» 
the diameter of the circle. 

Let ABC be the given © , and D the given |, w'' 
is not > the diam'' of the ; it is req^ to place in 
0ABCa|r=D. 

Draw* a diam' EC of the 
ABC: then, if BC = D, 

the thing req^ is done ; for in ( q(LJ^ ^3 

ABC is placed a I BC = D. 

Hyp. But, if not, EC is > D : 

3- ^' make CE == D and from the cent C, atthedist CE, 
desc. the AEF, and join CA: CA shallbes D. 

For, •/ C is the cent of © AEF 
D*ti5. ,.^ CA = CE: 

Constr but CE=xD; 

Ax.i. .'. CA = D. 




•"• in Uie circle ABC is placed a straight line 
CA equal the given straight line D. |^q. e. f. J 

* Find the cent, and throueb it draw any | BC tenniziated both 
ways by the ©cc , this | will be a diamr. 



r 
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PROP. II. PROB. 




lnik^ff€H drckta inwribe a triangle equiangular 
to a gi^ien triangle. 

Let ABC be the given , DBF the given ,^: 
It is req** to insc in ABC a .^^ equiang. to D£F. 

Draw the I GAH touch- (^.^ t 

ing the Q ip the p' A ; p 
at pt A, m the j" AG, AH, /\ 
make Z.GAB^ Z, PFEj gr ( / \) ^i 
and Z. HAC=Z. DBF; 
and join BC: ABC shall 
be the .^ teo*. 

For, %• HAG touches the ABC, 
and AC is drawn from the p^ of contact^ 
.-. Z H AC = Z ABC in the alt seg': as 
but Z. HAC= Z. DBF; c 

and /. 4. ABC = Z. DBF ; a 

for the lilce r^a^on^ 

Z.ACB=Z. DFE: 
and .'. therem^Z. BAC = the rem* Z. EDF. ^ 

/• M^ trUiitgle ABC if equiangular to triangle 
DBF, and it if tn^crib^in circle ABC. [q. e. p.] 
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PROP. III. PROB. 

About a given circle to describe a triangle equian^ 
gular to a given triangle. 

Let ABC be the given , DBF the given ^^ : 

M 2 
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it is req^ to desc. about ABC a^^equiang. to 

Prod. EF both ways to the pt^ G, H ; find the 
] . 3. cent K of the ABC and from it draw any I KB; 

at p< K^ in | KB, make l> 
23. 1. Z. BKA = Z DEG, /\ jy 

L BKC = L DFH ; ^-"^ /\ 
and through the p^A, ^t^^YvK / \ 
B, C, draw the \ LAM, KaJ ^^* *^ 

17.3. MBN, NCL, touching MB If ' 

the ABC : LMN shall be the ,^ req<*. 

For, 
•.' LM, MN, NL touch ABC m the pt« A, B, C, 
tow^^ from the cent are drawn the |' ELA^ KB, KC, 
18. 3. /. theZ. • at the p'* A, B, C are r«/. •: 

and, 

'.* the quadrilat^ fig. AMBK can, by drawing the 
I MK, be div<* into two ^A % 
its four Z. ■ =s four r*Z. * ; 
and of these four Z. S the two KAM, KBMarer^Z * 
Ax. 1. /. theothertwoZS(AKB+AMB) = two r^z.* 

1.11. butZ.* (DEG+DEF) = twor«Z.' 

Ax. 3. /. Z.«(AKB+AMB)=Z.*(DEG4-DEF) 

constr. but Z. AKB = L DEG : 

Ax. 3. .•• the rems Z. A MB = Z. DEF. 

In like manner it may be shown that 
Z.LNM=Z.DFE; 
52. 1. and /. the rem^Z. MLN = Z EDF. 

/. the triangle LMN is equiangular to triangk 
DEF, and it is described about circle ABC. 

([q.b.f.1 
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PROP. IV. PROB. 

7b mseribe a circle in a gitfen tritingle^ 

l^ ^!^ ABC be given : it is req'* to insc a 
m it A 

Bis' die ^ * ABC, ACB by y\ «. u 

the |» BD, CD meeting one -r^f^tk^ 
anotber in tbe j)* D, from w^ ^"5^^ 

draw DE, DF, DG J,"* to AB jA<Tx^ »2. l. 

BC, CA. iB^ ^ 

Then, in ^!k» EBD, FBD, 

Z. EBD= ^ FBD, CoMtr. 

r^Z. DEB=rtZ. DFB, 
and side DB is opp. toZ. DEB^ in pne^i::^, 
and to/, DFB in tbe other,^; 
.•. the other sides of the ^^* are = one another ; » i, 
and .-. DE = DF : 

for the like reason, 

DG==DF,- 
and /. DO = DE ; 
thus, DE=DF = DG; 
and .% the dose** from the cent, D, at the dist of 
any one of these three |*, will pass through the extr' 

of the other two : 

also, •/ each of the Z. * at the pt* E, F, G, is a r'Z . 
.', each of the |» AB, BC, CA is drawn from the 

cxtry of a diam"^ at r*/. * to it ; 
And .". each of these |» touches the © EFG. i6. 3l 

.*. tkt9 circle EF'G is inscribed in triangle ABC* 
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PROP.V. PROB. 

To describe a circle about a given triangle. 

Let ABC be the given .^ : it is req** to desc* a 
about it. 

,0. ,. Bis' AB, AC in the pt» D, E, and from these 
11* 1.' pt* draw DF, EF at rt /. » to AB, AC : 

DF^ £F prod<^ meet one another ; 
for, if they do not meet^ they are || ; 
and /, AB, AC, w** are at r'./. • to tibem, arealso ||, 

w^ is absurd : 





C B 



let DF, EF meet in F, and join FA; also, if the 
p« F be not in BC, join BF, CF: then, 
Constr. •/ side AD = DB, 

and DF is com. to ,^8 ADF, BDF, 
and also at r^ Z.^ to AB; 
4. 1. /. the base AF = BF : 

for like reasons, AF = CF ; 

and /. BF=CF. 
Thus, AF = BF = CF. 

And .', the circle described from the centre F, 
ct the distance of any one of these straight lines, wiU 
pass through the extremities of the other two, find 
ife described about the triangle XBC ^<4v lu f.*! 



PROP. V. VX. 



\9n 



PROP. '• " 

Ui,ta«.«esttbat^^^,^e; .^^^^. ,.3. 



e in « 9»««* "^ 
To in**^ " '^'" ^ . it i« t«l* «> ^"*'=- 

thediam"AC,BU cCi),PA. 
For, • .„ >v'BAB,BA.D,a'»" 



for like reasons, 

DC. CD arc each = BA or AD ; 
ami .-. the qimlrilatl fig. ABCD is equilat' 
Also, *.' BDisailiBDi'oftlieQ, 
A BADisaio, 
and :.l_ BADiaai^Z: 
for the same reason, 
each of the i • ABC, BCD.CDA is a r» Z : 
,-. thefiE.ABCDisTectaiiG:ular: 
and it has been shown to be cq\iihii. 

a ."■ i' is a muare, iin4 it is into'ibed in cj> 

ABCD. [«■"-'-:; 



To dcs( 



PROP. VII. PROB. 

■ilie a square dboat n given cirele. 



LetABCD be the given©: it 

E being the cenL of the © , 
ilrr.iv two diam" AC, BD at n ^ ' 
to cacti otlier, and through tlie 
].■ A, B, C, D. draw FG. GH, 
UK, KF, touching the ; the 
Hk. (;H KF shali be the sq. req-i. 

For. '.' FG touches the 
and EA ii drawn from tbe 

.-. thei'ttABiet'i": 




the p' of cotitact. 
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for the same reason, 

the Z.*at B, C, D are rt ^»: 

And *.* AEB is ar< Z. > as is also EBG, 

/. GH is II AC ; » 1. 

for the same reason, FKis jj AC : 

and in in*like manner it may be shown that 
GF,HKareeach||BED: 

.-. the figs. GK, GC, AK, FB, BK arciCIT*; 
and/. GF = HK, GH = FK; 34.1. 

andv AC=BD, 

and that AC = each of the two GH, FK, 
BD = each of the two GF, H K ; 
.•.GH = FK = GF = HK, 
and /. the quadrikt^ fig. FGHK is equilat'. 

Again, 

•.' GBE A is aCZ7, and AEB is a r* Z. , 

AGB is also a r* Z. , 34. t 

and in the same manner it may be shown that 
the Z.*at H, K, Fare rtz.»: 
.*• the fig. FGHK is rectangular: 
and it has been shown to be equilati. 

.% it is a square ; and ii is described about tht 
circle A BCD. [q. e. p.] 
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PROP. VIII. PROB. 

To insmbe a circle in a given square. 

Let ABCD be the given sq.: it is req<i to insc 
aoinit. 



Bis' the sides AB, AD in the 
p" F, E ; through E liraw EH 
II AB or DC, and through F draw 
FK II AD or EC : then each of 
thefig-AK, KB, All. ilD. AG, 
GC,BG,GD,isa^; and 

.'. any side ^ that opp- to i 
0. And V AD=AB^ 
and that AE= ' 



\. E 


T) 


rr. \ 


k^ 







=4AD 

=Xab, 

=AF: 



AF: 

AB 

but FG= the opp. aide AE ; 
GE = the opp. aide AF, 
and.-. FG=GE: 
in the aanie manner it may be bHowh that 
GH.GK each = GForGE: 
/. GE = GF=GH=5GK; 
and .-, the desc^ from the cent. G, at tbe dist. 
of any one of these four |', will paas throup;h Hie 
fsnV* of the other three: 
And 
V theZ.'althepWB, F,H, KarertZ", 
IS. and that the | drawn from the extt' of .a diam' at 
r' i to it touches the , 
.-, eachofthel'AB, BC, CD, DA touches the Q . 
And .*. the circle is tnKribcd in the tquare 
ABCD. [«.K.F.] 



PROP. nil. IX 
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PROP. IX. PROB. 

To describe a circie about a given spiare. 

Let ABCD be the giren sq.: it is req^ to dnc 
a © about it. 



••■{ 




Join AC^ BD^ cutting one another in £: then 

in the two,^« DAC, BAG, . ^^i^ 

side AD = AB, '^ ^ *^ 

side AC is com. 
and base DC = BC; 

ZDAC = Z.BAC, ^ 
t.e.Z.DABisbis'^bylAC: 
in like manner it may be shown that each of the 
^ » ABC, BCD, CD A is bis<* by the |« BD, AC: 

Hence, •/ Z. DAB = /_ ABC, 
and that Z. EAB = i Z. DAB, 
Z.EBA = |z.ABC; 
/. ZEAB = 2EBA; 
.^sideEA=:sideEB: 

and in like mannei it may be shown that 
EC, ED each = EA or EB : 
/. EA = EB = EC == ED. 

And /. (he circle described from the centre "E, at 
the distance of any one of these four straight lines, 
will pass through the extremities of the other three^ 
and he described about the square ABCD. 

[ft. E. F.] 



C 8. 1. 



Dcf.3a 

I. 



Ax. 7 

6. 1. 
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PROP. X. PROB. 

To describe an isosceles triangle, having cacJt, of 
the angles at the hose double of the third angle. 

11. 2. Take any | AB, and div. it in p^ C, so that tlip 

rect. AB. BC = AC^ ; from 

cent. A, at dist AB^ desc the 
1.4. BDE : in it place the | BD 

=: AC, w*» is not > the diam)' 

of the 0, and join DA: the 

^^ ABD shall he such as is 

req<*, i. e* each of the Z. * ABD 

ADB shall he douhle of the 

third Z. BAD. 
6. 4. Join DC, and ahout the ,^ ADC desc. the 

0ACD: 
constr. then, •/ AB. BC = AC^, 

and that AC = BD, 
/. AB. BC=BD2: 
and, •.• from the p^ B, without the © ACD, two 
|8 BCA, BD, are drawn to the © cp,of wh BCAcuts 
the © in C, and BD meets it in D, 
and that the rect AB. BC =: BD^, 

37. 3. /. BD touches the © ACD : 

and *.* BD touches the ©, 
and DC is drawn from the p' of contact D, 
2. 3. .-. L BDC = Z. DAC in the alt s^ : 

add Z CDA : 
then thewhole L BDA = Z '(CDA+DAC) 
K.i =thecxtr/ UC\)\ 
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but V 8ideAD = AB, 

Z.BDA=z.CBD; 6.1 

ZCBD=z:BCD, 
and /. L BDA = Z. DBA = L BCD : 
audv Z.CBD=:Z.BCD, 

side DB = side DC : «• *• 

but DB=CA; 
/. also CA=CD, 
and /, L CDA= L CAD ; * 1 

/.Zl»(CDA-4-DAC)=2Z. DAC: 
but L *(CDA + DAC) = L BCD ; ^ »• 

.-. also L BCD =2 L DAC : 
and BCD == each of the Z. * ADB, ABD ; 
/. each of the L 'ADB, ABD = 2 Z. DAB. 

/• an isosceles triangle ABD is described, ftaving 
&i€h of the angles at the base double of the third 
(ingk, [q,b.p.] 
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PROP. XL PROB. 

To inscribe an equilateral and equiangular pen* 
tagon in a given circle. 

Let ABCDE be the given O : it is req^ to insc. 
an equilat^ and equiangc pntg in it. 

Desc an isosc ^^ FGH , having each of the Z. * ^®* *• 
at G, H double of that at F ; 

and in ABCDE insc. the tp y'^^T^^ _ a. 4. 
^XACDequiang' to FGH, 
wthatZ. CAD=the /. atF, 
and the Z * ACD, CDA be 
each =s that at G or H, 
and /. be each double of CAD. 
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fl. I . Bist the L ' ACD, ADC by the \^ CE, DB ; and 

join AB, BC, DE, EA: ABODE shall be the 
pntgn req<*. 

For, 
•/ each of the/.^ACD, ADC is double of CAD. 

and that they are bis« by the |' CE, DB; 
.-. Z. DAC = ACE = ECD = CDB == BDA : 
2G. 3. but equsd /_ " stand oii equal arcs ; 

arcAB = BC=CD = DE = EA: 
29. 3. and equal arcs are subtended by equal |' ; 

.-. 1AB==BC = CD = DE = EA: 
/. the pntg' ABODE is equikt». 

Also, from above, arc AB = DE ; 
add arc BCD ; 
then, the whole arc ABOD = the whole EDCB 
but the Z. AED stands on arc ABOD, 
and the Z. BAE stands on arc EDCB ; 
27.3. .-. Z. AED=Z. BAE: 

for the same reason, each of the three Z * 

ABC, BOD, ODE= /_ BAEor AED.: 
.', tlie pntg ABODE is equiang^ ; 
and it has been shown to be equilat^ 

/• tn the given circle an equilateral and equl- 
angular pentagon has been inscribed. 
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PROP. XII. PROB 

3b describe anequilaterdl and equiangular pentagon 
about a given circle. 



PROP. XII. 



id5 



Let ABODE be the given : it is req<^ to deic 
an equilat' and equiang' pntg' about it. 

Let the Z. ■ of an eqoilat and equiang"^ pi^tg"* 
insc^ in the ^ be in the p^ A, B, C, D, E, so that 
the arc AB = BC = CD = DE == EA ; and 11.4. 
through the p» draw the |» GH, HK, KL, LM, i7.a 
M6, touching the : the fig. GHKLM shall be 
the pntg" req<*. 

Takethecent. F,and join FB, FK, FC, FL, FD 

then •.• KL touches the in pt C, 
and to C is drawn the | FC from the cent. F; 
/. FC is _L to KL, o 18.3. 

£ nd /. the Z. • at C are H Z. ", 

and •/ FCK, FBK are r* Z. », 

/. FK^ = FC^+KC3 

FK^ = FB-*4-BK-' 

/. FC2 + KC-'=: FB2 -I- BK3 

but FC-'a= FB2 

.'. remr KC^ =* rem' BK-', 

andKC = BK: 
hence, in the two^^» FKC, FKB, 
[sideFC = FB, 
•.• -I FK is com. to both, 
[base KC» base BK; 
/. L CKF = BKF, L CFK = BFK; 
and .-. Z. CKB is double of CK F, 

Z. CFB double of CFK : 
for the same reason, 

Z CFD is double of CFL, L CLDdoubleof CLF; 
but •.' the arc BC = CD, 

/. ZBFC==CFD; 27.3. 

N 2 
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and, from above, BFC is double of KFC, 
CFD double of CFL; 

AX. 7. .-. ZKFC=CFL: 

also rt Z. FCK=rtZ. FCL: 
hence, in the two^^^' FKC, FLC, 

two Z. • of the one = two 2. • of the other, 

each to each, 
and the side FC, w^ is adj' to the equal L * 
in each.«x:^, is com. to both ; 
K. 1. .•. the third L FKC = the third L FLC ; 

and the other sides := the other sides ; 
•*• KC = Cli, 
and .*. KL is double of KC : 
in the same manner it may be shown that 
HK is double of BK. 

And V KB = KC, as is shown above, 

and that KL is double of KC, HK double of BK, 
Ax. 6. .'. HK = KL: 

in like manner it may be shown that 
GH, GM, ML each = HK or KL: 
^ and .'• tbe pntgi^ GUKLM isequilati. 

Also, ••• L FKC = L FLC, 

and that Z. HKL is double of FKC, 
Z.KLM double of FLC, 
A,. 5 /. Z.HKL = Z.KLM: 

and in like manner, it may be shown that 
theZ.»KHG,HGM,GMLeach=HKLorKLM: 
/. Z. GHK = HKL =r KLM = LMG = MGH. 

And .*• the pentagon GHKLM is equiangular, 
* and it has been shown to he equilateral ; and it is 
described about the circle ABCDE. 

[q. ■• F.] 
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PROP. XIII. PROB. 

To inscribe a circle in a given equilateral and 
equiangular pentagon. 

Let ABCDE be the given equilat^ and equiang^ 
pntg": it is req<^ to insc. a O in it. 

BisttheZ.' BCD, CDE by the |» CF, DF,9.i. 
and from the p^ F, in w^ they meet, draw the 
I^FB, FA, FE; then, 
in the two .^^ BCF, DCF, 

sideBC = CD, j> 

side CF is com. 
Land Z BCF=Z.DCF: II 
the base BF = ba9e FD, 
andZCBF=Z.CDF: ^' 

and •/ Z. CDE is double of CDF, 
and that CDE = CBA, and CDF = CBF ; 

/. Z. CBA is also double of C BF ; 
and .-. Z. CBA is bis** by | BF: 
m like maner it may be shown that 
the /_ « BAE, AED, ve bis^ by the |^ AF, EF. 
From the pt F, draw FG, FH, FK, FL, FAI. 12 1. 
_Ls to the |s AB, BC, CD, DE, EA : 
then, in the two.^« FHC, FKC, 

I1CF=:KCF, rt/. FHC = itz FKC, 
and also the side FC, w^' is opp. to one of tlic 
equal Z. * in each ^^, is com. to each ^^^2^, 
\ the other sides = the other sides, each to each, 26.1. 

and /. the _L FH = the J. FK : 
in the same manner it may be shown that 
FL, FM, FG each = FIl or FK ; 
.-. FG = FH = FK = FL = FM : 

N 3 
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3. 



and ,". the desc*^ from the cent. F, at the dist. of 
any one of these five |« will pass through the extr* 

of the other four : 

and V theZ.»attheptaG, H, K, L, M,arertz.% 
.*• each of these j'^is drawn from the extr^ of a diamc 
of the at r* Z. • to that diam^ ; 
and .*• each of the |> touches the . 

/.the circle is inscribed in the pentagon ABCDE. 



0m0m0mt»*»mi m »» 



: PROP. XIV. PROB. 

To describe a circle about a given equilateral and 
equiangular pentagon. 

Let ABCDE be the given equilat' and equiang« 
pntg" : it is is req<* to desc. a about it. 

9. 1. Bist the Z« BCD, CDE by the |» CF, DF, 

and from the p^ F, in w** they meet, draw the 
|» FB, FA, FE. 

It may be shown, as in the last propn, that 
the Z.* CBA, BAE, AED are 
bisd by the |» FB, FA, FE : 
and •.• Z. BCD= /_ CDE, 
and that Z. FCD =^ Z BCD, 
Z.CDF= Z. CDE: 

•.X.7. /. Z.FGD=ZCDF; 

^ I. and /. side FC = side FD : 

in like manner it may be shown that 
FB, FA, FE each= FC or FD ; 
.-. FA = FB = FC == FD = Fh^. 
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And .", the circle described from the centre F, at 
the distance of any one of these five straight Hnesy 
wiUpass through the extremities of the other four, 
and he described about the pentagon ABODE. 

[q. e. p.] 
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PROP. XV. PROB. 

Toinscribe an equilateral and equiangular hejcagon 

in a given circle. 

Let ABCDEF be the given : it is req'» to 
insc an equilat^ and equiang>^ hxgn in it 

Find the cent. G of the ABCDEF, and draw i. 3. 
the diam'AGD; from the cent. D, at the dist.DG, 
desc. the EGCH ; join EG, CG, prod, them to 
thept* B, F; and join AB, BC, CD, DE, EF, FA: 
the hxg" ABCDEF shaU he 
eqnilat^ and equiang^ 

For, 
•.• G is the cent, of ABCDEF, 
/. GE=GD; 

and, 

•.• D is the cent, of EGCH, 
.-. DE = GD : 

/. GE = DE, 

and the ^^ EGD is equilat^ ; 
and .*. its three /. ^ are equal to one another : Cor..5. 
hut the three /. ^ of a^^^ = two r' Z. ^ 5 32. 1. 

and .-. the /. EGD is the third part of two r^ /. s. 
in the same manner it may be shown that 

the Z. DGC is also the third part of two r' ^^ ' : 
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13.1. aBdVtheadj'Z.HEGC-hCGB) = twoit^»; 

/. the remK /. CGB is the rfiird part of twor* Z. * • 

.-. Z.EGD=:DGC = CGB: 

15 1. and these Z " == their opp. Z. *BGA, AGF, FGE : 

/. Z EGD = DGC = CGB =: BGA = AGF 

= FGE: 
26. 3. but equal Z. ' stand on equal arcs; 

.-. arc AB = BC = CD = DE = EF = FA : 
29. 3. and equal arcs are subtended by equal |» ; 

,*, the six sides of the hxg ABCDEF are equal to 
one another, and the hxg is equilatL 
It is also equiang"": for, 
to the equal arcs AF, £D add the arc ABCD ; 
then thewhole arc FABCD= thewholeEDCBA: 
and thd zl FED stands on the arc FABCD, 
and the Z. A FE on EDCBA, 
27.3. .%Z.FED = ZAFE: 

in the same manner it may be shown that 
the other Z * of the hxgn cach= Z. AFE or FED. 
And /, tite liexagon is equiancrular ; and it has 
been shown to he equilateral; and it is inscribed in 
the given circle ABCDEF. [q. k. f.] 

Cor. — From this it is manifest that the side of 
the hxg° is equal to the | from the cent. t. e. to the 
semi •diam'" of the © . 

And if through the p^* A, B, C, D, E, F there be 
rlrawn \* touching the , an equilat and equiang' 
hxgo will be desc*^ about it, w*» may be dem** from 
what has been said of the pntg : and likewise a 
m?y be insc*^ in a given equilat^ and equiang'' hxg", 
and desc'* about it, by a method like to that used for 
the pntg". 




PROP. XV. XVI. lil 

PROP. XVI. PROB. 

To inscribe an equilateral and equiangular quin^ 
decagon in a given circle. 

Let ABCD be the given © : it is req*^ to insc. an 
equilat' and equiang^ quindecg^^ in it. 

Let AC be the side of an _/L 2.4 

equilat' .y\ insc^ in the O; AB 
thesideofanequilat'andequiangi^ ^^^\ / \^ 11.4. 
pntg insc^ in the same : then^ 
V ^e arc ABC is the third part 

of the whole ©««, 
•*• of such equal parts as the whole ^ contains 

fifteen^ the arc ABC contains five; 
and the arc AB^ w'* is the fifth part of the whole, 

contains three such parts ; 
/• the difference BC contains two of Uiese parts : 

bistBCinE: 30.3. 

ihen B£^ £C are^ each of them, the fifteenth part 
of the whole ce ABCD, 

.*. if the straight lines BE, £C he drawn, and 
straight lines equal to them he placed round in the 1. 4. 
whole circle, an equilateral and equiangular quin- 
decagon will be inscribed in the circle. 

[q. e. f.] 

And in the same manner as was done in the 
pntg", if through the p^ of division made by inscs 
the quindcgo, |b be drawn touching the 0, an 
equikt' and equiang^ quindcg" will be desc** about 
it : and likewise, as in the pntg", a may be insc*^ 
in a given equilatUndequiang^quindcg", and desc** 
about it. 
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DEFINITIONS 

I 

A h'^ss magnitude is said to be a part of a greatcf 
magnitude, when the less measures the greater, 
that is^ * when the less is contained a certain 
' number of times exactly in the greater.' 

11. 

A greater magnitude is said to be a multiple of a 
less, when the greater is measured by the less^ 
that 19, when the greater contains the Jeaa a 
^ certain number of times exactly.' 

III. 

- Ratio is the mutual relation of two magnitudes of 
' the same kind to one another^ in respect of 

' quantity.' 

IV. 

Magnitudes are said to have a ratio to one another^ 
when the less can be multiplied so as to exceed 
the other. 

V. 

Tiie Brst of four magnitudes is said to have the 
same ratio to the second, which the third has to 
the fourth, when any equimultiples whatsoever 
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of the first and third heing taken^ and any equi* 
multiples whatsoever of the second and fourth ; 
if the multiple of the first he less than that of the 
second^ the multiple of the third is also less than 
that of the fourth : or, if the multiple of the first 
be equal to that of the second, the multiple of the 
third is also equal to that of the fourth : or^ if the 
multiple of the first be greater than that of the 
second, the multiple of the third is also greater 
than that of the fourth. 

VI. 

Magnitudes ivhich have the same ratio are called 
proportionals. * N. B. When four magnitudes 
' are proportionals, it is usually expressed by 
^ saying, the fijrst is to the second as the third to 
' the fourth.' 

VII. 

W%en, of the equimultiples of four magnitudes 
(taken as in the fifth definition)^ die multipk of 
the first is greater than that of the second, bat 
the multiple of the third is iH>t greater than the 
multiple of the fourth ; then the firhi; is said to 
have to. the second a greater ratio than the third 
magnitude has to the fourth : and, on the con- 
trary^ the third is said to have to the fourth a 
less ratio than the first has to the second. 

VIII. 

Analogy or proportion, is the similitude of 
' ratios.' 

IX. 

Proportion consists in three terms at least. 
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X. 

When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of 
that which it has to the second. 

XL 

When four magnitudes are continual proportionals, 
the first is said to have to the fourtli the triplicate 
ratio of that which it has to the second, and so 
on, quadruplicate, &c., increasing the denomi- 
nation still by unity, in any number of propor- 
tionals. 

Definition A, to wit of compound ratio. 

When there are any number of magnitudes of the 
same kind, the first is said to have to the last of 
them the ratio compounded of the ratio which the 
first has to the second, and of the ratio which 
the second has to the third, and of the ratio which 
'the third has to the fourth, and so on onto the 
last magnitude.' 

For example, if A, B, C, D be four magnitudes of 
the same kind, the first A is said to have to the 
last D the ratio compounded of the ratio of A 
to B, and of the ratio of B to C, and of the ratio 
of C to D ; or, the ratio of A to D is said to be 
compounded of the ratios of A to B, B to C, and 
CtoD. 

And if A has to B the same ratio which E has to F ; 
and B to C the same ratio that G has to U ; and 
C to D the same that K has to L ; then, by this 
definition, A is said to have to D the ratio com- 
pounded of ratios which are the same with the 
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ratios of £ to F^ G to H^ and K to L. And the 
same thing is to he understood when it is more 
hriefly expressed hy saying, A has to D the ratio 
compounded of the ratios of £ to F, G to H^ and 
KtoL. 

In like manner^ the same things being supposed^ 
if M has to N the same ratio which A has to D ; 
then^ for shortness sake^ M is said to have to N 
the ratio compounded of the ratios of £ to F, 
G to H^ and K to L. 

XII. 

In proportionals^ the antecedent terms are called 
homologous to one another^ as also the conse- 
quents to one another. 

' Geometers make use of the following technical 
' words^ to signify certain ways of changing either 
' the order or magnitude of proportionals^ so that 
' they continue still to be proportionals/ 

XIII. 

Permutando^ or altemando, by permutation or alter- 
nately. This word is used when there are four 
proportionals^ and it is inferred that the first has 
the same ratio to the third which the second has 
to the fourth ; or that the first is to the third as 
the second to the fourth : as is shown in the 1 6th 
Prop, of this fifth Book. 

XIV. 

Invertendo^ by inversion ; when there are four pro- 
portionals^ and it is inferred^ that the second is 
to the first as the fourth to the third. Prop. B. 
Book 5. 
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XV. 

Componendo^ by composition ; when diere are four 
proportionals^ and it is inferred^ that the first 
together with the second^ is to the second^ as the 
third together with the fourth, is to the fourth. 
18th Prop. Book 5. 

XVT. 

Dividendo, by division ; when there are four pro- 
portionals, and it is inferred^ that the excess of 
the first above the second is to the second^ as the 
excess of the third above the fourth is to the 
fourth. 17th Prop. Book 5. 

XVII. 

Convertendo, by conversion ; when there are four 
proportionals, and it is inferred, that the^rstis 
to its excess above the second, as the third to its 
excess above the fourth. Prop. E. Book 5. 

XVIII. 

Ex sequali (sc.distantia), or ex sequo, from equality 
of distance ; when there is any nimiber of magni- 
tudes more than two, and as many other, such 
that they are proportionals when taken two and 
two of each rank, and it is inferred, that the first 
is to the last of the first rank of magnitudes, as 
the first is to the last of the others : ' Of this 
* there are the two following kinds, which arise 
' from the different order in which the magnitudes 
' are taken, two and two.* 

XIX. 

Ex equali, from equality. This term is used 
simply by itself, when the fir^t magnitude is to 
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the second of the first rank^ as the first to the 
second of the other rank ; and as the second is to 
the third of the first rank, so is the second to the 
third of the other ; and so on in order: and the 
inference is as mentioned in the preceding defi- 
nition ; whence this is called ordinate proportion. 
It is demonstrated in the 22nd Prop. Book 5. 

XX. 

Exseqnaliin proportionepertorhat^ sea inordinate, 
from equality in perturhate or disorderly propor- 
tion.* This term is used when the first magni- 
tad3 is to the second of the first rank, as the last 
hnt one is to the last of the second rank ; and as 
the second is to the third of the first rank, so is 
the last but two to the last but one of the second 
rank ; and as the third is to thefourth of the first 
rank^ so is the third from the last to the last but 
two of the second rank ; and so on in a cross 
order : and the inference is as in the 1 8th defini- 
tion. It is demonstrated in the 23rd Prop, of 
Book 5. 



AXIOMS. 

I. 

Equimultiples of the same^ or of equal magni- 
tudes, are equal to one another. 

II. 
Those magnitudes, of which the same or equal 

* Prop. lib. 2. Archimedis do sptaflerA et cylindro. 

2 
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magnitudes are equimultiples, arc equal to one 
another. 

III. 

A multiple of a greater magnitude is greater tlian 
the same multiple of a less. 

IV. 

That magnitude, of which a multiple is greater than 
the same multiple of another, is greater than that 
other magnitude. 
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PROP. I. THEOR. 

If any number of magnitudes be equimultiples of 
as many, each of each; what multiple soever any 
one of them is of its part, the same multiple 
shall aU the first magnitudes beofall the others. 

Let any n<» of magn* AB, CD be eqmmult* of as 
many others, E, F, each of each: whatsoever mult. 
AB is of E, the same mult, shall AB+CD be of 
E + F. 

For, 

•.• AB is the same mult, of E that CD is of F, 
•\ as many magn* as there are in AB, each= E, 
so many are there in CD, each := F. 

Div. AB into mapn* AG, GB, each = E, 
and CD into magn« CH, HD, cach= F : j^ 



then, the n" of the magn* CH, HD, 
shall be = the n® of the others AG, GB: 
And •/ AG = E, and CH = F, B 

Ax.t.1. .-. AG + CH = E + F: c 

also, •/ GB = E, and HD = F, 

/. GB-f-HD=E4-F: H 

.*, as many magn^ as there are in AB, 

each = E, "^ 
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so many are there in AB -f CD, each = E + F : 
.*, whatsoever mult. AB is of E, 
the same mult is AB -f CD of E + F. 

.% if any magnitudes, how many soever, he equi^ 
multiples of as many, each of each, whatsoever mul- 
tiple any one of them is of its part, the same shall 
aU the first magnitudes he of all the others. 

Far the same demonstration holds in any no of 
magn* vr^ has here heen applied to two. 

[q, b. d.] 
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PROP. II. THEOR- 

If the first magnitude he the same multiple of the 
eeoond that the third is of the fourth, and the 
fifth the same multiple of the second that the 
sixth is of the fourth ; then shall the first 
together with the fifth he the same multiple of the 
second, that the third together with the sixth is 
of the fourth. 

Let AB the 1** he the same mult, of C the 2^^ 
that DE the 3^ is of F the 4t»» ; 
and BG the 5^^ he the same mult, 
of Cthegnd^ that EH the 6'^ is of 

Fthe4t»»: 

then shall AG (the 1'^ + the 5^^') 

be the same mult, of C the S^^, G C H F 

that DH (the S^^^+the 6^^) is of F the 4:^K 

For, 
'/ AB is the same mult, of C that DE is of F, 
there are as many magn^ in AB, each = C, 
as there are in DE, each = F i 

o 3 
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similarly, as many as there are in BG, each = C, 

so many there are in EH, each = F ; 
/. as many magn^ as there are in the whole AG, 

each = C, 
so many are there in the whole DH, each := F ; 

/. AG is the same mult, of C that DH is of F, 
I.e. AG(thel»t-fthe 5^^) 
is the same mult, of C the 2^^, 
that DH (the 3^ + the 6^^), is of F the 4th.- 

.*. if the first be the same multiple of the second. 



Cor. — From this it is plain, that 
if any n© of magn« AB, BG, GH, 
he mult^ of another C ; and as many 
DE, EK, KLhe the same mult" of F, 
each of each : 

then, the whole of the 1*', viz. AH, 
is the same mult, of C, that the whole 
of the last, viz. DL, is of F, 



A4 
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PROP. III. THEOR. 

If the first be the same multiple of the second, which 
the third is of the fourth ; and if of the first and 
third there be taken equimultiples ; these shall 
be equimultiples, the one of the second^ and the 
other of the fourth. 

Let A the l«t he the same mult, of E the 2'»<', 
that C the 3"^ is of D the 4t'' ; and of A, C let 
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cquiinult*EF,GH betaken: p 
then shall £F be the' same 
mult, of B that GH is of D. 

For, K 

*•* £F is the same mult, 
of A, that GH is of C ; 
•'• there are in £F as many 
raagn% each = A^ as there 
are in GH^ each = C : 

letEF be div<^ into the magn> £K, KF^ each = A; 

and GH into those GL^ LH^ each = C : then^ 
the no of the magn* 1 __ J that of the others 
EK, KF J ~ I GL, LH : 

And 
%• A is the same mult, of B, that C is of D, 
and that EK = A, GL = C : 
.% £K is the same mult of B, that GL is of D : 

for the same reason, 

KF is the same mult, of B^ that LH is of D : 
and so on,if in £F, GH thcrebe more parts:= A^ C : 

Hence, 
V EK the 1« is the same mult of B the 2n^, 

wJ» GL the 3^ is of D the 4*, 
and that KF the 5^^ is the same mult of B the 2^^, 

wh LH the 6th is of D the 4^»; 
/. EF( the 1 »« -f the 5'h)is the same multof B the2n«J, 2. 5. 
w»» GH (the 3^ + the 6th) is of D the 4th. 

/, if the first, S^c. [q. e. d.] 
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3.5. 



Hyp. 



PROP. IV. THEOR. 

If the first of four magnitudes has the same ratio 
to the second which the third has to the fourth, 
then any equimultiples whatever of the first and 
third shaU have the same ratio to any equimulti- 
ples of the second and fourth, viz., ^ the equi- 
multiple of the first shall have the same ratio to 
that of the second^ which the equimultiple qfihe 
third has to that of the fourth.' 

Let A the !■' have to B the 2n<* the same r« w^ 
C the 3^^ has to D the 4'^.- and 
of A, C let there he taken any 
cquunult? whatever E, F ; and 
of B, D any equimult* whatever 
G, H : then E shall have the 
same r® to G w^ F has to H. 

Take of E, F any equimult* 
whatever K, L ; and of G, H 
any equimult® whatever M, N : 
then^ 

•/ E is the same mult, of A, 
that F is of C ; and of E, F 
have heen taken equimul t^ K^ L; 

.*, K is the same mult, of A^ that L is of C : 
for the same reason^ 

M is the same mult of B^ that N is of D. 

And •.• A : B : : c : d, 

and of A, C have heen taken certun equimult' K^ L 
ofB^ D have heen taken certain equimult" M, N ; 



K.E A BG M 
L F C DH N 
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/. as K is > , ^ or < M, 

so L is >, = or < N : Dcr.5.8u 

but K, L are any equimult' whatever of E, F ; Cooftr. 
M, N any whatever of G, H : 
and /. E : G : : F : H. Def.&a. 

/. if the first y S^c, [q.e.d.] 

Cor. — Likewise, if the l*^ has the same r® to 
the 2"**, w*> the 3^ has to the 4'*>; then also, any 
equimult? of the V^ and 3^ shall have the same 
r« to the 2"**, and ^^; and in like manner, the 1«* 
and the 3^ shall have the same !<> to any equimult' 
ofthe2n**and4«». 

Let A the 1»* have to B the 2^* the same ro w** 
the 3^^ C has to the 4«> D ; and of A and C let 
E and F be any equimult' whatever : then shall 

E : B : : F : D. 

Take of E, F any equimult* whatever K, L ; 
and of B, D any equimult* whatever G, H : 

then it may be dem<i, as before, that 

K is the same mnlt. of A, that L is of C : 

And ••• A : B : : c : D, »>?. 

and, 

of A, C certain equimult* K, L have been taken, 
and of B, D certain equimult* G, H ; 
/, as K is >, = or < G, 

so L is>,=:or<H: Dens..*!. 

but K, L are any equimult' whatever of E, F; Constr. 
and G, H any whatever of B, D ; 

/. E : B : : F : D. Def.5.5. 

And in the same way the other case is dem*^. 
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PROP. V. THEOR. 

If one magnitude be the tame muliipk qfmnUHtf 
u^idk a magnitude taken from thefirH i» (f^ 
magnitude taken from the others the remaiaik 
shaU he the same multiple qf the remainderf^ 
the whole is of the whole. 

Let the magn. AB be the same mult, of CD, fli 
AB taken from the 1"^ is of CF taken q^ 
from the other : the rem. £B shall be | 
the same mult, of the rem. FD^ that the jJi 
whole A B is of the whole CD. 

Take AG the same mult, of FD, 

thatAEisofCF: E 

J I, .*. AE is the same mult, of CF, 

that EG is of CD : B 

but, by the hyp., 

AE is the same mult, of CF, that AB is of ( 
.*. EG is the same mult, of CD, that AB is of ( 
Ax. 1.5. and.-.EG=AB: 

take from each the com. magn. AE: 

then the rem. AG = the rem. EB. 

Hence, 
Conitr. •.• AE is the same mult, of CF that AG is of] 

andthatAG=:EB; 
/. AE is the same mult, of CF, that EB is of '. 
Hyp. but AE is the same mult, of CF, that AB is of ( 
/. EB is the same mult, of FD, that AB is of < 

/, if one magnitude, ^c. [Q.B.Di 



I 
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o B,? ; «»* T rtve same ^' Z ■ « 

«ther=E,or g3_=E; 

then 9T»^ »^^ F: ihen ^ ^ p« is of F. 
ijjakeCls. — '^ ^5 thatO»» 

M^d *** fwt. of B, **\%\s of V ; 
toABis*««r*^ult.ofF,*»*^^' 

I'«*'l''^mrmtdt.ofF- M 



Hyp- 
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/, AB is the same mult of E, that KH is of F : 
but AB is the same mult, of £, that CD is of F ; 
/. KH is the same mult, of F, that CD is of F ; 
1.8. and /. KH = CD : 

take away CH from both ; 

then the rem' KC = the rem' HD : 
and^ 
onstr. •/ GB is the same mult, of E, that KC is of F ; 

and that KC =: HD ; 
•% HD is the same mult, of F^ that GB is of £. 

.*. if two magnitudes, S^c. [q.e.i>.] 



r0i0»< f » » r»t»*m» 



PROP. A. THEOR. 

If the first of four magnitudes has the same ratio 
to the second which the third has to the fourth ; 
then, if the first he greater than the second, thi 
third is aho greater than the fourth ; and i 
equals equal; if less, less. 

Take any equimultf of each of the magn% as t? 
doubles of eadi : then, by def^ 5^ of this Book. 
if the double of the 1»* be > the double of the S 
the double of the Srd is > the double of the ^ 

but if the 1»- be > the S"**, 
the double of the 1'^ is > the double of the' 
•% also the double of the3''<iis > thedoubleof the 
and .*. the S^ is > the 4*^ : 

In like manner, 

if the l»t be= or < the S^, 
it can be proved that 

the S"^ i8 = or < the 4?*. 
.\if the first, S^c [q.i 



PROP. A. R. 
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PROP.B. THEOR. 

If four magnitudes are proportionally they are 
proportionals also when taken inversely. 

Let A : B : : C : D ; then also, 

HiY>\ B: A:: D: c. 

Take of B, D any eqnimult* E, F; 
and of A, C any equimult^ G^ H ; 
and first let£be>G9 



G A B E 
H C D F 



f.«. Gl)e<£: 

then, V A: B::C : D, 
and of A, C, the 1«' and 3«^, 
G, H are equimultf, 
and of B, D, the 2«** and 4«>, 
£, F are equimult' ; 
and that G is < E ; 
Hi8<F; 
i.e. Fi8>H; 
/. ifEbe>G, 
Fis>H: 

in like manner, 

ifEbe=or<G, 
it may be shown that 

Fi8=:or<H: 

but E, F are any equimult* whatever of B, D, c 
G, H any whatever of A, C ; 

and /. B : A : : D : C. r 



Hyp. 



Ocf^ 



/• \ffiur magnitudes, <5fc. 



[q. e. D.3 
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PROP. C. THEOR. 

If the first be the same multiple of tJte second, or 
the same part of it, that the third is of the 
fourth; the first is to the second, as the third is 
to the fourth. 

Let A the 1** be the same mult, of B the 2^^, 
that C the S^ is of D the 4*^: then, 

A:B::C: d. 

Take of A, C any equimult* E, F ; 
and of B^ D any eqaimalt* G, H ; 
then, A 

Hyp. *.* A is the same mult, of B, R 

thatCisofD; 
Constr. and that E is the same mnlt. of A 

that F is of C ; 
1. ». .*. E is the same mult, of B, 

that F is of D, 
t. e. E, F are equimult* of B, D : 
Constr. but 6, H are equimult" of B, D : 

.*. if E be a greater mult, of B than G is of B^ 
F is a greater mult, of D than H is of D : 

t.c. ifEbe>G 
Fis>H: 

in like manner 

ifEbe=or<G, 
it may be shown that 

Fi8=or<H: 

Constr but £^ F are any equimult^ of A, C ; 

Q, H any equimult^ of B^ P ; 
Def.8.5. and .\ A : B : : c : D. 
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Next, let A the l»t be the same part of B the 2«<*, 
that C AeS'^^isof Dthe 4*^ : 

in this case also^ 

A:B::C:D. 

For, 
*.* A is the same part of B that C is of D. 
/• B is the same mult of A that D is of C : 
whence, by the preceding case, 

B: A::D: C; 
inviy A : B : : c : D. 

.*. if the first he the same multiple, S^c, 

[q. e* d.]] 



B. 5. 



PROP. D. THEOR. 

If the fi/rst he to the second as the third to the 
faurthy and if the first he a multiple^ or a part 
of the second J the third is the same multiple^ or 
the same part of the fourth. 

Let A : B: : C : D: and first let A be a mult 
of B : C shall be the same mult, of D. 

Take £ = A, and whatever mult 
A or E is of B, make F the same 
mult of D : then, 

V A: B::c : D; 

and of B the 2^^, and D the 4f-^, 
equimults E, F have been taken ; 

/.A: E::c : F: 

butA = E, 
C = F: 



AB CD „ 



• • 
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Constr. and F is the same mult, of D that A is of B: 
.*, C is the same mult, of D that A is of B. 

See the Next, let A he a part of B : C shall be the same 
last fig. ^ r i^ ^ 

in c. part of D. 

Hyp. V A:B::C:D, 

B. 5. /. inv^yB : A : : D : C : 

Hyp. but A is a part of B, t.e. B is a mult, of A ; 

,% by preceding case, D is the same mult, of C ; 
i.e, C is the same part of D, that A is of B. 

.*. if the first, 6(0. [q. e. d.] 



PROP. VII. THEOR. 

Equal magnitudes have the same ratio to the same 
magnitude: and the same has the same ratio to 
equal magnitudes. 

Let A, B be equal magn^, and C be any other, 
A and B shall each of them have the same ro to C : 
and C shall have the same ro to each of the 
magn» A, B. 

Take of A, B any equimult* D, E ; 
and of C any mult. F : then, 
Constr. •.• D is the same mult, of A, -^ j^ 

that E is of B, £ B 

iiyp. and that A = B; C F 

Ax. 1.5, ."• DssE; 

as D is>,=:or< F, 
so E is>, = or<F: 



• • 



PROP. VII. VIII. 
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bnt D, £ are any equimult* of A, B, Conste 

and F is any mnlt. of C ; 

.% A : c : : B ; c. dcm^ 

Likewise^ C shall have the same r<> to A, that 
it has to B. For^ having made the same constnic- 
tion^ it may in like manner he shown that 

D=E; 

and /. as F is >, =s or < D, 
soitis>, = or<E: 
hut F is any mult, of C, 
and D, E are any equimult* of A, B ; 

/. c : A : : c : B. DeMA 

•% equal magnitudesy S^c, [q. b. d.^ 



PROP. VIII. THEOR. 

Of two unequal magnitudes the greater has a 
greater ratio to any other magnitude than the 
less has: and the same magnitude has a greater 
ratio to the less of two other magnitudes, than 
it has to the greater. 

Let AB, BC he two unequal magn*^ AB > BC ; 
and let D he any other magn. : AB shall have a 
greater lo to D than BC has to D : and D shall 
have a greater ro to BC than it has to AB. 

If the magn. w^ is not the greater of the two 
AC, CB, he<D, take EF, FG t\ve dowUe^ ^1 

p 3 
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Constr. 
1.5. 



1 



B 
LKHD 



AC, CB, as in Fig. 1. But if that Fig. 1. 
w'» is not the greater of the two g^ 
AC, CB, he < D (as in Fig* 2 and 3) p 
this magn. whether it be AC or CB, 
can be multiplied, so as to become > D. 

Let it be so multiplied, and let 

the other be multiplied as often ; and 

let EF be the mult, thus taken of AC, 

and FG the same mult, of CB : then, 

EF, FG are each > D : 

and in every one of the cases, take H 
the double of D, K its triple, and so on, till the 
mult, of D be that w^ first becomes > FG : let 
L be that mult, of D w^ is first > FG, and K the 
mult, of D w^ is next < L. Then, 

L is that mult, of D w^ first becomes > FG 
the next preceding mult. K is };^ FG ; 
i.e. FGis<K: 
and 

•/ EF is the same mult, of AC, that FG is of CB, 
/. FG is tlie same mult of CB, that EG is of AB, 






t.e. EG, FG are equi- 
mult« of AB, CB : 
and since it was shown 
that FGis<K, 
and, by the construction, 
EFis>D; 
.% the whole EG is 
>(K+D): 
Constr. but(K + D) = L; 
/. EG is > L : 
Coottr. but FG is ^ L ; 



Fig. 2. Fig. S. 
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and it was proved that 

EG, FG are equimult" of AB, BC ; 

and L is a mult, of D ; Cknutr. 

.•, AB has to D a greater r® than BC has to D. Def.7.6. 
Also 
D shall have to BC a greater r® than it has to AB. 

For, having made the same construction, it may 
be shown, in 13ce manner, that 

Lis>FG, butis>EG: 
and L is a mult, of D ; Constr. 

and FG, EG were proved to heequimult^ofCB, AB; 
.'• D has to CB a greater ro than it has to AB. D«r.7.5. 

,% of two unequal magnitudes, ^-e, 

[q. e. d. j 



PROP. IX. THEOR. 

Magnitudes which have the same ratio to the same 
magnitude are equal to one another : and those 
to which the same magnitude has the same ratio 
are equal to one another. 

Let A, B have each of them the same r<> to C ; 
tlicn shall A = B. 

For, if they are unequal, one must | ^ 

be > the other : let A be > B : then, '^l 

by what was shown in the preceding ^i 

proposition, there are some equi- . 

mult^ of A, B, and some mult of C I ]g 
such that the mult, of A is > the 
mult of B, but the mult of B is '3> iVvat o£ C% 



■J) tft»7 •. "^ • token ^^^ u ■? ; 

«A SOTO® '^^-j ;*>*** . r • A> 

pet**- v.^'isiflvY'^'; „-t 

coo*'- ^ .. A.***- \>»-"'^ 
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PROP. X. THEOll. 

That magnitude which has a greater ratio than 
another has unto the same magnitude, is the 
greater of the two: and that magnitude to 
which the same has a greater ratio than it has 
unto another magnitude, is the less of the two, ^ 

ifCt A have to C a greater r^ than B has to C : 
A shall he > B. 

For, 

*•* A has to C a greater ro than B has to C, 
,% there are some eqmmult^ of A, B, DcC7A 

and some mult of C such, that the mult of A is 
> the mult of C, hut the mult of B is ^ it : 

let these mult' he taken; and let D, E. 

he the equimult* of A^ B^ and F the 

mult of C such^ that 

Dis>F,hutEis>F: A] 

then, Dis>E; 

and \* Dj E are equimult* of A, B, _i 1 
and that D is > E ; ^ J 

.*. A is > B. i Ax. 4.5, 

Next, let C have a greater r« to B than it has 
to A : B shall he < A. 

For, '.' there is some mult F of C, Def.7A 

and some equimult* E, D of B, A, such that 
Fis>E, but>D: 
E is < D : 



1 
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and •/ E, D are equimult^ of B, A, 
and that £ is < D^ 

Ax. 4.5. /, Bi8<A. 

•% that magnitude, S^c, [q. e« n.] 



PROP. XL THEOR. 

Ratios that are the same to the same roHo^ art the 

same to one another. 

Let A:B::C:D, 

and alio E : F :: C : D : 
then shall A : B : : E ; F. 



G H K- 

A C E- 

B D — r- 

L M N- 



Take of A, C, E, any equimult^ whatever G, H^ K ; 
and of B, D, F, any whatever, L, M, N. 

Then, •/ A : B : : c : D, 

and G, H areequimult^of A, C; and L, M, of B, D ; 

Def.5.6. /. as G is > , = or < L, 

so H is >, = or < M. 

Again, V C: D::E: F, 
and H,K, areequimult'ofC,E; andM,N,ofD,F; 
/, as H is >, ssor < M, 
soK i8>, =:or<N: 



PROP. XI. XII. 1&! 

but it has been shown that 

as G is >, = or < L, 
so H is >, = or < M ; 
and .*, as G is >, = or < L, 
so Kis>, = or<N; 

and G^ K are any eqnimnlt^ whatever of A^ E^ 
' L,NanyofB,F: 
and /, A : B : : E : F. D«f.».ft 

«*• ratios that, S^c, [q. e. d.] 



^#i»^^ ^r^^» ^r ^^» 



PROP. XII. THEOR. 

If any niunber of magnitudes be proportionals^ as 
one of the antecedents is to its consequent, so 
shaU all the antecedents taken together be to all 
the cdnsequents. 

Let any no of magn» A, B, C, D^E, Fbe::»% 

I.e. A : B::c : d::e : F: 

then shall 

A: B::AH-c+E : b+d+f. 

Take of A, C, E any equimult* whatever G, H, K; 
and of B^ D^ F any whatever L^ M^ N : 

G R K 

A C E 

L' M -2i 
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then, V A : B::C : D::E : F, 

and that G, H, K are equimult* of A, C, E, 
and L, M. N equimults of B, D, F, 
/. as G is > , = or < L, 
Bf.5.a. so H is > , = or < M. 

and ako K is >, = or < N, 
and ,', as G is >, = or < L, 
EoG+H + Kis>, = or<L4-M + N: 

but^ if there be any no of magn^ equimult* of as 
inany^ each of each, whatever mult, one of them is 
5. of its part^ the same mult, is the whole of the whole ; 
/. GandG+H+Kareany 
equimult* of A, and A + C + E : 

for the same reason, 

L, and L + M+N are any equimult^ 
of B,andBH-D-t-F; 

•f.6-6. .'. A : B:: A+c+E : b+d+f. 

/. if any number, S^c. [q. e. d.] 



PROP. XIII. THEOR. 

1/ the first has to the second tJte same ratio whi^ 
the third has to the fourth, but the third to the 
fourth a greater ratio tJtan the fifth has to the 
sixth ; the first shall also fiave to the second a 
greater ratio than the fifth has to the sixth. 

Let A the 1*' have the same r<> to B the S**** w** C 
the S^ has to D the 4^** ; but C the S^ a greater i« 
to D the 4i% than E the 5t>' has to F the &^: also 
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A the 1^ shall have to B the Q^*^ a greater ro than 
£ the 5th has to F the 6^K 

For, '.• C has a greater r® to D, than E to F, 

•*. there are some equimult* of C^ £^ Def.7.s. 

and some of D^ F, 
such that the mult, of C is > Uie mult, of D, 
butthemultof£is>thatof F; 



M G H 

A C E- 

B D F- 

N K L- 



let these be taken ; and let G, H be equunult* 

of C, E, and K, L equhnult* of D, F such that 

G may be > K, but H > L ; 

also, whatever mult. G is of C, 

take M the same mult of A ; 

and whatever mult. K is of D, 

take N the same mult. 01 B : 

then, •/ A : B : : C : D, Hyp. 

and of A and C, M and G are equimult* ; 
and of B and D, N and K are equimult^ : 

/, as M is >, = or < N, 

so G is > , = or < K : Def.r).r». 

butGis>K; Constr. 

/. M is > N : 

but H is ^ L : Consir. 

and M, H are equimult* of A, E; 
and N, L are equimult* of B, F ; 
/, A has a greater r® to B, than E has to F. l>ef.7.a. 

/. ff the first, S^c, [q. e. d.] 

Q 
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Cob. — And if the 1st have a greater r« to the 2^ 
than the 3>^ has to the 4^^^ but the 3^ the same i* 
to the 4^^^ w^ the 5^^ has to the 6^^; it may, in like 
manner, be dem^ that the V^ has a greater r« to the 
2°<^, than the 5^ has to the 6^K 



8.5. 

Hyp. 
18.6b 



10. A. 



PROP. XIV. THEOR. 

J[f the first has the same ratio to the second which 
the third has to the fourth; then, if the first be 
greater than the third, the second shall be greater 
than the fourth ; andif equal, equal; and if less, 
less. 

Let A the l«t have the same r® to B the 2"* w** 
C the 3>^ has to D the 4^: if A be > C, B shall 
be>D. 



2 



ABC D ABC D ABC 



i 



For, 



A is > C, and B is any other magn., 
.\ A has to B a greater r« than C has to B : 

but, A:B::C:D; 

.*« also C has to D a greater ro than C has to B : 

but of two magn% that to w** the same magn. has 
the greater r^is the less : 

A Dis<B, 
Le. Bi8>D. 



PROP. XIV. XV. I7l 

Secondly, let A = C : then shall B =r J). 

For, A : B::Ci.c A : D; 

and /, B = D. y 5 

Thirdly, if A be < C, B shaU be < D. 

For, C:D::A:B, 

and C is > A ; 

.*• by the first case, 

D is > B, 
t. e. B is < D. 

/• if the first, S^c, [q. b. d,] 



#<^#<«^^^«AM^n*w 



PROP. XV THEOR. 

Magnitudes have the same ratio to one anoiher 
which their equimultiples have. 

Let AB be the same mult, of C, that D£ is of F : 
then shall C : F :: AB : DE. 

For, 
V AB is the same mult of C, that DE is of F, 
/. there are as many magn" in AB, each = C, 
as there are in DE, each = F : 

let AB be div^ into magn*, each = C, 
viz. AG, GH, HB : 

and DE into magn^, each = F, viz. DK, KL, LE: 

then ihe n<> of the first magn^ = the no of the last: 

Q 2 
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7.5. 



12.5. 



G 
11 



and V AG = GH = HB, 
ami also DK = KL = LE ; 

.-. AG ; DK : : gh : KL, 

and : : HB : LE : 

but as one antecedent is to its conse- 
quent, so are all the antecedents toge- 
ther to all the consequents together ; 

and /.AG: DK::AB: DE: 
but AG = C, and DK= F ; 

c: F::AB: de. 



n 

K 
L 



BC EF 






•% Magnitudes^ ^-c. 



[q, e. d.] 



I&5. 

Hyjw 
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PROP. XVI. THEOR. 

If/our magnitudes of the same kind be propor^ 
tionals, they shaU also he proportionals vohen 
taken alternately. 

Let A, B, C, D be four magn* of the same 
kind, wi» are : : »% viz. A : B : : C : D : 

they shall also he ::'», when taken alt^y, viz. 

A:C::B:D. 

Take of A, B, any equimult* whatever, E, F ; 
and of C, D, any equimult* whatever G, H : 

then, '.' E is the same mult, of A, that F is of B, 
and that magn* have the same t^ to one another w'* 
their equimult" have ; K ci 

.-.A: B::E: F 

but A: B::c : d 

.-. c: D::E: f 



A- 
B- 

r- 



c 

D- 



PROP. XVI. XVII. 17s 

Again, •/ G, H are equimults of C, D, 

.-. c:D::G:H: 15.6. 

but it was proved that 

C:D::E: F; 

But when lour magii" are ; : '% 

as the jst is>, = or <the 3^, 
so the gn** is >, = or < the 4^** ; M.a. 

.•, as E is>, = or<G, 
so F is>, = or< H ; 
and E, F are any equimult" whatever of A, B ; 

G, H any whatever of C, D ; Cowtr 

/, A : c : : B : D. Det5.» 

Tfy then, four magnittides, Sfc, [q. e. d.] 



»»OW.««l»»l»«»WW» 



PROP. XVII. THEOR. 

If magnitudes taken jointly he proportionals, they 
shaU also he proportionals when taken separately : 
that is, if two magnitudes together have to one of 
them the same ratio which two others have to one 
ofthese, the remaining one of the first two shall 
have to the other the same ratio which the re- 
maining one of the last two has to the other of 
these. 

Let AB, BE,CD, DF be the magn* taken jointly, 
wi» are : : 1% t. c. AB : BE:: CD : DF: 

they shaU also be : : i* taken separately, viz. 

AE : EB : : CF : fd» 

Q 3 



174 BOOK V. 

Take of AE, EB, CF, FD any equimul 
GH, HK, LM, MN ; 
and again, of EB^ FD take any equimtdt* KX, NP : 
then 
*.* GHisthesamemultofAE^thatHKisofEB, 
1 6. .'. GH is the same mult, of AE^ that GK is of AB: 
but GH is the same mult.of AE^ thatLMisof CF ; 
.*• GK is the samemult.of AB^thatLMisofCF; 
Again, 

V LMisthe same mult.of OF, thatMNisof FD ; 
1 A. /• LMisthe same mult. of CF, that LNisof CD : 
but it was shown that 

LM is the same mult, of CF, 
that GK is of AB, 
and .'• GK is the same mult, of AB, 



that LN is of CD ; ^ 



m 



G AC L 



t. e, GK, LN are equimult* of AB, CD. n 

Next, 

•/ HK is the same mult, of EB, 
that MN is of FD ; 

and also, 

KXis the same mult, of EB, that NP is of FD ; 
2. 5. /. HX is the same mult, of EB, that MP is of FD. 

Hyp. And •/ AB : BE : : CD : DF, 

and that GK, LN are equimult^ of AB, CD, 
and HX, MP are equimult' of EB, FD: 
i>cf.5.5 /. as GK is > , = or < HX, 

so LN is >, = or < MP : 
but if GH be > KX, 
then, the com. part HK being added to bothj 
Ax.4.1. GKi8>HX; 

/. also, LN is > MP ; 
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and, MN being taken away from both, 

LM is > NP : AjuW 

/. if GH be > KX, 
LM is > NP : 

-^\nd in like manner it may be dem** that 

if GH be= KX, or be < KX, 

also LM is = NP, or is<NP: 
>»it GH, LM are any equimult* of AE, CF Con»u. 

and KX, NP are any of EB, FD ; i>rf-5-». 

/. AE : EB : : cf : fd. 

-^Sy tf^^n, magnitudes^ ^c, [q. e. d.] 



PROP. XVIIL THEOR. 

-^f magnitudes, taken separately, be proportionals, 
theyshallalso be proportionals when taken jointly: 
that is, if the first be to the second, as the third 
to the fourth, the first and second together shaU 
be to the second, as the third and fourth toge^ 
iher, to (he fourth. 

Let AE, EB, CF, FD be : : '» ; 

i. e. AE : EB : : CF : fd ; 

they shall also be : : ^s when taken jointly ; 
i. e, AB : BE : : CD : DF. 

Take of AB, BE, CD, DF any equimult» what- 
ever GH, HK, LM, MN ; and again, of BE, DF, 
take any equimult* whatever KO, NP : 

theo, •/ KO, NP, areequimult^ of BE, DF, 
|and that KH, NM are also equimult«of BB,DF; 
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• • 



Ax 

6 



3. 



5.5. 



if KO, the mult, of BE, be > KH, 
w^ is a mult, of the same B£, 
then NP, the mult of DF, is also > NM, 
the mult, of the same DF ; 
and if KO be = KH, or be < KH, 
also NP is = NM, or is < NM. 



ir 
o 



M 

P 

n 




First, let KO be >KH ; 
.•.NPis>NM; 
and •/ GH, HK are equimulf of 
AB, BE, and that AB is > BE, 
.-. GHis>HK; 
but KO is > HK ; 
.-. GH is > KO. 

In like manner it may be shown 
that LM is > NP : 
/. ifKObe>KH, 
then GH, the mult, of AB, is always > KO, 
the mult, of BE ; 
and likewise, 
LM, the mult, of CD, is > NP, the mult of DF 

Next, let KObe > KH ; then, as has been shown 
NPis>NM: O 

and •.* the whole GH is the same 
mult of the whole AB, 
that HK is of BE, 
/• the rem' GK is the same mult 
of the rem' AE that GH is of AB ; 
w^ is the same that LM is of CD. 




• • 



• • 



5.5. 



In like manner, 

LM is thesame mult of CD, that MN ia of DF 
the rem' LN is the same mult of the rem' CF 
that the whole LM is of the whole CD : 
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but it was shown that 

LM is the same mult, of CD, that GK is of A£ ; 
.\ GK is the same mult of AE, that LN is of CF; 
t. e. GK, LN are equimult* of AE, CF. 
And •.• KO, NP are equimult* of BE, DF, 
/. if from KO, NP there be taken KH, NM, 
w'* are likewise equimult* of BE, DF, 
the rem'' HO, MP are either = BE, DF, 
or are equimult' of them. 
First, letHO, MPbe=BE,DF: 
then, •/ AE : EB : : CF : FD, 

and that GK, LN are equimult" of AE, CF : 
/. GK: EB::LN: FD: 
but HO=EB, and MP = FD : 

.-. GK : HO : : ln : mp. 

/. as GK is >, = or < HO, 
soLNis>, = or<MP. 
But let HO, MP be equimult* of EB, FD : 
tlien, •/ AE : EB : : CF : FD, 
«Uid that of AE, CF are taken equimult" GK, LN; 
and of EB, FD the equimult* HO, MP, 
/. as GK is >,= or < HO, 
so LN is >, = or < MP : 
w^ was likewise shown in the preceding case. 



6.^ 



Hyp. 



Cor.4A 



A. 5. 



Hyp, 



Def.&.5 



0| 
H 

K 



But, if GH be > KO, 
taking KH from both, 

GKis>HO; 
/. also LN is > MP : 
and /, adding NM to both, 
LM is > NP. 
In like manner it may be shown, 
tliatifGHbe=KO,orbe<KO, G 
also LM is = NP, or is < NP. 



B 
E 



P 
M 

N 






Ax.A.1. 



Ax. 4.1. 
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Aud in the case in w^ KO is ^ KH, it has been 
shown that 

Gil is always > KO^ and likewise LM > NP ; 

Constr. but GH, LM are any equimults of AB^ CD^ 
and KO, NP are any whatever of BE, DF; 

DefAs. /. AB : BE : : cd : df. 

If then, magnitude, S^c. [q. b. d.]] 



PROP. XIX. THEOR. 

If a whole magnitude he to a whole, as a magnitude 
taken from the first is to a magnitude taken 
from the other; the remainder shall be to the 
remainder as the whole to the whole. 

From the magn* AB, CD let the parts AE^ CF 
be taken such that 

the whole AB : the whole CD : : AE : CF: 
then shall 

the rem'- EB : the rem^ FD : : AB : CD. 

For, •.' AB : CD:: AE : CF, . 

If. 5 .-. ait»y AB : AE : : CD : cF: 

but, if magn* taken jointly be : : l», v. \ 
17. ft. they are also : : '», taken separately; f 

and .% BE : AE:: DF : CF: 
and altiy BE ; DF : : AE : CF: 
but, by hyp., AE : CF : : AB : CD; ® ^ 
L 8. and .-. the rem' BE : rem' DF: : AB : CD. 

.'• if the whole, S^e. [q. b. d.] 



PROP. XIX. B. ZX. 



179 



Cor. — If the whole he to the whole^ as a magn. 
taken firom the firsts is to a magn. taken from the 
other ; the rem' shall likewise he to the rem', as 
the magn. taken from the first to that taken fix>m 
the other. The demonstration is contained in the 
preceding. 



PROP. E. THEOR. 

If four magnUudea be proportionals, they are also 
proportionals by conversion ; that is, the first 
is to its excess above the second, as the third to 
its excess above the fourth. 

Let AB : BE : : CD : DF : 

thenshall AB : AEf. CD ; CF. 
For, 



••• AB : BE 

.•.bydivn,AE : BE 
andbyinvn,BE : AE 
.•.bycompn,AB : AE 

•'• Iffoury (Jjfc. 



CD 
CF 
DF 
CD 



DF, 
DF; 
CF; 
CF. 



C 
F 



B D 



17.5. 
B.;5. 
18.5. 



[q. E. D."] 



<Wi^^V<K^^»^^<tfM>* 



PROP. XX. THEOR. 

(f there be three magnitudes, and other three, uihich, 
taken two and two, have the same ratio ; then if 
the first be greater than the thirds thA fourth 
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shall be greater than the sixth ; and if eqval, 
eqfual ; and if less, less. 



A B 
D E 



8.». 

13.5. 
B.5. 



Car. 13. 
10. A. 



c 



Let A^ B, C be three iAagn% and D^ £, F other 
three^ w^, talcen two and two, have the same r^, viz. 

A:B::D:E 

and B : c : : E : F : 

as Ai8>, = or < C, 
so shall Dbe>, = or<F. 

First, let A be > C: then^ 
*.' B is any other magn. 
and that the greater has to the same magn. 
a greater ratio than the less has to it ; 
•*. A has to B a greater r® than C to B : 

but D : E : : A : b, 

.*• D has to £ a greater r9 than C to B : 

and V B: C::E: F, 

/. invl^ c : B::F : E; 
and it was shown tliat 

D has to E a greater r^ than C has to B : 

,% D has to E a greater r® than F has to E: 

but the magn. w^* has a greater r® than another to 

the same magn. is the greater of the two ; 

.\ D is > F. 

Secondly, let A = C : then shall D = F. 

For, 





A-C, 


7.5. 


.-. A : B::c: b. 


Hyp. 


but A : B : : D : e ; 


11.5. 


and C : B : : F : E ; 


.-. D: E::F: e. 


9.5. 


«id /. D=F. 



h^ni 



1 1 
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Next, let Abe<C: D8hallbe<P. 
For, C is > A : 
and, as was shown in the first case, 

C:B::F: e, 

andalsoB : A::£ : D; 
•*« hy the first case, F is > D, 

t.e.Dis<F. 



/« if there be three, <$fc« 



[q. e. d.] 



0i0>mm0i^0i000^w^ ^< 



PROP. XXL THEOR. 



Xf ihere he three magnitudes, and other three, 
which have the eame ratio taken two and two, 
but in a cross order ; then if the first magnitude 
be greater than the third, the fourth shall he 
greater than the sisth; and if equal, equal ; 
and if less, less. 

Let A, B, C be three magn* and D, E, F other 
three, w*^ have the same ro taJcen two and two, but 
in a cross order, viz. 

A : B : : E ; F, 

andB : C:: D : E: 
aa Ai8>, = or<C, 
so shall D be >,=sor < F. 
First,IetAbe>C: then, 

B is any other magn., 
•*• A has to B 8 greater ro than C to B : 8. s. 

but E : F : : A : B ; nyp. 

.% E has to F a greater r® than C to B : i^^* 

R 



A BC 
D E F 



ut 



BOOK V* 



Hyp. 



and 









Cor. 13. 
5. 

10.5. 



7.6. 
Hyp. 

11.5. 
9.6. 



B: c::D: e, 
inviy c: B::E: D: 

and it was shown tfaat, 

£ has to F a greater r^ than C has to B; 

A £ has to F a greater ro than E has to D : 

hut the magn. to w^ the same hai a gvtatflri* tfain 

it has to another^ is the less of £e two : 

.'. F is < D. 

t.e.Dis>F. 

Secondly, let A =; C : then shall D = F. 

For, VA=C, 

B: 
F; 

D; 



.•.A:B: 


:c: 


butA : B: 


:E: 


»ndC:B: 


:E: 


.-. E : F : 


:E: 



and 



• • 



D = F. 

• Next, let A he < C : 
D shall be < F. 

For C is > A ; and, as was shown, 

c:B::E:D, 

and also B : A : : F : E ; 
by case first, P is > D, 
i.e. Dis< F. 



lliiU 

fffnr 



• • 



•*• if there be three, S^c. 



[«. ■. D.] 



PEOP.XXII. THEOB. 

Jf there be any number of magnitudee, and ae manf 
ethers, whkh, taken two and two in order, hone 



tAe tame ratio; the firit likaM have to the ioi 
of the first magaitudet the mane ratio vihiA tj 
tint btu to the but 0/ the olhere. 

N.B. This is usually cited by the^wordSj "e 
igqtuM," or "ftr tequo." 

Ftrtt, let there be three niagn> A, B, C, Mid 1 
taanj otben, D, E, F, w'', tdten two and twi 
have the Mine f, i, e. hucIi tbtt 






A:B::D:E; 
B: c;;B: F: 



then BhaUA; C:;D : F. 
Tale of A, D any eqninnill* whatever 6, H 
of B, £ any whatever K, L j 
andof C,F any whatever M, N; 
then, 
V A; B::D:E, and that ■ 
G, H are eqnimull^ of A, D, 
and K, L equimult' of B, E ; 



GK 






G: K::H; L: 

le reason, 
K; M:;L: N: 



a 



m oihi 

I * 



V tbeTearethreemagniG,K,M, and other thn 

H, L,N, w", taken two and two, have the same r" 

.-. BsGis>, = or<M, 

wHia>, = or<N: 

bat G, H are any Equimule whatever of A, D 

ftnd H, N are any equimult^ whatever of C, F 

.-. A ; c : : D : F. 

Next, let there be four ia^;n' A, B, C, D, an 
other four E, F, G, H, w"", taken two and two, hai 



B S 
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A. 

B: 

and C : 
then shall A : 


: B::E: f, 
: c::F: g, 

D : : G ; H : 

D::E: h. 



A.B.C^~.| 
E.F.G. H.I 



For, 
'•* A^ B^ C are three n)agn% and £, F^ G^ other 
three^ w'^^ taken two and two^ have the same x^ ; 
/. hy the foregoing case, 

A: C::E: G; 
hutc : D::G: H; 

.% again, hy the first case, 

A: D::E:H; 

and so on, whatever he the uo of magn*. 

/. if titers be any number, S^e. [q, e. d.] 



PROP. XXIII. THEOR- 



If there beany number of magnitudes, and as many 

others, which, taken two and two in a crossorder, 

have the same ratio; the first shall have to the last 

of the first magnitudes the same ratio which the 

first has to the last of the others. 



N.B. This is usually cited hy the words "fjr 
€BquaH in proportionc perturbatd ;' 
tequo perturbato" 



or ''wr 



First, let there he three magn* A, B, C, and other 



KM 



Aree D, E, F, w'', taken two and two in a era 
eaUer, have the same t*, 

vis. A: B:;E: F, 

and B : C ; : D ; E : 

then sbaU A : C : 1 D ; F. 
Talie o{Afi,l>,atiy eqnimull' whatever G,Q,V 
and of C, E, F, any equimul^ whatever L,M, > 
then, 

V G, H are eqniniiilt* of A, B, 

and that inagn* have the tame 

T* w"" their equimult' have ; 

.-. A: B::G;H; 

and, for the ume reason, 

E: F::M : N: 
hutA:B::E:Fj 
.*. G : H : : M : N : 

sndV B: C:;D: E; 

and diat H, K are eqnlmulP of B, D, 
and L, M, of C. £; 

.-. H : L::K: mj 

and it has been shown that 

G; H::M:N: 
brace, 

*.* diow are three magn* O, H, L, and other thn 

K, U, N, w**, taken two and two in a cnwi Orde 

have the same r* ; 

/. 8aOiB>, = or<L, 

soKi6>,=or<N: 

but G, K are any equimult* whatever of A,D; 

and L N are any whatever of C, P ; 

.*. A : c : : D : F. 

R 3 
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Next, let there be four magn* A, B, C, D, and 
other four E, F, G, H, w^, taken two and two in 
a cross order, have the same r^, 



viz. A : B::G: H: 




B:c::F:G; 

andC : D::E : F: 


rA.B.c.fil 


then shall A : D : : E : H. 




For, 




•/ A, B, C are three magn% 
and F, G, H other three, w»'. 




taken two and two in across order^ have die same l^. 


/, by the 1'^ case, 

A : c : : F : H : 




but c : D : : E : p ; 




/, again, by the 1*^ case, 

A ; D::E : H: 




and so on, whatever be the n® of the 


magn*. 


.% if there be any number, S^c, 


[q.e.d.3 



PROP. XXIV. THEOR- 

If the first has to the second the same ratio uMek 
the third has to the fourth; and the fifth to the 
second, the same ratio which the sixth has to the 
fourth; the first and fifth together shaU have to 
the second, the same ratio which the third and 
sixth together have to the fourth. 

Let AB the l»i have to C the 9,^^, the same ro w*» 
DE the S»^ has to F the 4t>' ; 
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and let BG the 5^' have to C the 2"', the same r« 

w»» EH the 6th has to F the 4»'" : 
AG (the l»«4-the 5^^) shall have to C the 2'"* the 
same ro w^ DH (the 3' -j- the 6^^) has to F the 4»»'. 



For, 

•/ BG 

/. inv»' C 

and V AB 

and C 

and V these magn* are :: 1% 

/, they are also : : ^*, taken jointly ; 



c ::EH 
BG:: F 
c ::DE 
BG:: F 
BG:: DE 



F, 
EH: 

F, 

EH; 

EH: 



Bl- 



H 



E 



I 
A C P F 



Hyp. 
B.5. 



AG: GB 
but GB: C 

/, ex aq. AG : C 

;• if the first, S^c. 



DH : EH : 
EH : F ; 
DH : F, 



23. A. 
18.5. 

Hyp. 

22. 5. 



[q, E. D.] 



Cob. 1. — If the same hypothesis be made as in 
the proposition, the excess of the 1*^ and 5^'* shall 
be to the 20**, as the excess of the 3^ and 6^'' is to 
the 4^^. The dem>> of this is the same wiih that 
of the proposition, if division be used instead of 
compoidtion. 

Cor. 2. — The proposition holds true of two 
ranks of magn", ni^hatever be their n^, of w'' each 
of the first rank has to tbe 2"** magn. the same v 
that the corresponding one of the second rank has 
to a 4^'* magn. ; as is manifest. 
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A.&IO 
6. 



6. 



PROP. XXV. THEOR. 

If four magnitudes of the same kind are prefwr^ 
tionals, the greatest and least of them tOjjfetker 
are greater than the other two together. 

Let the four magn» AB, CD, E, F be : :*•, tli 

AB: CD::E: F; t\ 

and let AB be the greatest of them, 
and consequently F the least : 
AB + F shall be > CD -h £• 

Take AG = £, and CHcsF: 
then, V AB: CD::E : F: 
and that AG = E, CH = F, 

AB:CD::AG:CH: 



D 
B 



AC £ y 



• • 



and 



• • 



the whole AB ; the whole CD : : AG : CH, 
the remr GB : the rem' HD : : AB : CD. 
but ABi8>CD; 
.^ GBis>HD: 
and V AG = E, and CH = F, 
/. AG + F = CH + E: 
to the unequal rnagn* GB, HD, of w^ GB ia the 
greater, let there be added these equal magn*, 
viz. AG + F to GB, and CH + E toHD; 
Asaai. then AB-hFis>CD4-E. 



Hyp. 
A. 6. 

Ax. 2. 1. 



.*• if four magnitudes, Sfc, 



[a.E.iK] 
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PROP. F. THEOR. 

Ratios ivhicJi are compounded of the ^atne ratios, 
are the same to one another* 

Let A : B : : D : e, 

and B : C::E : F: 

tlie r« w'' is compounded of the r<>* of A to B, and 
B to C, w'', by the def^ of compound r®, is the r« of 
A to C^ shall be the same with the'r<» of D to F^ 
\v'>^ by the same deOi^ is compounded of the r^* of 
D to E, and E to F, 

For, 

•/ there are three magn' A, B, C, |X" 
and three others D,E, F, w'^, 
taken two and two, in order, have thQ same r^, 

/. ex ceq. A :C\\T>:Y. m. \ 

Next, 

let A : B : : E : f, and B : c : : D : E : 

then, fw? eequali in proportione perturbatd, IaTbTc:] 

A:C::D:F: '— — '29.^ 

n e, the ratio of A toC, which is compounded of 
the ratios of A to B, and B to C, is the same with 
(ho ratio of D to F, which is compounded of the 
ratios ofDto^, and E to F. []Q.B.n.] 

And in like manner tlie prop" may be dem** 
whatever be the n® of ro* in either case. 
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PROP.G. TntEOR. 

IfMwrdl ratios he the eame tdeeveralraiios, each to 
each; the ratio whiehisixtfhpouridedofraHoefiohidi 
are the same to the first ratios, each to each, shaU 
he the same to the ratio compounded of ratios 
which are the sametotheolherratios, eaeA to eocA. 



Let A: B::E : f, andC: D::G: H; 

also. A: B::K : L, andC : D::L.: M; 

then, by the def> of compound ro, 
the r^ of K to M is compounded of 
the ro» of K to L, and L to M, 
w^ are the same with the tm of A to Bj and C to D. 






Again, 
let N : P : ; E : F, and o : p : : G : H : 

then, the lo of N to P is compoimded of the x^ 
of N to O and O to P, w'^ are the same with the 
los of E to F and G to H : and it is to be shown 
that the r® of K to M is the same with the z« of 
Nto P; or that 

K; M::N: P. 

Now, 

V K : L :: (A : Bt.c. :: b : f t. «.) :: N : o, 
and L : M::(c : Di.e.::0: Ri.e.)::0: p, 
23. 6. /• «# <8g. K : M : : N : p. 

,% tf several ratios, S^e [q. b. ]>.] 
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PROP. H. THBOR. 

If a ratio which is compounded of several roHoa he 
iheeameto a ratio which is compounded of several 
other ratios; and if one of the first ratios y or the 
ratio which is compounded of several ofthem, he 
the same to one of the last ratios, or to the ratio 
which is compounded of several tf them; then the 
remaining Yatio of the first, or, if there be more 
Aon one, Aeratio compounded qf the remaining 
poUoe, shall be the same to the remaining ratio of 
Ae last, or, if there be more than one, to Ae ratio 
compounded of these remaining ratios. 

Let tlujt first t^ be those of 

A to B, B to C, C to D, D to £, and £ t F; 
ani let tjbe other r^ be those of 

G to B* H to K» K to L, and L to M : 
also, Jet the rP of A to F, wb is com- i j^Bcpm 
pounded of the first r^^^ be the same I cttct^ 
witi) the y* of G to M, v^ is com- 

poanded of the other r^*" ; 
audi besides^ let the ro of A to D^ w^ is com- 
poanded of the r<» of A to S, B to C, C to D^ be 
the sBipe with the ro of G to K, w^ is ppmpounded 

of the r«« of G to H^ and H to £^ : 
then the ro compounded of the xemff first i^, viz. 
of die ro* of D to £, and E to F^ w^ compounded 
lo is that of D to F, shall be the same with the 
i<> of K to M> w^ is compounded of the rems x^ of 

K to li iw4 L to M of Ai? qOi?!: ro". 
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For, •.• by hyp. A : D : : G : K, 

5. J»- /. by inv",D : A : : K : G ; 

lyp. and by hyp. A : F : : G : M ; 

3. :.. .*. ex aq. D : F : : K ; M. 



• • 



if a ratio which is, S^-c. [q. b. i>.] 



PROP. K. THEOR. 

ff there be any number of ratios, and any number 
of other ratios such, that the ratio whieh is eom» 
pounded of ratios which are the same to the first 
ratios, each to each, is the same to the ratio which 
is compounded of ratios which are the same, each 
to each, to the last ratios; andif one of the first 
ratios, or the ratio which is compound^ of ratios 
which are the same to several of the first ratios, 
each to each, be the same to one of the last ratios, 
or to the ratio which is compoundedof ratios which 
are the same, each to each, to several of the last 
ratios; t/ten the remaining ratio qf the first, or, 
if there be more than one, the ratio which is conu 
pounded of ratios whichare thesame, eachtoeadt, 
to the remaining ratios of the first, shall be the 
same to the remaining ratio of the last, or, if there 
he more than one, to the ratio which is compounded 
of ratios which are the same, each to each, to these 
remaining ratios. 

Let A to B, C to D, K to F be the first ro* ; and 
G to H,KtoL, MtoN,OtoP QtoR, the otheri««: 



PUOP. K. IW 



and let A : B 

c : D 
E : F 



s :T, 
T : V, 

V : X : 



then, by the def*> of compound ro, the r® of S to X 
is compounded of the r«» of S to T, T to V, V toX, 
w*» are the same to the r<>» of A to B, C toD, E to F, 

each to each. 

A,B;C,D;E,F. S,T,V,X. 

G,H ; K,L; M,N; 0,P; Q,IL Y,Z,a,b,c,d. 
e,f,g. m,n,o,p. 



AIbo^ 

let G : H : : Y : Z, and K : L : : Z : a ; 

M: N:: a : b; o : P::b : c; 

and Q : R : : c : d : 
then^ by the same def^, 

the lo of Y to d is compounded of the i<^ of 
Y to Z^Ztoa^atob^b toc,andctod^ 
w^ are the same^ each to each^ to the r^' of 
G to H^ EtoL,MtoN^OtoP^andQtoR: 
.^ by the hyp. S : X:: Y : d. 

Also, let the r« of A to B, u e. the r« of StoT, 
w^ is one of the first ro*, be the same to the ro 
of e to g, ^^ is compounded of the ro* of e to f and 
f to g, w**, by the hyp., are the same to the r«» of 

G to H and K to L, two of the other r«' ; 
and let the r® of h to 1 be that w^ is compounded of 
the !«" of h to k and k to 1, w^ are the same to the 
xems first ro», viz. C to D and E to F ; also, let the 
i« of m to p be that w*» is compounded of the ro* 
m to n, n to o, and o to p, w^ are the same, each to 
each, to the rems other ro% viz. M to N, O lo 1?, 

s 
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S2.fi. 



11.5. 
B.6. 
Hyp. 
22.5. 

Hyp. 



11.5. 



and Q to R : then the ro h to 1 shall he the same 
totheroofmtop; 

or h : 1 : : m : p. 



h, k, 1. 
A,B;CD,E,F. S,T,V,X. 
G,H; K,L; M,N; 0,P; Q,R; Y,Z,a,b,c,d. 

e,f,g. m,n,o,p. 



For, 

V e : f::(G: ni.e. ::) y : Z; 
and f : g::(K : L «.«. ::) z : a; 

.'. ex isq, e : g:: Y ; a: 
and, by hyp. 

e : g : : A : B t . e. : : s : T ; 
s:T::Y:a; 

and, byinvn, T : S:: a : Y; 

buts: x::Y:d; 

.\ ex ceq, T ; X:: a : d; 
Also, 

V h:k::(c: Dt.c. ::)T: V; 
andk: i::(E: Ft.e.::)V:X; 

.*. exaq. h; 1::T : X: 
in like manner it may be dem<i that 

m:p::a:d; . 
and it has been shown that 

T: x::a:d; 
.-. h : 1 : : m : p. 

[Q.E.D.] 

The propD* G and K are usually, for the sake of 
brevity, expressed in the same t^ms with F and 
H : and therefore U was proper to show the true 
meaning of them when they are po expressed, 
especially as they ar^ very fr^^uently n(Ade use of 
h/ Oleometers. 



BOOK VI. 



DEFINITIONS. 

I. 

SmiLAB rectilineal figures are those which have 
their several angles equals 
each to eaoh^ and the sides y^ 

about the equal angles pro- y^^ \ y^ 
portionals. 

II. 



tt 



Reciprocal figures^ viz. triangles and parallelo- 
grams^ are such as have their sides about two 
of their angles proportionate in such a manner 
'^ that a side of the first figure is to a side of the 
'* other^ as the remaining side of this other is to 
" the remaining side of the first." 

III. 

A straight line is said to be cut in extreme and 
mean ratio^ when the whole is to the greater 
segment, as the greater segment is to the less. 

IV 

The altitude of any figure is the 
straight line drawn from its vertex 
perpendicular to the base. 

s 2 
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PROP. I. THEOR. 

Triangles and parallelograms of tfie same aliilude 
are one to another as their bases. 

Let the .^» ABC, ACD, and the£ii7*EC, C F 
have the same altit. viz. the J_ drawn from, the 
pt A tx) BD : then shall 

Prod. BD hoth ways to the p^ H, L, and take 
s. 1. any n'^ of |* BG, GH, each = the base BC ; and 

any n® of 1» DK, KL, each = the base C'D ; and 

join AG, AH, AK, AL ; then, 

CB=BG = GH, 
M J. /. .x:\ABC = ..^ABG=.^AHG ; 

and .*, whatever mult. 

the base HC is of the 

base BC, the same mult, is 

.^AHCof^^ABC: 

for the same reason, HG BC D K L 

whatever mult, the base LC is of the base CD, 

the same mult.is^i^ALC of ^x^ ACD: 
and, as base HC is>, =or <base CL, 
38.1 so^^AHCis>. =or< ^^ALC: 

Hence, *.• there are four magn*, viz, 
the two bases BC, CD, and the two ,^* A BC, ACD: 
and of the base BC, and tlie .^ ABC, the 1 •« and S'^, 

any equimult" whatever have been taken, viz. 
the base HC and the^^rl AHC; 
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and of thebase CD and the ^^ ACD, the2n«* and4t»S 
have been taken any equimult* whatever, vii. 
the base CL and the.^^ ALC ; 
and*/ it has also been shown that 

as the base HC is >^ =or<CL^ 
so the,^ AHC is >, =or < ALC : 
.". .^ABC : .^ ACD : : base BC : base CD. i>ef.M. 

And *.• the CZJ CE is double of the ,^ ABC, 4l 1. 
and the£I7CF double of the .^ ACD, 
and that magn* have the same r® w*^ their ift. oi. 
equimidt^ have ; 
.-. .^ ABC : ^r^ ACD : ! ZZIJCE : zr7CF ; 
but also 

,^ABC : ,^ACD::baseBC : base CD; 
and 
/. £Z7CE : CTJ CF : : base BC : base CD. 11.6. 

/. triangles, S^c, [q. e. d.] 

Con. — From this it is plain that ^A» and/" 7* 
of equal altitF are to each other as their bases. 

For, let the fig* be placed so as to have their 
bases in the same | ; and draw JL* fi'om the vertices 
to the bases : then, 

*.* the J." AK = and II to one another, 33. l 

,*. the I vt^ joins the vertices is || to that in w*' their 

bases are ; 28. l* 

and, if the same constn be made as in the prop^, 
the demt^ will be the same. 



s 3 
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PROr.IL THEOR. 

If a straight line be drawn parallel to one of i^K^ 
sides of a triangle, it shall cut the oAer sides,^^ 
or tliese produced, proportionally: And if the ^ 
sides, or the sides produced, be cut propci^tiondUgy 
the straight line which joins the points of section 
shall be parallel to the remaining side of the 
triangle. 

Let DE be drawn || BC^ a side of the ..^ ABC : 
then shaU BD : DA : : CE : EA. 



37. 1. 



/. 



5. 



LG. 



Ml 




E D 




D E B 

Join BE, CD : then, 
'.• the^yV BDE, CDE are on the same base DE 
and between the same || • DE, BC, 
/. -^BDE = ^^CDE ; 
and 

/. these .^^ have the same r® to the same^^ ADK, 
or ^^ BDE : .^ ADE : : .dr^CDE : ^^ A1>E : 
but •/ the,^» BDE, ADE have the same altit., 

viz. the _L drawn from the p' E to AB, 
.'..y:\BTyE : .^ ADE :: base BD : base DA: 
and for the same reason, 

,^ CDE : ,^ ADE : : base CE : base EA : 

BD : DA : : ce : ea. 

next, let the sides AB. AC of the ,.i;::\ A rtC 



• • 
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or these sides prod**, be cut : : *y in the p** D, E, 
».c. so that BD : DA : : CE : EA : then, 
if I DE be drawn, DE shaU be || BC. 

For, the same constri^ being made, 

BD : DA : : CE : ea ; 

and B D : DA W^i^ BDE : .^ ADE, i. fj. 
and CE : EA ::^:^CDE : .^ADE; 

.-. ^^ BOE : .^ ADE : : .^cde : .^ade, u. s 

i. c the^r:\» BDE, CPE have the same r® to 

the ^^ ADE: 
.'. ^^BDE = ^^CDE : 9. ». 

and these ^A * are on the same base DE : 
bnt equal .^^* on the same base are between the 

same ||" ; 39. 1 

and .-. DE is || BC. 

/, if a straight line, S^c, [q. e. d.'J 



PROP. III. THEOR. 

If the angle of a triangle he divided into two equal 
angles, by a straight line which also cuts the base, 
the segments of the base shall have the same ratio 
which the other sides of the triangle have to one 
another: and if the segments of the base have 
the same ratio which the other sides of the tri^ 
angle have to one another, tJie straight line drawn 
from the vertex to the point of section, divides the 
vertical angle into two equal angles. 

Let the/. BAG of a^^ABC be bis** by the | AD : 
then shaU BD : DC : : BA : AC. 
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81. 1. Through the pt C draw CE || DA, and let BA 
prod^ meet CE in E : then, 

'/ the I AC meets the ||8 AD, EC. 
29. 1. /. L ACE = the alt L CAD : 

hut, hy hyp. L CAD = L BAD : 
Ax.1. /.ZBADrrsZACE. 

Again, 
•.' the I BAE meets the ||» AD, EC, 
29. 1. /. L BAD = the int. and opp. L AEC : 

"but, from above, 

L BAD = L ACE, 
Ax. 1. /. z. ACE = Z. AEC, 

and 
6.1. .% side AE= side AC: B D" 

2. 6. and '.• AD is || EC one of the sides ofthe^ABCEj 

.-. BD : DC::BA : aE: 

butAE = AC: 

7.& .-. BD:DC::BA: AC. 

Next, let BD : DC : : BA : AC, and join AD: 
the L BAC shall be bis«* by the | AD. 
For, the same constr^ being made, 
••• AD is II EC, 
2.6. /. BD : DC :: BA ; AE: 

and, by hyp. BD : DC : : BA : AC ; 
11.5 /. BA : AE::BA : AC; 

9.6. .%AC = AE, 

5 I . and /. L AEC = L ACE : 

but Z. AEC = the ext and opp. L BAD 
29. 1. and L ACE = the alt. Z. CAD ; 

Ax.1. .'. ZBAD=ZCAD, 

i.e. the Z. BAC is bis** by the I AD. 

,\ if the angUy ^*c. Co- ■• !>•] 
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PllOP. A. TIlEOll. 

If the outward angle of a triangle madehy producing 
one of its sides, be dividedinto two equal angles, by 
a straight line which also cuts thebase produced ; 
the segments between the dividing line and the 
ejrtrcmities of the base have the same ratio whidi 
the other sides of the triangle have to one another: 
and if the segments of the base produced have the 
xame ratio which the other sides of the triangle 
have, the straight line drawn from the vertex to 
the point of section divides the outward angle of 
the triangle into two equal angles. 

Let the side BA of a .^ ABC be prod<* to E ; 
and let the ext' Z. C AE be bis** by the | AD w'' 
meets the base prod^ in D : 

then shaU BD : DC : : BA : AC. 

Through Cdraw CF || AD : E 31.1. 

then^ 

•/ AC meets the |i* AD, FC, J^ 

.-. Z. ACF = the alt, /. CAD : 
butZ.CAD=Z.DAE; 
.-. ^DAEss^ACF. 

Again, 

FAE meets the ||» AD, FC, 
.•. the ext' Z. DAE = the int. and opp. Z. CFA ; 29. 1. 
but, from above, 

ZACF==ZDAE; 
.". also Z. ACF = Z. CFA ; ax. i. 

and ,% side AF = side AC* 6.1, 
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and •/ AD is || FC, a side of the ^^ BCF, 
2.6. /. BD : DC::BA : AF: 

but AF=AC; 

7. 6. /. BD : DC : : ba : AC. 

Next, let BD : DC : ! BA : AC, and join AD : 
then shall L CAD = ^ DAE. 

For, the same constr^ being made, 

•/ BD : DC : : ba : AC, 

2.6. and that also BD : DC :: BA : AF, 

11. 6. .-. BA ; AC : : BA : AF ; 

9.6. /. AC = AF, 

8.1. and Z. AFC = Z ACF : 

39. 1. but Z. AFC = the ext' L E AD 
and Z. ACF = the alt. Z. CAD ; 

Ax. 1. /. also Z EAD = Z CAD. 

/, if the ovAvoardy ^c. [q.e.]&.3 
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PROP. IV. THEOR. 

The sides about the equal angles of equiangular tri' 
angles are proportionals ; and those whieh are 
opposite to the equal angles are homologous sides. 
that is, are the antecedents or consequents of the 
ratios. 

Let ABC, DCE be equiang' ,^», having the 
Z ABC = Z DCE, Z ACB = Z DEC, 
5J^ >^* and .-. Z BAC = Z CDE : 

the sides about the equal / • of the .<^« shall be ! : •» ; 



PBOP, in. 



SOS 



and those shall be the homol. sides w^ are opp. to 
the equal /. *. 

Let the .^ DCE be so placed, that its side CE22. 1. 
may be contiguous to BC, and in the same | withit : 

then, L BCA=: L CED ; Hyp. 

add to each L ABC ; 
.-. L * (ABC + BCA) = Z. • (ABC + CED) ; Ax. 2. 
but 2I •» (ABC + BCA) < two r^Z. * ; 17. 1. 

also Z. • (ABC -f CED) < two rt ^ • ; 
and .-. BA, ED, if prod^, will meet : ax. \t, 

let them be prod**, and meet in the p* F : • 



38.1. 

36. 1. 
34. 1. 

2.6. 
7.5. 

1.6. 

7.6. 
las. 

3S.fi. 



then •/ Z. ABC = Z. DCE, 




.-. BF is II CD ; r 




and •/ Z. ACB = z. DEC, t\ 




/. AC is 1 FE : Ak 


\^ 


/. FACD is a r-7; P 


\f. 


and .-. AF = CD, L 


N\ 


AC = FD. B 


c I 


And •/ AC is || FE, a side of the ^ FBE, 


.-. AB : AF : : bc : ce : 




but AF = CD ; 


• 


/. AB: CD::BC: ce: 




and alty AB : BC : : CD : CE. 




Again, •/ CD is || BF, 




/. BC : CE : : fd : de : 




but FD = AC; 




/. BC : CE : : AC : de. 




and alty BC : AC :: CE : DE j 




but, from above. 




AB : BC : : dc : ce ; 




and /. eaaq.AB : AC : : DC : DE. 




J*, the sides, S^c. 


[Q.B.D.] 
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PROP. V. THEOR. 

If the sides of two triangles, about each of Uieir 
angles, be proportionals, the triangles shall be 
equiangular: and the equal angles shall be those 
which are opposite to the homologous sides. 

Let the ,^» ABC, DEF have their sides : : i«, 

viz, AB: BC::DE : ef, 
BC: AC::EF: fd; 

and.*.er«7.AB : AC:: DE : FD: 

^^ ABC shall he equiang' to .^ DEF, 
and the ^ » w*» are opp. to the 
homoL sides shall he equal, 
viz. Z. ABC = DEF, 
Z.BCA = EFD, 
andZ.BAC = EDF. 
At the pt« E, F, in the | EF, 
!3 1. make . , 

Z. FEG=ABC, andZ. EFG = BCA; 
then is the rems ^ BAC = the remK Z. EGF, 
lx.k^ anjl .•. ^:^ ABC is equiang' to ^^ GEF : 

\,i' .•. the sides opp. to the equal Z. • are : : ** ; 

and .'. AB : BC : : GE : EF : 
ayp. hut AB : BC : : DE : EF ; 

„,5. .'. DE:EF::GE:EF; 

f . e, DE and GE have each the same r^ to EF ; 
1.5. and .-. DE = GE: 

sim»y DF=:FG: 

hence, in the two ,^» DEF, GEF, 

{side DE = GE, EF is com., 
and hase DFrshase FG; 

.*. the Z. • of one .^ = the Z. • of the other, 
1 1 each to each. 
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viz. L DEF = GEF, DFE = GFE, 

andEDF=EGF: 4.i. 

and V ZDEF = GEF, 
and also Z. GEF s= ABC ; coutr. 

/. ZABC = DEF: ax.i. 

Mm»yZ ACB = DFE, 
andZBAC = EDF; 
/. -^ ABC is equiang' to .^^ DEF. 

/. i/the'Side9, Sec. [q. e. d.] 



PROP. VI. THEOR. 

If two trianglei have one angle of the one equal to 
one angle of the others and the eidee about the 
equal angles proportionals, the triangles shall be 
equiangular, and shall have those angles equal 
which are opposite to the homologous sides. 

In the ^^^ ABC, DEF, let Z. BAC = Z EOF, 
and also let the sides about these Z. ' he : *J% viz. 

BA: AC:: ED: df: 

the ,^^* shall he equiang', and shall have 

Z. ABC =: DEF, and ACB = DFE. 

At the pw D, F, in the I DF, make 

Z.FDG=:Z.BACorEDF;andZ.DFG = ACB:23.i 
then is the rem? Z. at B = the renis Z. at G ; 32. i. a 
and .*. ^^ ABC is equiangf to ^^ DGF : '^''- ^• 

•. BA : AC : : gd : df : 



. • 



but 

BA : AC : : ED : 
ED: DF::GD: 

and/.ED = GD: 
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hence, in the .^» EDF, GDF, 

constr • . / »^^^ E D = Da, DP iB com., 

• I and Z. EDF « GDF, 
/. the rem? ^ • sss the rem? Z. S each to each, 
viz. L DFG=s DFB, and DGF = DEF : 
Constr. bu t Z. D FG = AC B, and DGF = ABC ; 

Ax. 1. .-. L ACB= DFE, and ABC = DEF ; 

312. L& and /. the rem8 Z. BAC = thp remSZ. EDF: 
/. ..i:^ ABC is equlangr to .^ DEF. 

if two triangles, 6^c, [q. e. d.] 



• • 



PROP. VII. THEOR. 

If two triangles have one angle qfthe one equal to 
one angle of the other, and the sides about two 
other angles proportionals ; then, ifet^h qfthe 
remaining angles he either less, or not less, than 
a right angle, or if one of them be a right angle ; 
the triangles shaU he equiangular, andshaU have 
those angles equal about which the sides are pro* 
portionals. 

In the two ,^* ABC, DEF, let one Z. = one Z. , 
viz. Z. BACsEDF, and let the sides about two 
other Z. « A3C, DEF be : : »«, so that 

AB : BC : : de : ef : 

and, first, let the rem«Z. • at C, F be each < ar*Z. 
.^ ABC shall be equiangr to .^ DEF, viz. 
Z ABC = DEF, and Z ACB = DFE. 

For, ifzi ABC be ^ DEF, 
one must be > the other: 
let 
at the 



r or, u z. AiJU be ;t vias}, a 

i must be > the other: y\ D 

ABC be the greater ; and y^-^ ^K 

the pt B,in | AB, make r^ T^ 
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Z.ABG=:DEF: then, aa. i. 

•.• L BAC = EDF, and L ABG = DEF ; Hyp. 

/. the rem? L AGB == the remK L DFB> ». i, h 
and .% ,<^ ABG is equiang^ to .^ DEF : 



AB : BG 
but, by hyp., AB : BC 

AB : BG 



Ax. 3. 



DE:EF: 4.6. 

DE : EF : 

AB : BC, 11.5. 

t. e, BG, BC have each the same r® to AB, 

and /. BC = BG, «. »• 

/. ZBCG=BGC: »• »• 

but, by hyp., Z.BCG<art/.; 

.•.Z.BGC<artZ; 
and .\ the a^jt /. AGB > a rt/. : i». i. 

but, from above, Z. AGB = DFE ; 

/. Z.I>FE>ariZ.: 

but, by hyp., Z.DFE<artz., 

ut. L DFE is both > and < a rt^ : 
w** is absurd : 

.% L ABC is not zfi DEF, 
t.c.Z ABC = DEF: 
and Z. BAC = EDF : Hyp- 

/. the rem8 L ACB = the rem? L DFE, ^li * 
and ,i^ ABC is equiang^ to DEF. 

Next, let each of the Z.* at C, Fb6<artZ: 
in this case, .^^ ABC shall be equiang' to ^^ DEF. 

The same const^ being made, it may, in like 
manner, be proved that 

BC = BG, A 

and :. L BCG = BGC : y^ D 

but Z BCG<artZ; ^C-^ ^1 Hyp 

.•./.BGC<artZ, T^Q EF 
t. c. two Z • of ,^ BGC are together <two l-^Z. • ; 

w^ is impossible : 17vK 

T 2 
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5.1. 
Hyp. 
Ax. I. 



17.1. 



aiid /. it may be proved, as in the 1^^ case, that 
^A ABC is equiangr to DEF. 
Lastly, let one of the Z. * at C, F, viz. the Z. at C, 
be a r*Z. : in this case also the ,^» shall be cqui- 
ang' to each other. 

For, if they be not, at the 
p' B, in the | AB, make -q 

ZABG=DEF: 
then it may be proved, as in 
the V^ case, that 

BG = BC, E, 
and /. Z.BCG==BGC: 




but Z. BCG is a rt ^ ; 

/.alsoBGCisartZ.; 
and /. two Z. *of .^ BGC are together 41 two r* Z ^« 

w^ is impossible : 
/. ^^ ABC is equiang' to DEF. 

if two triangles, S^c. [q. e. d.] 






PROP. VIII. THEOR. 

In a right-angled triangle, if a perpendicular be 
drawn from the right angle to the baeet the 
triangles on each side of it are similar to the 
whole triangle, and to one another. 

Let ABC be a r^Z.**-^, having ther«Z. BAG: 
and from p^ A let AD be drawn J_ to the base BC : 
thc.^« ABD, ADC shall be ^ 

sim' to the whole ,^^ ABC, 
and to one another. 

For,inthc,d:^«ABC,ABD, b 
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. r the r« Z BAC == th6 r' Z ADB, Ac. 1.1. 

* \ and the Z. at B is com. to hoth^ 
/. the rem^Z. ACB = the remKZ. BAD : ^j^\^ 
/• the ,<^ ABC is equiang' to .^ ABD, 
and the sides about the equal Z " &^ ! I ^'9 4.B. 

and /, the ^^« are aim' : Dcr.i.a 

in the like manner it may be dem*^ that 

^A ADC is equiangr and sim' to .^^ ABC. 

And^ 
•/ the ^^ » ABD^ ACDare both equiang' and aim' 

to ABC, 
.*. they are eqiuangi" and sim' to each other. 

.% in a right-angled triangle, 6^c. [q. e. d.]| 

Cor. — From thisit is manifest that the X drawn 
from the r*Z of a r^Z **-^ to the base is a mean 
: : 1 between the seg^ of the base, and also that each 
of the sides is a mean : : ^ between the base and the 
segt of it a4j^ to that side : 
for, in the .^s BDA, ADC, 

BD ; DA : : DA : DC ; 4. g 

and in the .^« ABC, DBA, 

BC.BA:: BA; BD ; 4.6. 

and also in the .<^» ABC, ACD, 

BC: CA::CA: CD. 4.6. 



PROP. IX. I^ROB. 

Fmm a given straight linetocut off any part required. 

Let AB be the given ) ; it is req^ to cut off any 
part from it. 

T 3 
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From the p^ A draw a | AC, making any ^ with 
AB ; and in AC take any p* D, and j^ 
take AC the same mult, of AD, that 
AB is of the part w>^ is to he cut ofF F^ \n 
from it ; join BC, and draw D£ || BC : 
A£ shall he the part req<> to he cut off. 

For, i? 



•/ ED is II BC, a side of ^^ ABC, 
«.«. /. CD: DA:: BE: EA; 

18. s. and compo, c A : DA : : BA : EA : 
CoMtr. but C A is a mult, of AD : 

o. 5. and .*• BA is the same mult, of AE : 

/, whatever part AD is of AC, 
AE is the same part of AB. 

•% from the straight line AB t> cutoff the part 
required. [q.i£.f] 



/<»»«<»A»»i^^»# 



PROP. X. PROP*. 

To divide a given straight line similar Ig to a gitfen 
divided straight line, that is, into parts that shall 
havetlie same ratios to one another whichihe parts 
of the given divided straight line liave. 

Let AC be the given div<» |, and AB the | to be 
div<* : it is req** to divide AB sim'x to AC. 

Let AC be div^ in the p** D, E ; ^ 
place AB, AC so as to contain /\ 
31. 1. any Z. Join BC, and through D, E F/ 
draw DF, EG ||« to BC : AB shaU ^f 
bediv<*inthepi«F, GsimiytoAC. k ^ ,, 

Through D draw DHK || AB, 
then each of the ligs FH, HB is a/ — 7^ 
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and /. DH = FG, HK = GB : u. i. 

but •.• HE is II KG, a side of^^ DKC, 

.-. CE; ED::KH : HD; *& 

andKH = GB, HD=:FG: 

.•. CE : ED : : bg : fg : 7. v 

again, •/ FD is || GE, a side of ^x^ AGE, 

.-. ED: DA:: GF: FA: «•«• 

and, from above, 

CE: ED::BG: fg. 

.*• the given straight line AB is divided simi' 
larly to AC. [q. b. p.] 
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PROP. XI. PROB. 

To find a third proportional to two given straight 

lines. 

Let AB, AC be the two given |*: 
it is req** to find a third : : Uo them. 

Place AB^ AC so as to contain 
a"y Z ; prod, them to the pt» D, E ; 

and make BD = AC ; join BC, 

and through D draw DE || BC : D K 3,.,. 
CE shaU be a third : :» to AB, AC. 

For, V BC is ;| DE,asideof,^ADE, 

.•. AB : BD:: AC : CE: 2-Gl 

but BD=:AC; 

/. AB : AC : : ac : ce. 7. s. 

.*. to the two given straight lines AB, AC, ii 
found a third proportional C E. [q. e. f.J 
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PROP. XII. PROB. 

To find a fourth proportional to three given straight 

lines. 

Let A, B, C, be the three given |* : it is req<* to 
find a fourth : : ^ to A, B, C. 

Take two |« DE, DF, containing any Z. EDF : 

a.1. on them make DG = A, 

GE = B, and DH = C; 

joinGH, and through E draw 

81. 1. £F II GH : HF shall be a 

fourth : : 1 to A, B, C. 

For, 

•/ GH is II EF, a side of .^ DEF, 
».« .-. DG: GE::DH : HF: 

butDG = A,GE = B,DH=:C; 

^»- /. A:B::C: hf. 

And •*• to the three given straight lines A, B, C, 
is found a fourth proportional HF [q. e. p.] 
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PROP XIII. PROB. 

To find a mean proportional between two given 

straight lines. 

Let AB, BC be the two given |* : it is req^ co 
find a mean : : ^ between them. 

Place AB, BC in one | ; on ACdesc thej © ADC; 

and from the p^ B draw BD at 

11. 1. rt Z 8 to AC : BD shall be a 

mean : : > between AB and BC. 

Join AD, DC: then the 

«.a. /, AT>C in a "I © is a H Z : 
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anil •.• in the r^ Z.^ .^ ADC, there is drawn from 

the r*Z. a_L BD to the base, 
/, BD is a mean : : > between AB, BC, the seg<» of «or- 

the base, 

.\ between the tvoo given straight lines AB, BC, 
a mean proportional DB is found, 

[q. e. f.] 



PROP. XIV. THEOR. 

Equal parallelograms, which have one angle of the 
one equal to one angle of the other, have their 
sides about the equal angles reciprocally pro- 
portional: and parallelograms that have one 
angle of the one equal to one angle of the other 
and their sides about the equal angles recipro* 
cdUy proportional, are equal to one anotlier. 

Let AB, BC be equal/ 7% and let them also 
have the ^ ^ at B equal : the sides about these 
equal Z. • shall be reciprocally : t ', viz. 

DB : BE : : GB : bf. 

Let the sides DB, BE be placed in the same |, 
whence also* FB, BG will be in one | ; and com» m, i, 
plate the ZZI7.FE: then, 

* Pyhj-p. DBF«ZGBE; 

addtoeachZFBE; "^P* 

then. 21« (DBF +FBE)«=Z(GBE+FBE); ^^^ 

butZ»(DBF+.FBE)=stwort2l«; i-* i 

. . /J (GBK + FBE) - two rt ^* ; ^ |^ 

and .*. FB, BG are in the uuue | • ' I ^*|^* 
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7.5. 
1.6. 



1I.5. 



1.5. 



11.5. 



9.6. 




V/ZI7AB=/ZI7BC, 

and that FB is another ZZZZ, 

/. AB : FE : : BC 

but AB : FE : : baseDB 
audBC : FE::ba8eGB 

/. DB : BE : : gb 

/, the sides of theZZ^ AB, BC about their 
equal Z. • are reciprocally : : K 

Next let the sides about the equals.* he 
reciprocally : ; ^, viz. 

DB : BE : : gb : bf : 

then shall / — 7 AB = / — 7 BC. 
For, 



•.• DB : BE 
and DB : BE 
and GB : BF 

/. AB : FE 



GB 
£Z7AB 
CZ7BC 
BC 

i.e. AB, BC have each the same ro to FE ; 
and /. CZ7 ABz=cI7BC, 



BF; 

£Z7FE, 
C^FE: 
FE; 



/, equal-paratlelograms, S^c, 



[q. b. d.] 
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PROP. XV. THEOR. 

Equal triangles which have one angle of the one eqml 
to one angle of the other, have their eides about 
the equal angles reciprocaUg proportional : and 
triangles which have one angle in the one equal 
to one angle in the other, and U^eir sides about 
the equal angles reeiproeaUg proportional, art 
equal, to one another* 



paop. XY. 
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14.1. 



Let ABC^ ADG be equ^l ^% and also let 
/ BAC= L I>AE : the sides about theequalZ* 
of tbe,^' shall be reciprocally : : i^ i\%, 

CA: AD::EA: AB. 

Let the ^^^ be placed so that 
their sides CA^ AD be in one | ; 
whence also, £A, AB will be* in 
one |; and join BD: then, 
•.' ^^ ABC = .^ ADB, 
and that ABD is another ^^, 

/.^^ABC : .-r^ABp :: .x\ ade : ^A»p,7.5. 

but^i:\ ABC : ^ ABD :; base AC : AD, i.a 
aiid.::^ADE: .c-iriABP ::base AB: AB: i.«. 
/.AC; AD :: AE :AB: ii.a. 
.-. the sides of the ..^ ABC, ADE about the 
equal Z. " are reciprocally \ \ ^. 

Next, let the sides of the ^^* ABC, ADE about 
the equal Z. ' be reciprocally proportional, viz. 

CA: AD::EA: ab: 

then shall ..xi ABC = ^^ ADE , 
Join BD as before, then. 



■ • 



CA 

and CA 
and EA 

/.^ilABC 



AD : : EA 
AD ::^ABC 
AB : : .irrxEAD 

--:\BAD::^EAD 
•.^..^•ABC, AED have each the san^er'to BAD, 

and .% ^^ ABC =: ^^ AED. 9. 6. 



AB; 
BADii.6. 
BAD: 1. 6. 
^BAD, 11.5. 



/• &^umI triangles, S^, 



[q. e. d.^ 



* Sae the note to the last propoiltlon. 
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PROP. XVI. THEOR. 



If four straight lines he proportionals, the reetanglt 
contained by the extremes is equal to the rectangh 
contained by the means : and if the rectangle con- 
tained by the extremes be equal to the rectangh 
contained by the means, the four straight Una 
are proportionals. 

Let the four |» AB, CD, E, F, be : : \ viz. 

AB: CD::E: F: 

then shall the rect. AB. F = the rect. CD. E, 



From the p«s A, Cdraw AG, E 




"'• CH at rt Z» to AB, CD, F- 
^•>- inakingAG=F,CH=E; and C 
3»- «• complete/dZT* BG, DH : then, 

'.• AB : CD : : E : f, _ 

and that E=CH, F = AG, A 

7*- .-. AB: CD:: ch: AG: 

/. the sides of theCZTBG, DH, about the equals' 
are reciprocally : : ^ ; 
!<• 6 and .-. dJ BG =Z=7 DH : 

but, 

BG is contained by the |« AB, AG, of w** AG = F 
DH is contained by the |« CD, CH, of w»» CH = E 
/. the rect. AB. F = the rect. CD. E. 
And if the rect. contained by the ]• AB, F 
be = that contained by CD, E ; these |» are : t ••' 
viz.AB : CD::E : F: 
For the same constr° being made, 
V AGssF, andCH = E, 
.% AB. F = A B. AG = /=7BG, 
and CD. E = CD. CH=:ZZ3^DH: 



PBOP. XVI. XVII. 
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Ax. I. 



but, by hyp., AB. F = CD. E : 

and these CUT* are equiang*' : 
but the sidet about the equal Z ' of equal 

are reciprocally : : ' : 14. 6 

AB: CD::CH: AG: 
butCH = E,AG==F; 

AB:CD::E:F. 7.». 



• • 



.'. iffnir S^e. 
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PROP. XVII. THEOR. 

^J" three straight Knes be proportionals, the rectangle 
contained by the ewtremes is equal to the square 
of the mean: and if the rectangle contained by 
the extremes be equal to the square qf the mean, 
the three straight lines are proportionals, 

Letthree|»A,B,C,be::i%viz.A : B::B : C: 
then shall the recL A. C = B^. 



A- 
B- 




TakeDssB: then, 

VA:B::B:c, 

and that D=B, C- 

.\ A: B::D: C; 

.•. therect.A.C=B.D: 
but •/ B = D, 
B.D = B2: 

.'. therect.A.C = B2. 

Next, let therect. contained by A,C=: the sq.ofB: 
tbenshaUA,B,Cbe::i%QrA; B\\^: C. 

u 
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For, the same constri^ being made, 

V B = D, 
/. therectB.D = B2: 
battherect. A.C = B2: 
/. the rect A. C = therect. B. D; 
16.6. /. the four |» A, B, D, C are::i», 

or A: B::D : C; 
butD = B, 

.% if three straight lines, S^, [q. e. d.] 
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PROP. XVIII. PROB. 

i^lHm a given straight line to describe a recHUneal 
figure similar and similarly situated to a given 
reetiHneal figure. 

Let AB be the given |, and CDEF the given 
recti Bg. of four sides : it is req^ to desc on AB a 
recti fig. sim>^ and sim^y situated to CDEF. 

Join DF, and at the pt» A, B, in the | AB, 
28. 1. make Z. BAG=DCF, /_ ABG=CDF ; 
J2. 1. & then will the rem? /. AGB = the rem? Z. CFD j 
Ax. 3. and /. ,x\ FCD be equiang^ to ^i:\ GAB : 

again, at the p^ G, B, in the | GB, 
23. 1. make Z BGH = DFE, Z. GBH = FDE ; 

then will the remK/. FED = the remK/. GHB 
and .\ ^y\ FDE be equiang' to .^ GBH : 

and, V L AGB = CFD, L BGH = DFE, 
Ax. 2. .*. the whole L AGH = the whole L CFE ; 



PROP. xvni> SI9 

for the same reason^ 

ZABH=Z.CDE: 
also, /.BAG =DCF, jC^ /\ F. 1^ Coortr. 




and /.GHB = FED: 
/. the recti fig. ABHG 
is equiang"^ to CDEF. 

Likewise, thesidesofthesefig^abouttheequal /. » 
are : t '* : for 
•/ .^ GAB is equiang' to.^ FCD, 

BA : AG::DC : CF, 4.6. 

AG : GB : : cf : fd ; 

also, •/ ^^ BGH is equiang' to ,^ DFE, 
GB: GH::FD; FE; 
but AG ; GB ::CF : FD; 
/. eof isq. AG : GH :: CF : FE : 22.5. 

and in the same manner it may be proved 
that AB : BH :: CD : DE ; 
and GH : HB : : FE : ED. 4.6. 

Hence, therect» fig* ABHG, CDEF are equiang' 
and the sides about their equal /. » are : I ^ ; 

and •*. the fig" are sim>^ to each other. De£i.6 

Next, let it be req** to desc. on a given | AB, 
a lect^ fig. sim', and^sim^y situated, to the rect^ fig. 
CDKEF of five sides. 

Join DE, and by the preceding case, desc. on the 
given I AB the rect* fig. ABHG sim' and sim^y 
situated to the quadrilateral fig. CDEF : and at the 
p» B, H, in the | BH, make 

Z HBL = EDK, Z. BHL = DEK : 
then willtheremKZ atK=the rem8/lat L: ^^^3* 

u 2 
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and •/ the fig. ABHG is sim' to CDEF, 
Drf.1.6, .-.ZGHBsrrFED; 

CoMtr. andZ.BHL=DEK; 

/. the whole ^ GH L = the whole FBK : 
for thesamerPHson^ l_ ABL = CDK : 
/. the five-^dedfig>A GH LB,CF£KDareequiaiig< 
and */ fig. AGHB is sun' to CF£D, 
Deii.6. /. GH:HB::FE:ED; 

4.6. hut HB : HL :: ed : EK ; 

M.6. .•. Mtaq. GH : HL:: FE : EK: 

for the saine reason^ 

AB: BL::CD: dk: 

and V .i^^l^lA is equiang' to^^DKB, 

4 6. /. BL: LH::DK: ke. 

Hence, thefive-sided fig* AGHLB.CFEKDn 
equiangr, and their sides ahout the equal L *are : : ^ 
and /• the fig* are sim' to each other. 

In the same manner a rect^ fig. of six sides mi 
be desc^ on a given | sim' to one given, and so on 
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PROP. XIX. THEOR. 

Similar triangles are to one another in the dup 
ratio of their homologous sides. 

Let ABC, DEF he two sim' ,^«, i 
^B=ZE,and AB : BC::DE : EF; t 
P«f. 12. the side BC may he homoL to EF : .^ AB 
** have to DEF the dupl. r« of that w*» BC has 



PROP. SIX. XX. S21 

Take BG a third : : ^ to BC, EF, bo that n .6l 
BC : EF : : EF : BG ; ami join GA : then. 



V AB : BC 
.-. AB : DE 
butBC : EF 
.-. AB : DE 





DE : EF, 

BC : EF: 

EF : BG; 

EF : BG: ^ 

/. in the^^»ABG, DBF, B G C E F 
the sides about the equal /. » are reciprocally y,^; 

and .'. ^i:::\ ABG^^^DEF. ' is. 6. 

And^ V BC : EP : : EF : BG, 

and that, if three |« be : : \ the l*' is said to have to Jl*"^* ^^ 
the S^ the dupl. r« of that wh it has to the 2n<* ; 
.'.BChastoBGthedupLroofthatw^BChastoEF: 

Imt.^ ABC : ^^ABG : : BC : BG : »• *• 

.*. ^^ ABC has to^^ABG the dupl. ro of that 
w>> BC has to EF : 
bat ..^ ABG = ,x\ DEF ; 
/. also^i^ABC has to..s::lDEF the dupl. r® of 
that wh BC has tp EF. 

.% similar triangles^ 8^, [q. e. d.] 

Cor. — From this it is manifest, that if three |« 
be :: Is, as the l** is to the S«^, so is any ,^ on the 
l8t to a sim' and sim^y desc4,^ on the 2"*^ 
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PROP. XX. THEOR. 

Similar polygons may he divided into the same num» 
her of similar triangles, having the same ratio to 
one another that the polygons have; and the 
polygons have to one another the dupUeate ratio 
9f ^ai which their homologous sides hone. 

u 3 
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Let ABCDE, FGHKL be aim' polygons, tt 
let ABbe the side homol, to FO ; the polygons may 
bediv^into the sanieu'*ofsiiii',i^', whereof each 
shall have toeaclithe same r*'w''tlie polygons have; 
and the polygon ABCDE shall have to FGHK~ ^ 
the dupl. T« of that w>> AB has to FG. 



D C 



K H 



f 



Join BE, EC, GL, LH : then, 

V thepolygonABCDEiBBim'toFOHKL J 
0. .-, iBAE=zGFL, 

6. and also BA : AE::GF: FL, 

f.e.onez. of,^ABE = onei of^^FGL, 
and also the sides about these equal Z * are '.'.'' 

.'. -ii ABE 13 equUngf to,^ FGL, 
and /, tl!e,i:i' are sim' to one another : 
and,V ^^ABE is sim' to^iiFGL, 
5. .-. i ABE=£ FGL; 

also ■.■ the polygons are sim', 
,-. the wholes ABC = thewholei FGHd 
.-. tlic renins EBC = the rems Z LGH^ 
and V ^iiABE in sim' to^i FGL, 
,<l .-. EB : BA::LG ; GF; 

and also •,■ the polygons a'e sim'', 
.0. /. AB: BC:: FG; GH; 






e. thesidet 



: BC:: LG : gh, 

.abouttheequaIZ.'EBC,I.GH8re:: 

EBC is Ei\ui;in;[^ ai 
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for the same reason^ 

^^ ECD is equiangr and sim"^ to.«^LHK : 

and /. the sun' polygons ABCDE, FGHKL are 

div** into the same n9 of sim"^,^^". 

Also^ these ^^* shall have^ each to each^ the same 
x« w^ liie polygons have to one another, the ante- 
cedents heing ABE^ £BC^ ECD^ and the conse- 
qnentsFGL^LGH.LHK: andth^polygonABCDE 
shall have to FGHKL the dupL ro of that w*" the 
side AB has to the homoL side FG. 

For, •/ ^i^ ABE is sim' to^c^::! FGL ' 

/• ABE has to FGL the dupL lo of that 19. 6, 

w^ the side BE has to the side GL : 

fmr the same reason^ 

.^ BEC has to GLH the dupL i« of that 
w*" BE has to GL : 
and /. .^ ABE : FGL : : BEC : GLH. lua, 

Again, 
V ..^EBCi8sim'to.i^LGH, 
.*• EBC has to LGH the dupL ro of that 
w^* the side EC has to the side LH : 
for the same reason, 

^xA ECD has to LHK the dupL ro of that 

w^EChastoLH: 
/. ^i:\ EBC : LGH : : ECD : LHK : n. ft. 

but it has also been proved that 

.^EBC : LGH : : abe : fgl ; 
.-. .^ ABE : FGL : : ebc : lgh 

::ECD ; LHK: 
and .% as one antecedent is to its consequent, is. s. 
so are an the antecedents to all the consequents; Le. 
polygon ABCDE ; FGHKL: *. -^\B^ \ YCA.% 
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19.6. but^x^ AB£ has to FGL the dupl. ro of that 
w^^ the side AB has to the homoL side FG ; 
and .-. polygon ABODE has to FGHKL the dupL 
ro of that w^ AB has to the homoL side FG. 

/• similar polyfftmf, S^. [a. £• d.] 

Cor. 1 — In like manner it may be prored that 

sim' four-sided fig^, or of any no of sides^ are one 

to another in the dupL ro of their homoL sides : 

19. 6. and it has already been proved in the case of ^^ * : 

,% universally^ simi" rect' fig^ are to one another in 

the dupl. ro of their homoL sides. 

Cor. 2. — And if to AB, FG, two of the homol. 
11. 6. sides, a third : ! ^ M be taken, 

Def. 10. ^3 |,ag to M the dupL r« of that w»» AB has to FG: 
but the four-sided fig. or polygon on AB has to the 
four-sided fig. or polygon on FG also the dupL co 
Cor. 1 . of that w^ AB has to FG ; 

11.5 /. AB : M : : the fig. on AB : fig. on FG : 

Cor. 19. and this was also proved in the case of^A* : 
•• /. universally, if three |« be : : *•, 

as the l*Us to the 3^ so is any rect* fig. on the 1'* 
to a sim' and sim*^ desc** rect* fig. on the S"^, 
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PROP. XXI. THEOR. 

Rectilineal figures which are similar to the same 
rectilinealfigurfin are also similar to one anotlier. 

Let each of the rect^ fig^ A^ B he sim' to the 
recti fig. c : the fig. A shall he sim>^ to the fig. B. 
For, '.• A is sira'' to C, 

/, they are equiang^, 
and also their sides ahout the equal Z. " ai^e : : ' : DeCijS. 
again, 

B is sun' to C, 
.% they are equiang', 
and their sides ahout the 

equal /. • are : : l* : Dcf.i.«. 

.*• the fi^ A, B are each of them equlang<^ to C, 
and the sides about the equal Z. * of each of them 

and of C are : : 1« : 
.*• the recti fig* A and B are equiang**. Ax* i- 1* 

and their sides about their equal Z * are : : i* ; ii. s. 
•'. A is sim' to B. Def.i 6. 

.% rectilineal figures, S^c. [q. e. d.] 




PROP. XXII. THEOR. 

If four straight lines be proportionals y the similar 
rectilineal figures similarly described upon them 
shall also be proportionals : and if the similar 
rectUineal figures similarly described upon four 
straight lines be proportionals, those straight lines 
shaU be proportionals. 
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Let the four |« AB, CD, EF, GH be : : »% 
viz.AB: CD::EF: GH; 
and on AB, CD let the sim'rect* figs KAB^ LCD 
be sim*'' desc<* : and on EF, GH the sim"^ rect' figf 
MF, NH, in like manner : 
then shaU the recti fig. KAB : LCD : : MF : NH 

, 1. 6, To AB, CD take a third : : ' X, 

and to EF, GH a third: '.l O : 
then, •/ AB : CD : : EF : GH, 

u 5. .-.CD: X :: gh :0; 

22.6. .*. ^^9' AB: X :: ef :o: 

Cor. 2. tut AB : X : : fig.KAB : fig. LCD; 

20,6 and EF: 0::fig.MF : fig.NH: 

\U /.KAB: LCD:: mf :nh. 




E FG H P R 
Next 
let the rect» fig. KAB : LCD : : MF : NH : 
then shall | AB : CD : : EF : GH. 

12. c Make AB : CD : : EF : PR, 

]^ 6, and on PR desc. the rect^ fig. SR sim' and sun^ 
situated to either of the fig" MF, NH : 
then, •/ AB : CD : : l^F : PR, 
and that on AB, CD are desc*^ the aim' and aim^^ 
situated recti fig* KAB, LCD, and on EF, PR, in 
like manner, the simi^ rect' fig* MF, 8R ; 
/. KAB: LCD::MF: SR: 
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bat, by hyp. KAB : LCD::MF : NH; 
ue, the rect^ MF has die same i^ to each of the 

two NH, SR, 

and/.NH = SR: 9. ft. 

and these fig" are sim^, and sim'^ situated : 

/. GH = PR : 

and V AB : CD:: EF : PR, 

and chat PR =GH, 

/. AB: CD::EF: gh. 7.8. 

•*• i/fiur itraight lines, S^c. [q. b. d.] 
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PROP. XXIII. THEOR. 

Equiangular paraRdograms have to one another the 
ratio which is compounded of the ratios of their 
sides. 



Let AC, CF be cqniang' ZII7*, having the 
Z.BCD=ECG: the ro ofZHjAC to/HjCF 
shall be the same with the ro w^ is compounded of 
the T^ of their sides. 

Let BC, CGheplaced in a | ; whencealso DC, CE* 
will be in a I ; completeZZI7DG ; and taking any | K, 14. i. 
make K : L : : BC : CG, 12. g. 

andL ; M::DC : CE: 
then the r^^of K to L and L to M are the same with 
thero* of the sides, viz. of BC to CGandDC toCE: 

* See the note to Prop. 14. 6. 



1.6. 



11.5 



ii.n. 
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Def. A. but thereof K to M is that which is said to becom- 
^' pounded of the ros of K to L and L to M. 

/. K has to M the r® compounded A DJji 

of the r«* of the sides : \_ 

and B 

vBC : CG::/ii7AC : czjcb; 

but 

BC.CG:: K :L; KLM 

/. K : L :: cuac : cuCH; 

again, '/ DC : CE : : ZIZ7CH : CZ7CV ; 

but DC : CE : : l : m ; 
.-. L : M y.djCtt : £i:7CF; 

hence, it having been proved, 

that K : L : : ziz7AC : £i:7CH, 

and L : M lldjCtt ; CZDC¥ ; 
22.A. /. exteq.Yi: M ::£Z7AC : CZFCF: 

but K has to M the ro w'^ is compounded of the i^** 

of the sides : 

/. also/lZZAC has toZZjCF the r« w^ is 

compounded of the r®* of the sides. 

•\ equiangular paralMogramSj S^e. 



PROP. XXIV. THEOR. 

Parallelograms about the diameter of any parol" 
lelogram, are similar to the w/tole, and to one 
another. 

Let ABCD be a CZJ of w»» th^ diam' is AC; 
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and EG, HK 1 — 7 » about the diaxni^ : these ZZZT' 
shall be sim'' to the whole > — 7 ABCDj and to one 
another. 

For, vDCisllGF, 
/. L ADC = L AGF ; ^/\/f L 29. 1. 




and •/ BC is || EF, 

.\ L ABC= L AEF : 

also D K C 

•/ the L "BCD, EFG are each = the opp. L DAB, 34. i. 

/. Z.BCD=Z.EFG; 
and .'. ZZI7ABCD is equiang' to/ZiyAEFG: 

again, V L ABC= L AEF, 
and Z. BAG is com. to the two ,^8 BAG, EAF, 

.•, these ..^rA* are equiangi' to one another ; 
and /. AB : BC : : AE : EF : -» 6. 

and the opp. sides of / 7 » are = one another ; 34. i. 
whence AB : AD : : AE : AG ; 7. 5. 

and DC : CB::GF : FE, 
and also CD : DA: : FG : GA : 
ic, the sides of the / — 7» ABCDj AEFG about 

the equal Z. ■ are ! I ** ; 
and .*. these r^ » are sim*" to each other. ^^^-^ ^ 
for the same reason, 

cm ABCD is sim' toZ=7FHGK : 
and .-. each of the^r:^ GE, KH is sim' to DB: 
but rect^ fig^ w^ are sim' to the same rect^ fig. are 

also sim' to each other ; 21. 6. 

and .•. CZJ GE is sim' toZHjKH. 

,'. pa7'aUelogramSf S:c» [q. e. d.] 
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PROP. XXV. PROB. 

To describe a rectilinealfyure which shall be simUar 
to one, and equal to another given rectilineal 
figure. 

Let ABC be the given rect^ fig. to w^ the fig. 
to be desc^ is req^ to be sim^j and D that to w^ it 
must be equal : it is req^' to desc. a rect^ fig. sim' 

to ABC and =D. 




Cor. 45. On the | BC desc. theZIIZBE = the fig. ABC; 
Cor. 45. also on CE desc theZZZJCMssD, and having 
'* Z.FCE=ZCBL: 

& il: 1 . then BC, CF will be in one |, as also LE and EM * : 

Constr. ♦ By constm, ^ FCE « /_ CBL ; 

addZ^CI^toeach; 
Ax. 2. .'. Z" (FCE + ECB) « Z» (ECB -^ CBL) 

29. 1. but Z» (ECB + CBL) « two K Z» « 

Ax. 1. .•. Z" (FCE + ECB) « two rt Z" ; 

14. 1. and .*. BC, CF are in the samel 

Again, ••• Z LBC — Z FCE, 

84. 1. and that Z LBC » the opp. Z LECt 

Ax. I. .-. Z LEC — Z ECF; 

add Z CEM to each ; 
then Z" (I'EC + CEM) « Z» (ECF + CBM): 
89. 1. but Z" (KCF + CEM) — two r* Z" ; 

Ax. 1 .'. Z* (LEC + CEM) = two rt Z" ; 

14. 1. and .*. LE, KM are In the samel. 
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between BC and CF find a mean : : i GH^ and 13. s. 
on GH desc the rect^ fig. KGH sim^ and shn^y 

situated to the fig. ABC. is* 6. 

Then, •/ BC : GH : : GH : CF, 

and that, if three |* be : : l«, 
as the 1»' is to the 3^, so is the fig. on the I** Cor. ». 
to the sim^ and sim** desc^ Rg. on the S"** ; 20. 6. 



.-. BC 
but BC 
.-. fig. ABC 



EF; 1.6. 
EF: 11.5. 



cp : : fig. ABC : kgh : 
cp : : dj BE : 
KGH :: £Z7BE: 

and the rect' fig. ABC =£Z7BE ; 
/. the recti fig. KGH = £Z7EF: 

but EF = thefig.D; 

/. also KGH = D, 
and it is sim>' to ABC. 

•'• the rectilineal figure KGH has been described 
timUar to the figure ABC and equal to D. 

[q. e. f.] 



Constr. 

14.6. 

Constr 
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T/two similar parallelograms have a common angle, 
and he similarly situated, they are about the same 
diameter. 

Let theZZI7» ABCD, AEFG be sim' and sim'^' 
situated, and have the Z. DAB com. to both : the 
J» shall be about the same diam^ 

X 2 
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For, if not, let, if possible, 

dJ BD have its diam' AHC 

in a different | from AF, the 

diam'of£Z7EG, and let GF 

meet AHC in H ; and through H 
u. 1. draw HK || AD or BC : then, 

*.' £Z7* ABCD^ AKH6 are about the same diam^, 
'3A, 6. .*. they are sim'' to each other ; 

Def.i & and /. DA : AB : : GA : AK: 

Hyp. hut •.' ABCD, AEFG are sira'ZZIT', 

DA : AB : : ga : ae ; 
11. 5. /. GA : AE : : GA : ak, 

t. e. GA has the same ro to each of the |* A£, AK 
9.8. and/. AK=AE, 

or the less = the greater, 
w^* is impossible ; 

/• ABCD, AKHG are not about the same diamS 
/. ABCD, AEFG must be about the same diam', 

.*• iftiDO similar, <^c. |^q. e. d.] 

To understand the three following propositions* 
more easily, it is to be observed, that 



1. A / — 7 is said to be applied to a |, when it is 
desc*' on it as one of its sides ; cx.gr, theZI^AC 
is said to be applied to the | AB. 

2, But a / — 7 AE is said to be applied to a | AB, 
deficient by a/II7> when AD, the base of AE, 
is < AB, and /. AE is < the CZJ AC desc* 



* These three propotitions are leldom read in the UnlTersity. 
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on AB in the same /I, and ^ p 

between the same \\*, by the 
/ — 7 DC: and DC is /. called 



the defect of AE. A, D B F 

3. And a / — 7 AG is said to be applied to a | AB, 
exceeding by a dU, when AF the base of AG 
is > AB, and /. AG exceeds AC, the £ZZ7 desc** 
on AB in the same /. , and between the same ||8, 
by theZII7BG. 
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PROP. XXVII. THEOR. 

Of aU parallelograms applied to the same straight 
line, and deficient by parallelograms, similar and 
similarly situated to that tr/UcA is described upon 
the half the line; that which is applied to the 
half, and is similar to its defect, is the greatest^ 

Let AB be a | div^ into two equal parts in C ; 
and let the / — 7 AD be applied to the half AC, 
w** /. is deficient from the / 7 on the whole | AB 
by the/ — 7CE upon the other half CB : of dl the 
CUP applied to any other part of AB, and deficient 
by / — 7 8 that are sim' and sim^^ sitoated to CE, 
AD shall be the greatest. 

Let A F be any r~l applied to AK, any other 
part of AB than the half, so as to be deficlewlixo^Sk 

X 3 



Firet, let AK, tbe Uae of AF, 

be > AC, die half of AB: 

V £Z7CE u Mm' to I — 7KHj 

,*, the; are about the sune djun'; 

djaw this diitn'' DB, «nd 

complete die scheme : then, 

add KH to both : 

.% the whole CH = tbe whole KB: 
but ■/ thebaseAC=thebueCB, 
.-, CH=CG; 
J— ? CG=KE; 
add CF to both; 

thenthewho1eAF = lhegnomoii CHL; 
.-, CB, or thed7AD, b > the/ — ^AF. 

Next, let AK be < AC : g FM 

then, the same conatr° being made, 
BC = CA, 
HM = MG; 
.-./ — 7DH = r~-7T)G; 
and.-. DH>LG: 

btitDH=DK; 
DK>LG: 
add AL to both: 

then the whole AD > the whole AF. 
,'. <ifaUparaIleIagram*applitd, ifc. 
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PROP. XXVIII. PROB. 

To a given straight line to apply a paraUelogram 
equal to a given rectilineal figure, and deficient 
hy a paraUelogram similar to a given paralleUh- 
gram : but the given rectilineal figure to which 
the paraUelogram to be applied is to be equal, 
must not be greater than the parallelogram ^.s, 
applied to half of the given line, having its defect 
similar to the defect of that which is to be 
applied^ that is, to the given paraUelogram. 

Let AB be the given |^ and C the rect^ fig. 
to w** the / 7 to be applied is req** to be equal, 
w^ fig. must not be > the £ZI7 applied to the half 
of the |, having its defect from that on the whole | 
8im>^ to the defect of that w^ is to be applied ; and 
let D be the /"— 7 to w** this defect is req** to be 
sim': it is req** to apply to the ) AB a / 7 wh shall 
be = the fig. C, and be deficient from the / 7 
on the whole | by a^ZJsim"^ to D. 

Div. AB into two equal H C O F lo. i. 

parts in the p' E, on EB \ J\\\ 

desc / — 7 EBFG sim' and t \ ^ y\ r ^^'^' 

sivo}^ situated to D, and com- \ \ VA 

plete£Z7AG, wh, by the A jE S B 
determination^ must either 
be = C, or>it. 

If AG = C, then what 
was req*^ is already done: for, on the | A Bis applied 
theZIZ7AG = the fig. C, and deficient by the 
/ — 7EF sim' to D. 



Z^^l^a 
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But if AGbeiyfcC, itis>it: 

36. 1. and £F 18= AG ; 

.•. also EF is > C. 



25 6. Make the £Z7 KLMN == the excess of EF 
above C, and sim^ and sim^^ situated to D : then 
Constr. '.* D is sim' to £ F, 

21.6. .*. alsoKMissim'toEF: 

let KL be the homol side to EG, and LM to GF : 

EF = CH-KM, 
EF > KM ; 
.-. I EG > KL, 
and GF > LM: 
3. 1. make GX = LK, GO = LM, 

31 . 1, and complete / 7 GOP : 

then XO is = and sim*" to KM : 
butKMissim'toEF; 
/. also XO is sim' to EF ; 
26. 6. and .*. XO and EF are about the same diami": 
let GPB be their diam% and complete the scheme. 

Then, V EF = C-f KM, 
of w^, the part XO = the part KM, 
Ax. 3. /. the rem^ ERO = the rem' C ; 

43.1. Again, V0R=:XS, 

/. the whole OB = the whole XB : 

but •/ the base AE = the base EB, 

36.1. ,•. XB = TE; 

^^^ /. alsoTE = OB: 
add XS to each, 

then, the whole TS = the gnomon ERO 
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but, from above, ERO = C ; 
/. al8oTS = C. 

.*. the parallelogram TS, which is equal to tJie 
given rectilineal figure C, is applied to the given 
straight line AB deficient by the parallelogram SR, a^* 6. 
similar to the given one D, since SR is similar to 
EF. [q. b. F.l 



PROP. XXIX. THEOR. 

To a given straight line to apply a paraUelogram 
equal to a given rectilineal figure, exceeding by 
a parnllelogrom similar to another given. 

Let AB'be the given |, C the given rect* fig. to 
w^ the £Z7 to be applied is req** to be equal, and 
D the£ZI7to w'» the excess of the one to be applied 
above that on the given | is req^ to be sim'' : it 
is req<* to apply to the given | AJB a / 7 wh shall 
be = the fig. C, exceeding by a / 7 sim' to D. 

Bis* AB in the pt E ; on EB desc. thedZEL »»• *• 
simi' and simi- situated to D ; and make the '^- ^ 
CZJGU = EL -f C, and sim' and sim^J situated 25. 6. 
to D ; whence also GH is sim' to EL : let KH be2i. 6. 
the side homol. to FL, and KG to FE : then, 
V CZJ GH is > EL, 
.% side KH is > FL, 
and KG > FE : 
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Prod. FL and FE, making FLM = KH 
FEN = KG ; and complete the / — 7 MN ; 
then MN is equal and sim^ to GH : 
hut GH is simr to EL ; 
/. MN is Sim' to EL ; 
/. EL and MN are 
2fj, 6. ahout the same diam' : 
draw this diam' FX, and 
complete the scheme. 

Then, 

V GH=:EL+C, 
and that GH = MN, 

/. MN=EL + C; 

take away the com. part EL ; 
then the rem' NOL = the rem' C. 

Again •/ AE = EB, 

;:6. 1. /. dJAS = ZII7NB, 

48.1. =/II7BM: 

add NO to each ; 

then r"^ AX = the gnomon NOL 
hut, from ahove, NOL = C ; 

/. also AX=C. 

.*• to the straight line AB ie applied the paraU 
lelogram AX equal the given rectilineal figure C, 
exceeding by the parallelogram PO, which is similar 
24.6. to D, since VO is similar to EL, [q.rf.] 
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PRO?. XXX. THEOR. 

To cut a given straight line in extreme and mean 

ratio. 

Let AB be the given | : it is req<> to cut it in 
extreme and mean lo. 

On AB desc the sq. BC, and to AC apply the 46. l 
CD = BC, and exceeding by the fig. AD 29. 6. 






sim' to BC : then, 

•/ BC is a sq., 
.*• also AD is a sq. : 
and V BC = CD, 
and that CE is com. to both, 
/. rem'BF = rem' AD : 
and these fig* are equiang' : ^ * 
/. their sides abouttheequad /. * are reciprocally : : ^' m. 6. 
and /. FE : ED : : AE : EB : 
but FE=AC = AB, and ED = AE; 
/. AB: AE::AE;EB: 
but AB is > AE, 

AE is > EB. 14. 6. 

.*. the straight line AB is cut in extreme and 
mean ratio in E. Def.&6 

[q. e. f.] 
Otherwiiie, 
Div- AB in the p^ C, so that the rect. contained 
by AB, BC may be = the sq. of AC : then, n. i. 
V the rect AB. BC = AC2, 



34.1. 
Def. Sa 



B 



• • 



17.6. 



AB: AC::AC:BC. ^ u 

,•, AB is cut in extreme and mean ratio in C. Def.s.a 
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PROP. XXXI. THEOR, 

In right-angled triangles, the rectilineal figure de- 
scribed upon the side opposite to the right angle, is 
equal to the similar and similarlg^escribea 
figureSyUpon the sides containing the right angle. 

Let ABC bea rt ^ •» .^, BAG being the r'Z.: 
the recti fig. desc^ on BC shall hesthe simrand 
simiy desc** figs on BA, AC. 
12.1. Draw thej_ AD: then, 
•/ from the r' Z BAC of 
^^ABC is drawnthe J. AD 

to the base, 
.'. .^^ ABD, ADC are sim"- 
8, 6, to the whole .t^S ABC, and 
to one another : 
and •/ ^x^ ABC is sim*^ to ADB, 

4. G /. CB : BA : : ba : bd : 

and •/ these three |* are : : '«, 
.'. as the !•' is to the S«*, so is the fig. on the P* 
Cor. 2. to the simf and sim'y desc** fig. on the 2°**: 
^' ^' /. as CB to BD, so is the tig. on CB to the sim' 

and sim^^ desc^ fig. on AB ; 
and, invlv, 
B. 5. BD : CB : : the ^g. on AB : that on BC : 

for the same reason, 

DC : CB : : the fig. on AC : that on BC : 
24. 6. /. BD + DC : CB : : fig» on AB, AC: thatonBC: 

butBD-f DC = BC; 
A. 6« and .*• the fig. on BC = the sim^ and simir desc^ 

fig» on AB, AC. 

•", in right-angled triangles, <jjr. [q. e. d.] 
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PROP. XXXII. THEOR. 

If two triangles which have two sides of the one 
proportional to two sides of the other, be joined at 
one angle so as to have their homologous sides 
parallel to one another; the remaining sides shall 
be in a straight line. 

Let ABC, DCE be two ,^* w»' have the two 
sides BA, AC : : » to the two CD, DB, viz. 

BA : AC:: CD: de; 

and let AB be || DC, AC || DE : 
BC and CE shall be in the same |. 

For, 

V I At; meets the||'AB,DC, A 
.•.ZBAC=thealt.Z.ACD; ' 
for the same reason, 

/.CDE=:ZACD; 

.•.al80Z.BAC=Z.CDE: ^ ^Ij — ^ ax.i 

and in the .^» ABC, DCE, 

•,' one Z at A=one Z. at D, 
and the sides about these Z. * are : : ^*, 

viz. BA : AC : : cd : de, 

•*. .^ ABC is equiangr to DCE, 6. c. 
Z.ABC=Z.DCE: ax.2. 

and, from above, /_ BAC= Z. ACD, . 

/. the whole Z. ACE= the two Z. • (ABC -f BAC) : 
add the com. Z. ACB ; then, 

Z«(ACE+ACB)= Z.*(ABC + BAC + ACB): 

butZl»(ABC + BAC + ACB)= two rtZ'' ; S2, i. 

T 
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/. also Z. » (ACE + ACB) = two r*^ •, 
t. e, at the pt C^ in the | AC^ the two |« BC^ CF 
w^ are on the opp. sides of it, 
make the adj*/. » = two r*Z. • ; 
u. 1. and /• BC^ C£ are in the same |. 

if two triangles, ^e. [o. ■• d.] 



• • 



PROP. XXXIII. THEOR. 

In equal dreles, angles, whether at the eeniree or 
circumferences, have the same ratio toAtefc the 
circumferences on which theg stand have to one 
another: so also have the sectors* 

Let ABC, DEF be equal © ^, 

BGC, EHF, Z.* at their cent*, 
BAC, EDF, Z. * at their © ^ : 
Z. BGC : A EHF l 
Z. BAG : Z. EDF }• : : arc BC : arc £F 
sector BGC : sector EHF J 




ir,s 



Take any n® of arcs CK, KL, each = BC, 
and any n® of arcs FM, MN, each = EF ; 
and join GK, GL, HM, HN : then 
V arc BC= CK =KL, 
/. Z BGC= Z. CGK= Z KGL ; 
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id .*« whatever mult, the arc BL is of the arcBC^ 
the same mult, is Z. BGL of/. BGC : 

»r the same reason^ 
whatever mult, the arc EN is of the arc £F^ 

the same mult, is L EHN of/. EHF : 
but as the arc BL is > , = or < the arc EN, 

so is L BGL >, = or < Z. EHN : 27.^ 
ice then there are four magii% viz. 
e two arcs BC, EF,and the two L *BGC,EHF; 
and that of the arc BC, and the L BGC, 
have been taken any equimult^ whatever, 

viz. the arc BL, and the Z. BGL : 
and also of the arc EF, and the Z. EHF^ 
have been taken any equimult" whatever, 
viz. the arc EN, and the Z. EHN ; 

d since it has also been proved that 

as the arc BL is >, := or < the arc EN, 
so is Z. BGL >, = or < Z. EHN ; 
/. Z. BGC : Z EHF : : arc BC : arc EF : Def.5.5. 
It, •/ Z. BGC is double of Z. B AC, «>. a. 

and Z. EHF is double of Z. EDF ; 
.-. L BGC ; Z.EHF :: Z. BAC : Z.EDF: i&s. 
JO, .". Z. BAC : L EDF : : arc BC : arcEF. 
Again, 

arc BC to EF, so shall sector BGC be to EHF. 
Join BC, CK ; in the arcs BC, CK take any 
» X, O, and join BX, XC, CO, OK : 
en, m the ^.^^ GBC, GCK, 

{thesidesBG,GC=thoseCG,GK, each tx) each, 
and that these sides contain equal Z. *> 
the base BC = the base CK ; 4. i. 

and .^ GBC = ^^ GCK : 
Y 2 
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also •/ the arc BC = the arc CK, 

3. /. theremKpartBALC 1 _ f the lemSpartCBAK 

of the whole © cc J \ of the same © «*, 
3. and /. L BXC = L COK ; 

^' * *• /. segt BXC is simr to seg« COK ; 

and they are on equal |* BC> CK : 
3. hut suni^seg^ of © ' on equal |* are themsdyes eqiud; 

/.8egtBXC = 8egtCOK: 
and it has heen proved^ that 

^^BGC = .^CGK; 
.% the sector BGC = the sector CGK : 

for the same reason^ 

the sector KGL = each of the sectors BGC» CGK 

and in the same manner it may be proved^ that 

the sector £HF=FHM=:MHN: 
•*• whatever mult, the arc BL is of the arc B< 
the same mult is the sector BGLofthe sector BGC 
and^ for the same reason^ 

whatever mult, the arc £N is of £F, 
the same mult, is the sector £HN of £H F 
but as the arc BL is >^ = or < the arc £N, 
so is the sector BGL >, = or < the sector £1 
since then there are four magn% viz. 

thetwoarcs BC,£F,and the twosectors BGC,F 
and that of the arc BC and the sector BC 
the arc BL and 8ei::or BGL are any equim 
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and of the arc EF and the sector £HF^ 
the arc £N and sector £HN are any eqmmult^ ; 
and since it has also heen proved^ that 

as the arc BL is >, = or < EN, 
so is the sector BGL >, =or < EHN ; 
/. sector BGC : EHF : : arc BC : EF. Def.5.» 

.*• in eqttal circles, S^. [q. e. d.] 
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PROP- B. THEOR. 

If an angle of a triangle be bisected dy a straight 
line, which likewise cuts the base; the rectangle 
contained by the sides of the triangle is equal to 
the rectangle contained by the segments of the 
base, together with the square of the straight Hne 
which bisects the angle. 

Let Z. BAG of ^^ ABC he bis^ by the | AD : 
then shall the rect. B A. AC = rect. BD. DC + AD^. 

Desc. ABC about the ,^1, _-J K, *• ^ 
prod. AD to the <^ in E, and 
join EC ; then, 

•/ Z. BAD = Z. CAE, I n /) Hyp. 

andZ.ABD=Z. AEG, V^ [/V ^^'^ 

for they are in the same seg^ ; ^ 

/. ,*i:::XABD is equiang' to AEG ; 32.1 

BA : AD::EA : AC; 4.6. 

,•. the rect. BA. AC = the rect. AD. EA 16 6. 

= the rect. ED. DA + AD2; 3. 2. 
but the rect. ED.DA = the rect. BD. DC ; 35. 3. 

,'. the rect. BA. AC = the rect. BD. DC + AD^. 
/, if an angle, Sfc. \^q. "b, -dJ^ 

Y S 
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PROP.C. THEOR. 

If pom any angle of a triangle a straight Une he 
drawn perpendicular to the hate; the rectangle 
contained by the sides of the triangle ie equal to 
the rectangle contained by the perpendicular and 
the diameter of the circle described about the 
triangle* 

From Z. BAC of .^ ABC let AD be drawn X 
to the base BC : then shall therect BA* AC =s the 
rect contained by AD and the diam^ of the desc' 
about the.^. 

5. 4. Desc. the © ACB about the ^, 

draw its diam' AE^ and join EC: 

then^ 
31.3. V T^A BDA= Z. ECAina^ ©, 
la. 3. and /_ ABD = Z. AEC, 

for they are in the same seg^ : 
4. 6. .*• ^^ ABD is equiang' to AEC ; 

BA : AD : : e a : ac ; 

15. (. and .% the rect. B A. AC = the rect. AD. E A* 
.*. if from an angle, «SfC. [q, b. d.] 




PROP. D. THEOR. 

The rectangle contained by the diagonals ofaquad^ 
rHateral figure inscribed in a circle, is equal to 
boththerectanglescontainedby its opposite sides. 

Let ABCD be «n^ (\uadri1at^ fig. insc^ in a ; 
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and join AC, BD : the rect. contained by AC^BD 
shall be = the two rect" contained by AB^ CD^and 
byAD,Ba* 

Make L ABE = L DBC : 

then^ adding the com. Z. EBD^ 

L ABD= L EBC: 

and L BDA = L BCE, 

for they are in the same seg^ ; 

.-, ^^ ABD is equiang' to BCE ; 

.% BC : CE::BD: da; 

and .% the rect C£. BD= the rect. BC. AD : 4. c. 
again, 

Z ABE = DBC, and L B AE = BDC, 
y^ ABE is equiang' to BCD ; 
BA: AE::BD: DC; 
and .% therect. AE. BD = therect.BA.DC; 
but, from above, 

the rect CE. BD = the rect. BC. AD ; 
.\ the whole rect. AC. BD = the rect AB. DC, 

+ the rect. BC. AD. i.* 

•*• tkt rectangle, S^c [q. e. d.] 



• • 



• • 
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* This if a Loama of CI. Ptolomaiit, in page 9. of liis /Mfy«X«f 
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DEFINITIONS. 

I. 

A SOLID is that which hath length breadth^ and 
thickness. 

IL 

That which bounds a solid is a superficies. 

III. 

A straight line is perpendicular^ or at right angles^ 
to a plane^ when it makes right angles widi eirery 
straight line in that plane which meets It. 

IV. . 

A plane is perpendicular to a plane, when the 
straight lines drawn in one of the planes perpen- 
dicular to the common section of the two planes 
are perpendicular to the other plane. 

V. 

The inclination of a straight line to a plane, is the 
acute angle, contained by that straight line, and 
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another drawn from the point in which the first 
line meets the plane, to the point in which a per- 
pendicular to the plane drawn from any point of 
the first line ahove the plane^ meets the same 
plane. 

VI. 

The inclination of a plane to a plane is the acute 
angle contained by two straight linesdrawn from 
any the same point of their common section at 
right angles to it^ one upon one plane^ and the 
other upon the other plane. 

VII. 

Two planes are said to have the same or a like 
inclination to one another which two other planes 
have^ when the said angles of inclination are 
equal to one another. 

VIII. 

Parallel planes are such as do not meet one another 
however far they be produced* 

IX. 

A solid angle is that which is made by the meet- 
ing of more than two plane angles^ which are not 
in the same plane, in one point* 

X. 

* The tenth definition is omitted.' 
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XL 



Similar solid figures are such as have all their solid 
angles equals each to each^ and are contained hy 
the same number of similar planes. 

XII. 

A pyramid is a solid figure contained by planes that 
are constituted betwixt one plane and one point 
above it, in which point they meet. 

XIII. 

A prism is a solid figure contained by plane figures, 
of which two that are opposite are equals similar, 
and parallel to one another; and the others 
parallelograms. 

XIV. 

A sphere is a solid figure described by the reTO- 
lution of a semicircle about its diameter, which 
remains unmoved. 

XV. 

The axis of a sphere is the fixed straight line about 
which the semicircle revolves. 

XVI. 

The centre of a sphere is the same with that of the 
semicircle. 

XVII. 

The diameter of a sphere is any straight line which 
passes through the centre, and is terminated both 
ways by th^ superficies of the sphere. 
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XVIII. 



A coue is a solid figure described by the revolution 
of a ri^t-angled triangle about one of the sides 
containing the right angle^ which side remains 
fixed. . 

If the fixed side be equal to the other side contain J 
ing the right apgle^ the cone is called a right- 
angled cone ; if it be less than the other side^ an 
obtuse-angled ; and if greater^ an acute-angled 
cone. 

XIX. 

The axis of a cone is the fixed straight line about 
which the triangle revolves. 

XX. 

The base of a cone is the circle described by that 
side containing the right angle which revolver 

XXL 

A cylinder is a solid figure described by the revolu- 
tion of a right-angled parallelogram about one 
of its sides which remains fixed. 

XXII. 

The axis of a cylinder is the fixed straight line 
about which the parallelogram revolveSr 

XXII L 

The bases of a cylinder are the circles described 
by the two revolving opposite sides of the 
parallelogram. 
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XXIV. 

Similar cones and cylinders are those whidi haye 
their axes and the diameters of their bases pro- 
portionals. 

XXV. 

A cube is a solid figure contained by aSx equal 
squares. 

XXVI. 

A tetrahedron is a solid figure contuned by foar 
equal and equilateral triangles* 

XXVII. 

An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

XXVIII. 

Aaodecahedron is a solid figure contained by twelve 
equal pentagons which are equilateral and equi- 
angular. 

XXIX. 

An icosahedron is a solid figure contained by twenty 
equal and equilateral triangles. 

Def. A. 

A parallelopiped is a solid figure contained by six 
quadrilateral figures^ whereof every opposite 
two are paralleL 
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PROP. 1. THEOR. 

One part of a straight line cannot be in a plane, 
and another part above it. 

If it be possible, let AB, part of the | ABC, be 
in the plane, and the part BC above it : then, 
*.* the I AB is in the plane, 
.•, it can be prod** in that plane : 
let it be prod<* to D; and let 
any plane pass through the | AD, 
and be turned about it until it 
|iass through the p^ C : then, 

•.• the pis B, C are m this plane, 

the I BC is in it : Def.7.1. 

.% there are two \* ABC, ABD in the same plane 
that have a com. seg^ AB : 
but this is impossible. p*r* ii* 

one part, ^c. [q. e. d.] 




» • 



PROP. II. THEOR. 

Two straight lines which cut one anotlier are in 
one plane, and three straight lines which meet 
one another are in one plane. 

Let two I* AB, CD cut one another in E ; they 
shall be in one plane : and three |s EC^ CB, BE^ 
w** meet one another shall be in one plane. 

z 
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Let any plane pass through 
the I EB^ and let the plane be 
turned about EB, prod** if 
necessary, until it pass through the p*^ C : then, 
•/ the p's E» C are in tliis plane, 
Oef.7.1. .'• t^e I EC is in it : 

for the same reason^ 

the I BC is in the same plane ; 
and, by hyp., EB is in it : 

/. the three |s EC, CB, BE are in one plane : 
but in the plane in w^ EC, EB are, 
1. 11. in the same are CD, AB : 

«% AB, CD are in one plane* 

.*. two straight lines, B^c. [[q. ■• d.^ 
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PROP. III. THEOR. 

Jftwo planes cut one another, their common section 

is a straight line. 

Let two planes AB, BC cut one another, and 
let DB be ^eir com. section : DB 
shall be a |. 
Post I, If it be not, from the p^ D to B, 
draw, in the plane AB, the | DEB, 
and in the plane BC, the | DFB : 
these two |^ DEB, DFB have the same extremities, 
and .*. they include a space betwixt them ; 
Ax. 10.1. but this is impossible ; 

•% BD, the com. section of the planes AB, BC 

cannot but be a |. 

•% if two planes, <^c [q. e. d.] 
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PROP. IV, THEOR. 

If a straight line stand at right angles to each of 
two straight lines in the point of their intersect 
tion, it shall also be at right angles to the plane 
which passes through them, that is, to the plane 
in which they are. 

Let the | EF stand at r« Z. ' to each of the \* 
AB, CD, in E, the p^ of then: intersection: EFshall 
alsoheatr^Z. ' to theplane passing through AB, CD. 

Take the |« AE, EB, CE, ED, all = one another ; 
throughEdraw, in the plane in w^are AB,CD,any 
I GEH : join AD, CB ; and from any p' F, in EF, 
draw FA, FG, FD, FC, FH, FB : 
then, in^^::^' AED, CEB, 

side AE == BE, ED = EC, _____ 
■ and also Z. AED = Z CEB, ^^^^^^ »5- »• 
hase AD = baseCB, ,„...„„ 
and Z_ DAE = Z. EBC: ^^^^^' ** 
But, also Z. AEG = Z BEH : dE^^^B 15 1. 

.'. the.^» AEG, BEH have two Z- ' of the one 

= two Z* of the other, each to each, and the 

sides AE, EB, adj^ to the equal Z "> are also equal; 

,\ the other sides of the ^.^^ are equal, viz. 26. i. 

GE=EH,AG=BH: 

AndV AE = EB, 

and FE is com. and at r' Z • to AB, 

.-. base A F = FB ; 4.h 

for the same reason, CF = FD : 

z 2 




• • 
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hence, in the.^' FAD, FCB, 

{sde AF = FB, AD = CB, 
and also base FD = FC, 
«.!. .-. ZFAD=ZFBC: 

andin.^«FAG,FBH, 

{Side FA = FB, AG= BH, 
and also Z. FAG= Z. FBH : 
4. 1. .% base FGssbase FH : 

hence, in.^» FEG, FEH, 

. . r side EG= £H, £F is conu, 
\andalso base FGssFH ; 
«. I. /. Z. GEF= Z. HEF, 

Def-ia and /.eachofthcsc Z.*i«*i*Z. : 

/. FE makes rt /^ • with GH, 
ue. with any | drawn thronghEin the plane paanng 

through AB, CD. 
In like manner, it maybe proved, that FE makei 
r^ Z. ' with every | w^ meets it in that plane. 
Dcf. 3. 3^|. a I isat r' Z *to a plane, when it makes r< Z.' 
with every | w^ meets it in that plane ; 
/• £F is at r« Z.' to the plane in w^ are AB, CD. 

.*. if a straight Hne, S^o. [q. ■• d.] 
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PROP. V. THEOR. 

j[/* three straight lines meet all in one point, and 
a straight line stands at right angles to each of 
them in ^t point; these three straight lines are 
in one and the same plane. 

Let the [ AB stand at r^ Z.' to each of the 
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3. 11. 



|8 BC, BD, BE, in B, the p^ in w^ they meet : 

BC, BD, BE shall be in one and the same plane. 

If not, let, if it be possible, 

BD, BE be in one plane, and BC 
be above it ; and let a plane pass 
through AB, BC, the com. sec- 
tion of w^ with the plane in w'» 

BD, DE are, is a I ; 
let this I be BF: then, 
the three |* AB, BC, BF are all in one plane, 
viz. that w*» passes through AB, BC : 
and •/ AB stands at r* Z. » to each of the |» BD, BE, 4. n. 
.". it is at r* 2I • to the plane passing through diem; Def. »• 
and .". it makes r^ /. « with every | w^ meets it in 

that plane : 

but BF, vr^ is in that plane, meets it ; 

and /. Z. ABFisar^Z.: 

but, by hyp., /_ ABC is also a r* Z. ; 

.% Z.ABF=Z. ABC, 

and these Z^^sie both in the same plane ; 

wh is impossible : 

/. the I BC is not above the plane m w»» are BD, BE ; Ax. 0. 

and .*. the three |' BC, BD, BE are in one and the 

same plane. 

.". if three straight lines, <SfC. [q,b.d.] 
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PROP. VI. THEOR. 

If two straight lines be at right angles to the same 
plane, they shall he parallel to one a)\oih.er« 

z S 



Let the [■ AB, CD be at rt^' 

a the same pkne : AB shall he 



Let them n 



!t the plan 



I 



I 



^ B, D, draw the | BD, to 
draw DE at i^ i», in the saiii 
plane; make DE = AB,an<ljoin BE, AE, AD: 
then, ■/ AB is J. to the plane, 

.', it shall make r> ^' with every | n 

and is in that plane : 
butBD.BE,whareinthatplaJie,dobolhmeetA 

and ,-. eachoftheZ.' ABD.ABEisa 
for the same reason, 

each of the /. » CDB, CDE is a r" , 
hence, in the ^ii' ABD. BDE, 

{side AB = DE, BD is com. 
andr'Z ABD = r'iBDE, 
baBeAD=ba5eBE: 



agun. 



n .f^' ABE, ADE, 
,. /side AB = DE,BE = AD, 
* |_ and base AE is com. to both, 
Z ABE = Z ADE: 
but ABE is a r' Z ; 
.*. ADEisalsoar'Z, 
and ED is X to DA: 
but it is nlsoX to each of the two BD, DC; ! 
id .*. ED ia at r' Z' 'o each of tlie ihnafj 
BD, DA, DC, in the p' in wl> they meet ! 
,', these three |' are all iii the same i ' 
but AB is in the plane in wi' ore BD, DA tj 
.'. AB,Bn, DC iTewone plane 
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and each of the Z. ' ABD,BDC is ar« ^i ; 
.% AB is II CD. 

•*• }fiv>o straight lineSf <$t. [q. e. i>.] 
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PROP. VII. THEOR. 

Jftwo straight lines be pardUdy the straight line 
dravm/rom ang point in the one to ang point in 
the other, is in the same plane with the parallels. 

Let AB, CD be ||S and take any p^ £ in the one, 
and any p« F in the other : the | wi» joins E and F 
shall be in the same plane with the ||>. 

If not^ let it be^ if possible^ above the plane, 
as EGF; and in the plane A E B 

ABCD in w** the ||* are, draw 
fromEtoFthe|£HF: then, 

V EGF is also a |, 
.% the two |» EHF, EGF include a space between 

them; w^ is impossible. Ax.iai 

/, the I joining the pt» E, F is not above the plane 
in w«» the ||* AB, CD are ; 
and .*. it is in that plane. 

.•, if two straight lines, S^c. [q.e.p.] 
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PROP. VIII. THEOR. 

If two straight lines be parallel, and one of them 
be at right angles to a plane; the other also shall 
be at right angles to the same plane. 

Let AB, CD be \\^, and let one of them AB be 
at r^Z. * to a plane : the other CD shall be at i< Z. * 
to the same plane. 

Let AB, CD meet the plane in the pts B, D, and 
7. n. join BD : then AB^ CD, BD are in one plane. 

11. 1. In the plane to w*> AB is at r^ Z. •, draw DE at 
3. 1, r^ Z. *toBD,makeD£=AB,and join BE, AE,AD: 

then, •.• AB is X to the plane, 

Def. 3. .", it is J_ to every | w*» meets it, 

''* and is in that plane ; 

and .% each of the Z. • ABD, ABE is a r« Z. : 
and '/ I BD meets the ||> AB, CD, 

».i. .*. Z.''(ABD+CDB) = twortZ.': 

butABDisartZ.; A 

/. alsoCDBisartZ.^ 
and CD is J. to BD: 
and, in the .^s ABD, BDE, 
. . J side AB = DE, BD is com., 
• "[andrtz ABD=r«Z.BDE, 
4. 1. .*. base AD = base BE : 

again, in the ^^^ ABE, ADE, 

{side AB = DE, BE = AD, 
and the base AE is com. ; 
A/. /. Z.ABE=Z.ADE: 
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but ABE is a r'Z; 
and /, ADE is also a r' ^1 , 

and ED is X to AD : Conitr 

but it is also_L to BD ; 
SDisJ. to the plane w^ passes through BDj AD; 4. ii. 
/. makes r'Z. ■ with every | meeting it in that D«f. 3 

plane: 

t DC is in the plane passing through BD, DA, 
dl three are in the plane in w^ are the 1 1» AB^ CD ; 
/. EDisatr«Z.*toDC, 
and.% CDisatrtZ.»toDE: 
but CD is also at r'Z. no DB ; 
.*. CD is at r« Z. ■ to the two |» DE, DB, 

in the p' D of their intersection ; 
/. is at r^ Z. * to the plane passing through 4. 11. 
, DB, w^ is the same plane to w^ AB is atr'/. •. 

% ifttDO straight lines, S^c, [q. e. d.] 
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PROP. IX. THEOR. 

} straight Hnes which are eachof them parallel to 
\e same straight line, and not in the same plane 
ith it, are parallel to one another, 

et AB, CD be each of them || E F, and not 
le same plane with it : AB shall be || CD, 
1 EF take any p< G, from 

iraw, in the plane passing 

ugh EF, AB, the | GH at £ -^^B^^jr 

• toEF; and in the plane -^JfrnKKmr ii.u 

ing through EF, CD, draw ^ K D 
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GKatrtZ.»tothe8ameEF: then, 
•/ EF is J. both to GH and GK, 
4.11. /.EF is J_ to theplaneHGK passing throujgh them: 

andEFisllAB: 
8. 11. /• AB is at rt Z. ' to the plane HGK. 

For the same reason, 

CD is also at rt Z.« to the plane HGK. 
/«AB,CDareeachofthematrtZ.totheplaneHGK. 

But if two I' are at.r< ^ * to the same plane, they* 
0. IK are || to one another : 

.-. AB is II CD. 



•*• ifUoo straight lines, S^, [q. b. d.] 
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PROP. X. THEOR. 

Jf two straight lines meeting one another heparaMA 
to two others that meet one another, and are net 
in the same plane with the first two^ the first two 
and the other two shall contain equal angles. 

Let the two |® AB, BC, w** meet one another, be 
l|the two |» DE, EF, w'' meet one another, andaz« 
not in the same plane with AB, BC : 

then shall Z. ABC = Z DEF. 

Take BA, BC, ED, EF all s= one another; 
andjomAD, CF,BE,AC,DF: then. 
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V BAi8 = and||ED, 
/• AD 18= and II B£. 




81.1 



For the same reason^ 

CF island II B£, 
,'. AD, CF are each = and i| BE. 

But I* that are || the same |, and not in the same 

plane with it, are || one another : 9. ii. 

/. AD is II CF ; 

and AD == CF : Ax. i.i. 

and AC, DF join them towards the same parts ; 

/. AC is = and II DF. 3».i. 

Hence, in^t^rX* ABC, DBF, 

.. f 8ideAB = DE,BC=:EF, 
* \ and also hase AC ss base DF, 
Z. ABC = Z. DEF. 



• • 



•*• if two straight lines, Sfc, 
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PROP. XL PROB. 

To draw a straight line perpendicular to a plane 
from a given point above it. 

Let A be the given p' above the plane BH : 
it is ieq<* to draw from A a J_ to the plane BH. 

In the plane draw any | BC, and from A draw AD 
JL to BC : if then AD be also JL to the plane BH,i8. i 
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the thing req** is already dons : 
but if this be not the case, 
from D draw, in the plane BH, 
11. 1. the I DE, at r« Z* to BC; 
and from A draw AFXto DE: 
AF shall be J. to the plane BH. 

31. 1. Through F draw GH || BC: then, 

•/ BC is at rt /I « to ED, DA, 
4.11. /. BCis at r* ^ «to tlieplane passing throughED,DA: 

and GH is || BC ; 
but if two 1^ be Jl , and one be at r' Z. ' to a planei 
8. 1 1. the other is at r' /. ' to the same plane ; 

/. GH is at r« Z ■ to the plane through ED, DA, 
J\f' ^ and /, GH is J_ to every | meeting it in that plane: 
but AF, w>> is in that plane meets it ; 
/. GHisJLtoAF: 
and .% AFisXtoGH: 
and AF is X to DE ; 
.% AF is JL to each of tlie |« GH, DR 

But if a I stand at r' Z. ■ to each of two |» in the 
p< of their intersection, 
4.11. it is at r' Z i' to the plane passing through them: 
but the plane through ED, GH is the plane BH ; 
.% AF is j_ to the plane BH. 

,*• /ram the given point A, above Hie plane BHr 

tlie straight line AF i* drawn perpendicular to that 
plive. [q^ b. p.] 
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PROP. XIL PROB. 

To erect a straight line at right angles to a given 
plane, from a point given in the plane. 

Let A be the p^ given in tlie 
plane : it is req^ to erect a | from 
thept A at r* /. ■ to the plane. 

From any p^ B above the plane 
draw BC J_ to it ; and from A ii. ii. 

draw AD || BC : then, si. i. 

•/ the |» AD, CB are || ^ 
and one of them BC is at r^ Z. ■ to die given plane, 

/. theother ADisalsoatrt/.*toit: 8.11. 

•*• a strairrht line has been erected at right angles 
to a given plane, from a point given within it, 

[q. e. f.] 
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PROP. XIII. THEOR. 

From the same point in a given plane there cannot 
be two straight lines at right angles to the plane 
upon the same side ofH: and there can he but 
one perpendicular to a plane from a point above 
the plane* 

For, if it be possible, let the two |» AB, AC be 
at r^ Z. 8 to a given plane from the same p* A in the 
plane, and upon the same side of it. 

A A 
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Let a plane pass through 

AB^ AC ; the com. section of 

B. 11. this with the given plane is a | 

passing through A : let DAE 

be this com. section : then, 

the 1« AB, AC, ED are in one plane : 
and •.• CA is at r' Z. • to the given plane, 
'Oet, 3. ^-^ it makes r^ Z. * with every | 

meeting it in that plane : 
but DAEj w^ is in that plane^ meets C A ; 
/. CAEisar»Z: 
for the same reason, 

BAEisartZ: 
Ax. 11. /. Z. CAE = Z. BAE ; 

and they are in one plane ; 

w^ is impossible. 

Also, from a p' above a plane, there can be but 

one _L to that plane: for, 

if there could be two, 

they would be || one another ; 

6. II. w^ is absurd. 

*^ from the same point, S^c, [q.e.d.J 



PROP. Xlt. THEOR. 

Planes to which the same straight line isperpendi' 
cular, are parallel to one another. 

Let the I AB be _L to each of the planes CD, EF: 
these planes shall be || one another. 
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If not, they shall^ when prod<^, meet one another: 
let them meet ; and let their com. 
section he the | GH^ in w^ take any 
p« K, and join AK, BK : then, 
•/ AB is J_ to the plane EF, 
/. it is X to the I BK, 
w^ is in that plane ; 
and .". ABKisar^Z.: 
For the same reason, 

BAKisar^Z.: 
.% the two L * ( ABK + B AK) =: two r« Z. S 
«.c. two /.• of a^^aatwo r*Z.S 
w^ is impossihle. 17« 1. 

/.the planes CD, EF, though prod<^^ do not meet, Det a 
f.e. they are || to one another. ^* 

•*• plane*, S^ [q. e. d.] 
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PROP. XV. THEOR. 

If tfoo straight lines meeting one another be parallel 
to two other straight lines which meet one another, 
hut are not in the same plane with the first two, 
the plane which passes through these is parallel 
to the plane passing through the others^ 

Let AB, BC, two |* meeting one another, he 
II to two I" DE, EF, that meet one another, hut are 
not in the same plane with AB, BC : the planes 
through AB, BC, and DE, EF shall not meet, 
though prod<* 

A A 2 
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11. 11. From B draw BG X to the plane w^ passes 
through DE, £F^ and let it meet tliat plane in G; 
ai. 1. and through G draw GH || ED, and GK || EF: 
then, 

•/ BG is X to the plane through DE, EF, 
Def.3. ^\ it makes r* /.■ with every | meeting it in that 

plane : 
hut the |s GH, GK in that plane meet it ; 
/. each of the ^ • BGH, BGK is ar»Z.: 
ft.n. and V BAis||GH, 

(for each of them is || DE, 
and they are not hoth m the same plane with it j, 
99 1. /. ^ » (GBA + BGH) = two r« Z. •: 

andBGHisar^Z; 
/. also GBA is a r* Z , 
and GB J_ to B A : 
for the same reason, 
GBisJ_toBa 

Hence, 
V the I GB stands at rt z» to the two |« BA, AC, 
that cut one another in B, 
4. 1 1. •*. GB is J. to the plane through BA, BC : 

Constr. and it is X to the plane through DE, EF ; 

/« GB is X to each of the planes through AB, BO, 

and DE, EF : 
hut planes, to w^ the same | is X> 
14. 11. are || one another ; 

•*• the plane through AB, BC is || that througli 

DE, EF. 

•*• if two straight Une9, S^c, [q. b. d.] 
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PROP. XVI. THEOR. 

If two parallel planes be cut by another plane, their 
common sections with it arepanUlels. 

Let the || planes AB, CD be cut by the plane 
JSFHG> and let their com. flections with it be 
EF, HG : £F shall be [J GH. 

For, if it is not, EF, GH shall meet, if prod^, 

either on the side of FH, or EG. 
First, let them be prod^ on the side of FH, and 
if ponible, meet in the p< K : then, 
•/ EFK is in the plane AB, 
/. every p' in EFK is in that ^ ^/\ i- n 

plane : 
and K is a p' in EFK ; 
.". K is in the plane AB : 
for the same reason, 

K is also in the plane CD : 
.'. the planes AB, CD, prod'*, meet one another : 
but, by hyii*, these planes are ||, 

and .*, do not meet one another : 
.% the |« EF, GH, do not meet when prod** on the 

side of FH. 

In the same manner it may be proved, that EF, 
GH do not meet, when prod**, on the side of EG. 

But |B w*> are in the same plane, and do not meet 

though prod** either way, are |j; 

and .'. EF is || GH, 

.% if tuHf parallel planes, <Sjc. \_Q.ii*x>r\ 

A A 3 
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PROP. XVII. THEOR. 

JftiDO straight lines be cut bypartUlel planes, ihejf 
shall be cut in the same ratio. 

Let the |« AB, CD be cut 
by the || planes GH, KL, MN, 
in thepi* A,E,B; C, F,D: 
then, AE : EB : : CF : FD. 

Join AC, BD, AD; let 
AD meet the plane KL in X ; 

and join EX, XF : then, 

V the II planes KL, MN are 
cut by the plane EBDX, 

iG. 11. /• the com. sections EX, BD are || : 

for the same reason, . 

V the II planes GH, KL are cut by the plan* 

AXFC, 
•'• the com. sections AC, XF are || : 
and •.• EX is || BD, a side of ^^ ABD, 
2.a .% AE: EB::AX:XD: 

again, ".• XF is || AC, a side of ^^^ ADC, 
.-. AX:XD::CF; FD: 
and it was proved, that 

AX: XD::AE:EB; 

11. ai .•. AE : EB:: CF: fd. 

.*. if two straight lines, S^c f q. b. »,] 
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PROP. XVIII. THEOR. 

If a straight line be at right angles to a plane, every 
plane which passes through it shaU he at right 
angles to that plane. 

Let the I AB be at r^ Z. > to the plane CK : 
every plane w^ passes through AB shall be at r^ /. * 
to the plane CK. 

Let any plane DE pass through AB^ and let C£ 
be the com. section of the planes DE, CK ; take 
any p* F in CE, firom w'» draw FG in the plane DE 
atr*^»toCE: then, 11. 1. 

V AB is J, to the plane CK, 
/, it is also J_ to every | in 

that plane meeting it ; 

and /. it is J, to CE : 
/. ABF is a rt Z. ; 

but GFBisalsoar'Z.: 
/. AB is II FG : 
and AB is at r^ Z. " to the plane CK ; 
.*. FG is also at r^ Z. * to the same plane, s. 11. 
But one plane is at r' ^ * to another plane when 
the I* drawn in one of the planes, at r' Z. * to their 
com. section, are also at r' /. * to the other plane: JJ«^ *• 
and it has been proved that any | FG in the 
plane DE, w*» is at r' Z. ' to CE, the com, section of 
the planes, is X to the other plane CK ; 

/. the plane DE is at r* Z. " to the plane CK. 
In like manner, it may be proved that all planes 
w** pass through AB are at r' Z. * to the plane CK. 

/, i/a straight liJie, S;c, \ji. lu ti."^ 
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PROP. XIX. THEOR. 

If two planes which cut one another be each of Hum 
perpendicular to a third plane, their eamnum 
section shall be perpendicular to the same plane. 

Let the two planes AB^ BC be each of them 
J. to a third plane^ and let BD be the com. section 
of the first two : BD shall be X to the third plane. 

11. !• If it be not; from the p^ D draw, in the plane 
AB; the I DE atr^Z.' to AD the com. section of 
the plane AB with the third plane ; and in the 
phrne BC draw DF at r* Z.* to CD the com. 
section of the plane BC with the third plane : then, 
•.' the plane AB is J_ to the third B^ 

plane^ and DB is drawn in the plane 
AB at rt /.» to AD, their com. 
section ; 

Def. 4. .*. DE is _L to the third plane. 

In like manner it may be proved, 
that DF is J_ to the third plane ; 
<.c from the p' D two |' stand at r' /. • to the third 
plane, upon the same side of it, 
1^ II. w** is impossible : 

,*. from the p' D there cannot be any | at r' Z. * tc 
the third plane, except BD ^e com. section o 

the planes AB, BC : 

•*• BD is X to the diird plane. 

A if two planes, S;c, [q. b. »•] 




PItOP. XIX. XX. UTS 



PROP. XX. THEOR. 

If a solid angle he contained by three plane anglee, 
any two of them are greater than the third. 

Let the solid Z. at A be contained by the three 
plane Z.» BAC, CAD, DAB: any two of them 
shall be > the third. 

If the Z. • BAC, CAD, DAB be all equal, it is 
evident that any two of them are > the third. 

But, if they are not, let BAC be that Z. w»» is 
4C either of the other two, and is > one of them 
DAB : at the p^ A in the | AB, and in the plane 
w^ passes through AB, AC, j^ 

make /. BAE = /. DAB ; and ^ ^ ,, 

take AE = AD ; through E draw 
BEC cutting AB, AC in the pt» 
B,C,andjoinDB, DC: 
then in the^i^» BAD, BAE, 

side AD = AE, AB is com., 
and/. BAD =Z. BAE; 
/. the base DB = the base BE; 4.j. 

and V BD, DC are together > CB, ao. i. 

and it has been proved that 
one of them BD = BE, a part of CB, 
/. the other DC is > the rem« part EC : Ax. 5. 

Hence, in the^x^* DAC, EAC, 

side DA = EA, AC is com. 
but base DC > base EC ; 
.-. Z DAC > Z EAC ; J5. i. 
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and Z. DAB = Z. BAE ; 
AX.4L .-. Z.«(1^AB + DAC)> Z.«(BAE + EAC), 

t.c. >ZBAC 
but L BAG is < either of the Z. » DAB, DAC : 
.*. Z. BAG + either of these Z. * is > the other. 



C. if a solid angle S^c, 



[q. b. d.] 



0i0^0i^0^^mmti^m^mm 
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PROP. XXI. THEOR. 

Every solid angle is contained by plane angke, wkiA 
together are less than four right angles. 

Firsts let the solid angle at A be contained liu 
the three plane Z. « BAG, CAD, BAD: these three 
together shall be < four r* Z. '• 

Take in each of the ^ AB, AG, 
AD, any p^ B, G, D; and join 
BG GD, DB : then, 

*.' the solid angle at Bis contained by 
thethreeplaneZ. «GBA, ABD, DBG, i 
any two of them are > the third ; 
and /. Z."(GBA4-ABD)are> Z. DBG: 

for the same reason, 

Z. « (BG A + AGD) are > Z. DGB : 
and Z. " (GDA + ADB) are > z: BDG : 
the six Z. * 




(GBA + ABD 
BGA + ACD 
+ GDA + ADB) 



>'are> - 



the three Z ' 
(DBG + DCB 
+ BDG) : 



PROP. ZXI. 275 

butthethree L *( I>BC 4- DCB + BDC) = twor* /. »; ai 1. 

f CBA+ABDl 
/. the six Z i + BCA + ACD }- are > twor^Z •: 

t + CDA+ADBj 
but, •.' the three L^oi every .^ = two r* Z. ■ : 
/. the nine Z ■ of the three ^i^« ABC, ACD, ADB 

{CBA+ABD+BCA1 
+ACD-f-CDA-t-ADB }-=8ixrtZ«; 
+ BAC+BAD + CADJ 
and of these nine Z S it has been shown that 
the first six are > two r* Z S 
/. the last three Z ^ viz* 

theZ»(BACH-BAD + CAD)are<fourr«Z»; 
and these three Z * contain the solid angle at A. 
Next, let the solid angle at Abe contained by any 
no of plane Z» BAC, CAD, DAE, EAF, FAB: 
these shall together be < four r' Z ®' 
Let the planes in w^ the Z ® are 
be cut by a plane, and let the com. 
sections of it with those planes be 
BC, CD, DE, EF, FB : then, 
•.• the solid angle at B is contained ^^^^ 
by three plane Z«CBA,ABF,FBC, ^' '^' ** «>•" 
of w** any two are > the third ; 

.-. the Z • (CBA, ABF) are > Z FBC : 
for the same reason, 

the two plane Z' at each of thep^s C, D, E, F, 

via. those Z' w** are at the bases of the ^A * 

having the com. vertex A, 

are together > the third Z at the same p*, 

w*» is one of the Z * of the polygon BCDEF : 

,% all the Z ' at the bases of the ,^i^» are 

together > aU the Z ' of the polygon : 
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3^' *• all the Z. * of thepolyg 
+ four r^ l_ 



)lygon I _ 

• J~ 



andj 

*-'•>• / % ft J twice as many r*/." as there are ^*, 

, ^g f 1 t. c. as there are sides of the polygon, 

and that likewise 

twice as many r^ ii ' 

as there are sides in 

the polygon ; 

AX.,. .•.alltheZ-ofthe^-={*"*!^^f;^5Y^Iy6»" 

hut it has heen proved that 

/. the remK /_ s of the ,^8, 1 - rt / « • 

viz. those at the vertex J 
and these rem^ ^ ^ contain the solid angle at A. 

.% ct'^ry solid angle, S^c, Qq. e. d.] 



%* The remainder of this Book Is seldom read in the UniTcrsitj. 
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PROP. XXII. THEOR. 

Tf every two of three plane angles be greater than 
the third, and if the straight lines which contain 
them be all equal; a triangle may be made of the 
straight lines that join the extremities of those 
equal straight lines. 

Let ABC, DEF, GHK he the three plane Z.S 
whereof every two are > the third, and let them 
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be contained by the equal \* AB, BC, D£, £F, 
GH, HK : if their extremities be joined by the |» 
AC, DF, GK, a.^ may be made of three \* w'' 
are =: AC, DF, GK ; i . e, every two of them shall 
together be > the tliird. 

If the Z. »at B, E, H be equal, 
the |b AC, DF, GK are also equal ; 4. i 

and ,*. any two of them > the third : 
but if the Z. ' he not all equal, 
let the/. ABC be < either of the two at E, H ; 
then the | AC i8<either. of the other two DF, GK ; 4 or 21 
and .*. it is plain that 
AC -f- either of the other two must be > the third. 




Also, DF -f- GK shall be > AC. 

For, at the p* B in the | AB, as. 1. 

make Z. ABL*== Z. GHK, take BL = one oJ* 
the|» AB, BC, DE, EF, GH, HK, and join AL, L(^ : 

then, in^^« ABL, GHK, 

.. rsideAB = GH, BL = HK, 
• tandZ.ABL = ZGHK; 
/. the base AL = the base GK : 4. i . 



and. 



• • 



the Z. ■ at E, H are together > the Z. ABC, Hyp 

of w'^ the z: at H = Z. ABL, 

the remS Z. at E is > the Z. LBC : Ax. &. 

B B 
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hence, in the.^^« BLC, EDF, 

{side LB = DE, BC = EF, 
but/. DEFis> Z.LBC, 
34.1. /. the base DF is > the base LC : 

and it has been proved that 

GK = AL; 
Ax. 4. /. DF and GK are > LC and AL : 

90. 1. but LC and AL are > AC ; 

d fortiori /. DFandGKare > AC. 

/. every two of these |« AC, DF, GK, 
are > the third. 



31.11. 



And /• a triangle may be made, the eidee Oj 
n. 1 shaU he equal to AC, DF, GK. [q. e. d.] 



PROP. XXI IL PROB. 

To make a solid angle which shdU be contained b^ 
three given plane angles, any two of them being 
20. 11. greater than the third, and aU three together 
less than four right angles. 

Let ABC, DEP, GHK be the three given 
plane Z. », of w** any two are > the third, and all 
of them together < four r* Z."* It is req^ to 
make a solid angle contained by three plane /. '> ^^ 
are == ABC, DEF, GHK, each to each. 

From the |» w'' contain the Z. « cut off AB, BC, 
DE, EF, GH, HK, all = one another ; and join 
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AC^ D¥y GK. Then a^^rrXmay be made of three |* S3. n 
B H 




w^ are = AC, DF, GK : let LMN be this^x:^, so 22. i 
that AC=LM, DF=MN, GK==LN; about 
the ,^1^ LMN desc a ©, and find its cent. X, w^ *'^ 
Tvill be either within the^^::^, or in one of its sides^ i* n 
or without it. 

First, let the cent X be within the .^, and 
jom LX, MX, NX: AB shaU be > LX. 

If not, AB must be either = or < LX : 

first, let these |* be equal : then, 

VAB=LX, 
and that also 
AB = BC andLX=?XM, 
.•.AB,BC=LX,XM, 
each to each ; 
and the base AC=3: the base LM ; 

.-. Z. ABC= Z. LXM. 

For the same reason, 
Z. DEF = Z. MXN, and Z. GHK = Z. NXL: 
and /. 




Constr. 
H 8.1. 



rZ.«(ABC+DEFl_ J Z.«(LXM+MXN1 
1 +GHK) J- 1 +NXL). J 
but 

thethreeZ.«(LXM+MXN+LXN)=fourrtZ»; cor.i 
.'.alsothethree(ABC+DEF-f GHK)=fourrtZ.»: ^*' *' 

BB 2 
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but, by the hyp', tliese Z. » are < four r- /I '; 

w^ is absurd : 
.-. AB is :;t LX, 

But neither can AB be < LX : for, if posuble, 
let it be less ; and on the | LM^ on that side of it 
2i. I. on w'' is the cent. X, desc. the^^i^LOM, of w*" 
the sides LO, OM = AB, BC, each to each : then, 
*/ the base LM = the base AC, 
8 1. .*. /L LOM = Z ABC : 

And^ by hyp*^ AB, t.e. LO, is < LX : 

/. LO, OM fall within the .^^ LXM ; 
31- 1. for^ if they fell upon its sides, or without il^ 

they would be = or > LX, XM : 

«i. 1. /. Z. LOM, ue.A ABC, is > Z. LXM. 

In the same manner it may be proved that 
Z. DEF is > Z. MXN, and Z GHK > Z NXL 
, ril«(ABC+DEF"i . rz»(LXM4-MXNl 
••\ +GHK) S \ +NXL) J 
Cor.2. i.c. >fourr'Z.'' 

but the same three Z. ' are also < four r^ Z. ' : 

w^ is absurd : 
.\ ABis<LX: 
and it has been proved that 

ABis:;^LX; 
/. AB is > LX. 

Next, let the cent. X of the © fall in one of the 
sides of the ^^ J viz. m MN^ and join XL. 

In this case, also, AB shall be > LX. 

If not, AB is either = or < LX. 

First, let ABsLX; 



i.\ 1. 
Hyp. 
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then AB + BC= LX -f. MX 
orDE-f EP=:MN: 

but, by the constrn, 

MN = DF; 
/. DE + EF=DF, 
w^ is impossible : \^ "^ y 20. i. 

ABisijfcLX: 

nor is AB < LX ; 

for then, much more, an absurdity would follow : 

AB is > LX. 

But, let the cent. X of the fall without the 
.^LMN, and Jom LX, MX, NX. 

In this case likewise, AB shall be > LX. 

If not, it is either = or < LX. 

First, let AB = LX : then it may be proved, 
as in the first case, that 

L ABC = Z. MXL, andZ. GHK = Z. LXN: 
/.thewholeZ. MXN=thetwoZ.»(ABC-f-GHK): 
but L ■ (ABC+GHK) are > Z. DEF ; Hyp. 

also/. MXN is> Z. DEF: 
but, •.' DE, EF= MX, XN, each to eadi, 
and the base DF = the base MN, & 1. 

.•.ZMXN = Z.DEF: 
but, from above, 

Z. MXN is >Z.DEF; 
w^ is absurd. 

.-. ABisijfcLX. 

Nor yet is AB < LX : for then, as has been 
proved in first case, 
L ABC is > Z MXL, and L GHK> LVi'X^- 

BB 3 
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AttheptB, in thejCB, makeZ. CBPssii GHK, 
take BP = HK, and join CP, AP : then. 



^A 



n« 



CB=:GH, 
/. CB, BP= GH, HK, each to each ; 

and they contain equal /. ■ ; 

/• the hase CP = the hase GK, t.e. LN. 

And in ihe isosc. ^^« ABC, MXL, 
V L ABC is > Z. MXL, 
32. 1. .•. Z. MLX is > Z. ACB. 

in like manner, 

V Z.GHKorCBPis>ZLXN, 
.-. Z. XLN is > Z. BCP : 
and /, the whole Z. MLN is > the whole Z. ACT 

And, 

V the sides ML, LN = AC, CP, eacli to eacli, 
but, Z. MLN is > Z. ACP, 
94. 1. .*. the base MN is > the base AP : 

butMN = DF; 

/. also, DFis> A P. 

Again, 

•/ DE, EF= AB, BP, each toeac^^i, 
but base DF is > base AP, 
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hut L ABP= L • (ABC -f- CBP), 

i.<f. = Z.»(ABC + GHK): 
/. L DEP is > Z. • (ABC + GHK) : 
but it is also < these /. S » *^ 

w^* is impossible ; 
/. ABis<LX: 
and it has been proved that 
ABis:;tLX: 
/. AB is > LX. 
From the pt X erect XR at \ / 12.11. 

rt ^ • to the plane of the O LMN. 
And since it has been proved in all the cases, that 
AB is > LXy find a sq. = the excess of the 
sq. of AB above the sq. of LX^ and make RX 
= the side of this sq.^ and join RL^ RM^ RN. 
The solid angle at R shall be the angle req^. For, 
•/ RX is J. to the plane of the © LMN, 
/. it is X to each of the |« LX, MX, NX. 
And V sideLX = MX, 

and XR is com. and at r^ Z. ' to each, 
/• the base RL= the base RM. 4. 1. 

For the same reason, 

RN=eacb of the two RL, RM ; 
and .*• the three |b RL, RM, RN^ are all equaL 

And •/ RX2 = AB*^ - LX^, Con«tr. 

/. AB2 = RX2 + LX2, 

but, V LXRisar'Z., 

.-. RL2=RX2 + LX2; 
/. AB2==RL2, 
and AB = RL. 
But 

AB =each of the l* BC, DE, EF, GH, HK, 
and RL = each of the two RM, UK ; 



Def.3. 
11. 



47. L 
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/. each of the |» AB, BC, DE, EF, GH, HK, 
= each of the |» RL, RM, RN. 

And, 
•/ RL, RM = AB, BC, each to each, 
Constr. and the hase LM = the hase AC^ 

8.1. /. Z.LRM = Z.ABa 

For the same reason, 

Z. MRN = Z. BEF Z. NRL= Z. GHK. 

.*. there is made a solid angle at R, whidi i» 
contained by three plane angles LRM, MRN, 
NRL, which are equal to the three given plane an^ 
ABC, DEF, GHK, each to eacA. [q. b. f.] 



0i0'^m0>0^>^^00i^i0^m 



PROP. A. THEOR. 

If each of two solid angles he contained by three plane 
anglesy which are equal to one another, each to 
each ; the planes in which the equal angles are 
have the same inclination to one another* 

Let there he two solid angles at the p^ A, B ; and 
let the angle at A be contained hy the three plane Z ' 
CAD, C AE, E AD ; and the angle at B by the three 
plane /. « FBG, FBH, HBG,- of w»» 
2lCAD=FBG,CAE=FBH,andEAD=HBG: 
the planes in w^ the equal Z. * &^ shall have the 
same inclination to one another. 

J.i. In the I AC take any pt K, from K draw in the 

plane CAD the J KD at r^Z.* to AC, and in the 
plane CAE the \ KL vXi^ L« us the same AC 
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then the /. DKL is the inclination of tlieplane CAD Dec g 
to the plane CA£. ^** 

In BF take BM = AK, and from the p^ M draw 
in the planes FBG, FBH, ^ B 

the |» MG, MN at r^ /_* to 
BF ; then the Z. GMN is 
the inclination of the plane 
FBG to the plane FBH. 

Join LD, NG. Then, in the ^^8 KAD, MBG, 
. r Z KAD = MBG,rt Z AKD = rt ^ BMG, Hyp. 
* \ ' and also the adj^ sides AK, BM are equal, 

sideKD=MG,andAD = BG: 26. i. 

for the same reason, in the .x\ « K AL, MBN,' 

side KL= MN, and AL =BN : 
hence, in the^i^» LAD, NBG, 

the sides LA, AD = NB, BG, each to each, 

and they also contain equal /_*; 4. i. 

.*• the base LD=the base NG, 
Lastly, in the^^» KLD, MNG, 
the sides DK, KL=:GM, MN, each to each, 
and also the base LD = the base NG : &• i- 

/. Z. DKL = Z. GMN : 
but £. DKL is the inclination of the plane CAD to 
the plane CA£, and Z. GMN is the inclination of 

the plane FBG to the plane FBH, 
•\ these planes have the same inclination to each Der. 7 

. other. "• 

And in the same manner it may be dem^ that the 
other planes in w^* the equal /_ * are, have the same 
inclination to one another. 

.". if two solid angles, <^'C. fq. e o.] 
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PROP. B. THEOR. 

If two solid angles be contained, each by three piane 
angles which are equal to one another, each to 
each, and alike situated ; these solid angles are 

equal to on6 another. 

Let there be two solid angles at A and B, of w^ the 
solid angle at A is contained by the three plane /I* 
CAD, CAE, EAD ; and that 
at B, by the three plane ^ ■ 
FBG, FBH, HBG ; of wh Z.* 

CAD=FBG, / E\ r H> 

CAE = FBH, ^ ^ ^ 

and EAD == HBG : 

the solid angle at A shall be = the solid angle at B. 

Let the solid angle at A be applied to that at B: 
and firsts let the plane Z. CAD be applied to the 
plane /. FBG, so that the p* A may coincide with 
the pt B, and the | AC with BF : then, 

V Z.CAD = Z.FBG, 
.*. AD must coincide with BG : 
and \* the inclination of the plane CAE to the 
plane CAD is = the inclination of the plane FBH 

to tlie plane FBG, 
and that the planes CAD, FBG are coincident ; 
A. 11. .*. the plane CAE coincides with the plane FBH: 
and V the | AC coincides with BF, 
and that /_ CAE = /. FBH ; 
/• A£ coincides with BH : 
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and AD coincides with BG ; 
•% the plane £AD coincides with the plane HBG: 
.*• the solid angle at A coincides with that at B. 

And .% the angles are equal to one another. Ax. 8.] 

[q. e, D.l 



PROP. C. THEOR. 

SoUd figures which are containedbythesamenumber 
of equal and similar planes alike situated, and 
havingnoneof their solidangles contained bymore 
than three plane angles, are equal and similar to 
one another. 

Let AG, KQ be two solid figs contained by the 
same n® of sim' and equal planes^ alike situated^ 
viz. let the plane AC be simi* and=the plane KM ; 
the plane AF to KP, BG to LQ, GD to QN, 
DE to NO ; and, lasdy, FH to PR : the solid fig. . 
AG shall be sim' and = the solid fig. KQ. 

For, 
*.* the solid angle at A is contained by the three 

plane Z_ » BAD, BAE, EAD, 
and that diese /_ * respectively = the plane ./ » Hyp. 
LKN,LKO,OKN, w^ contain thesolidangleatK; 
•". the solid angle at A = the solid angle at K. b. u. 

In the same manner, 
the other solid angles of the fig* are = one another. 
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Let then the solid fig. AG be applied to KQ: 

firsty if the pkne fig. AC be applied to the plane 

fig. KM, so that the | AB may coincide with KL ; 

the fig. AC must coincide with the fig. KM^ 

for they are equal and simi^; 

A the |« AD, DC,CB coincide with KN,NM, ML, 

each with each, 
and the po A, D, C, B, with the pt> K,N, M,L: 
H. k I And the solid angle at A coincides with that at K ; 
•\ the phme AF coincides with the plane KP^ 

and the fig. AF with the fig. KP, 

for they are equal and sim>^ to one another : 

A the I* AE. EF, FB coincide with KO,OP, PL, 

and the p^« E, F with the p«» O, P. 

In the same manner, 

the fig. AH coincides with the fig. KR, 
and the |DH with NR, and the p< H with R. 

And, 
V the solid angle at B = the solid angle at L, 
•*• it may, in the same manner, be proved, that 
the fig. BG coincides with the fig. LQ. 

and the | CG with MQ, and the p^ G withQ. 

Thus, all the planes and sides of the solid fig. AG 
coincide with the planesandsidesofthesolidfig. KQ. 

each with each, 
and .*• AG is equal and sim^ to KQ. 
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And, in the same manner, it may be proved that 
anjf other solid figures whatever contained by the 
same number of equal and similar planes, alike 
situated, and having none of their solid angles con» 
tained by more than three plane angles, are equal 
and similar to one another, [q. e. d.] 
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ffa solid be contained by six planes, two and two 
of which are parallel ; the opposite planes are 
similar and equal parallelograms. 

Let the solid fig. CDGH be conUined by the || 
planes AC, GF; BG,C£; FB,A£: its opp. planes 
shall be sim' and equal / 7 «. For, 

*.* the two II planes BG, CE are cut by the plane AC, 

.% their com. sections AB, CD are || : 16. n. 

again, 

V the two II planesBF, A E are cut by the plane AC, 
«*, their com. sections AD, BC are : 16. u. 

and, from above, AB, CD are 
/. AC is a / 7 . 

In like manner, it may be g 

proved that each of the figs CE, ^ 
FG, GB, BF, AE is a/ — 7. 

Join, AH, DF : then, 

V AB is II DC, and BH || CF ; 
/, the two |« AB, BH, w^' meet one axvQXlvKt 

c c 



\^ 
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are || tbe two DC^ CF^ w^ meet one anodier 
fttid are not in the same plane with the other two 
,0. 11. /. they contain equal ^ ■, 

<.&Z. ABH=:Z.r>CF2 

And, •/ AB, BH = DC, CF, each to each, 
andZ.ABH = Z.I>CF, 
4 1 /. base AH = base DF, 

34. 1 hut/ — 7BG is double of ,^ ABH, 

and IZD CE is double of .^ DC F : 
/. / — 7BG is equal and sim' to£Z7EC. 

In the same manner it may be proved that 
J — 7 AC is equal and sim' toZZZjGF* 
andzil7 AE to BF. 

•*• if a solid, S^c. Qq. b. d.] 



PROP. XXV. THEOR. 

I/a solid paraUelopiped be cut by a plane panM 
to two of its opposite planes ; it dimdee the wkok 
into two solids^ the b<ise qfone qf which ehaU be 
to the base of the other, as the one solid ietoths 
the other. 

Let the solid (g) ABCD be cut by the plane £ V, 
w^is|| the opp. planes, AR, HD, and div* the whole 
into the two solids ABFV, EGCD : then 
•oLABFV : soLEGCD: : baseAEFY : baaeSHCF 

Prod. A H both ways, and talte any n* of )• HM, 
MN,each =2EHaTvdatv^tvoAK,KL,eachss£A; 
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and complete theZZZT* LO, KY, HQ, MS, and 
the soUds LP, KB, HU, MT. Then. 




*/ the |> LK, KA, AB are all equal, 
••. theZHr LO, KY, AF are equal ; 
and likewige the^CIT* KX, KB, AG : 



06.1. 

34. IL 



also, 

the^ZT* LZ, KP, AR, being opp. planes, are equal ; 

for the same reason, 

the/ — r EC, HQ, MS are equal. 



3&1. 
and the^HT* HG, H I, IN ; 

as also HD, MU, NT : 24. 11. 

•% three planes of the solid LP are = and sim>^ 
to three planes of the solid KR, 
as also to three planes of the solid AY 1 
but the three planes opp. to these three are = and 
Sim' to them in the several solids, and none of their 24. 11. 
sol. angles are contained by more than three plane Z. '; 
.», the three solids LP, KR, AV are as one another: c. n. 

for the same reason, 
the three soUds ED, HIT, MTaressone another: 
•*• whatever mult, the base LF is of the base AF, 
the same mult is the solid L Y of the solid AY ; 
and whatever mult the base NF is of the base HF, 

the same mult is the solid NY of the solid ED : 
and as the base LF is >, = or < the base NF, 

60 the solid LY is > , = or < the solid NY. c. a. 

c c 2 



•/ there are four magn', vie. 
tlietn-oboscsAF, FH, andthetwoEoItdt AV,ED 

and that of ihe base AF and solid AV, 
ihe base LFandaolidLVareatiyequimulf white* 

andofihebaBeFH and solid ED, 
the baseFNand solidNVareanyequimuk'wh«te» 
and *,* it has also been proved that 

aslhebase LFiB>, = or<lheba>e NF, 

so the soUd LV is > , = or < the solid NV ; 

». .•, solid AV : Bolid ED : : base AF : base FH. 



.-, if a solid, S;c. 
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PROP. XXVI. PROB. 

At a given point in a gii^en itraigkt line, to mai 
solid angle equal to a giaen lolid angle eontaii 
by three plane angles. 

Let AB be a given |, A a given p> in it, and 1 
given solid angle eonlained by the three plwie 
EDC, EDF, FDC : it is req-i to make at the p« 
in the | AB a solid angle = the solid angle D. 

In the I DF take any p' F, from w^ draw FG 

to the plane EDC, meeting that plane in G, a 

join DO: at the pt A, in the | AB, make 

^ BAL= Z. EDO, and in ihe plane BAL make 

ZBAK=iEDG; then take AK = DG, from 

. the p> K. erect KH at rt ^' t* the plane Bj 

mabeKH = GF. and join All. Thesolid sn^i 




] 
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w^ is contained by the three plane /_ * BAL, BAH, 
H AL^ shall be = the solid angle at D contained by 
the three plane Z * EDC, EDF, FDC. 





• • 



^I. E 

H 

Take the equal j* AB, DE, and jom HB, KB, 
PE, GE : then, 

FG is X to the phme EDC, 
,•. it makes r*Z. ■ with every | meeting it in that plane: JJ®*"* 8» 
e^ofthe/l»FGP,FGBi8artZ.. 
For th6 same reason, 

each of the Z ' HKA, HKB is a rt Z. . 

And, 

V KA, AB = GD, DE, each to each, 

and that they contain equal Z. *> 
/, die base BK=the base EG; 4. 1. 

and KH »= GF, Con»tr. 

and HKB, FGE are r« Z % 

/. HB » FE. 4 1, 

Ag^B, 

V AK, KH = DG, GF, each to each, 

and that they contain right Z % 
/. the base AH = the base DF : 

and AB = DE ; Cor.str 

HA, AB = FD, DE, each to each 
and the base HB = the base FJS ; 

ZBAH = ZEDF. 8.1. 

c 3 
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For the same reason^ 

Z.HAL==FDC: 
for ,niaking AL = DC , and joining KL^H L^GrC,FCj 

•/ the whole L BAL = the whole L EDC, 

and^ hy the constr^^ the parts BAK^ EDGare equal: 

/. the remK L KAL = the remK Z GDC : 

and •/ KA, AL = GD, DC, each to etch, 

and that they contain equal ^ % 

4. 1. /• the hase KL = the hase GC : 

andKH = GF: 

KL, KH :;= GC, GF, each to eadu 
Dof. 3. and they also contain r* ^ • ; 

"i. .*• the base HL = the base FC : 

Again, •.• HA, AL = FD, DC, each to cadi, 
8. 1. and the base HL = the base FC,* 

Z.HAL==Z.FDC, 

Hence, 
V the three plane L ' BAL, BAH, HAL, 

w^ contain the solid angle at A, 
= the three plane L * EDC, EDP, FDC, 
w*i contain the solid angle at D, 
each to each, and are situated in the same order, 
B. n. .*. the solid angle at A = the solid angle at D. 

,*. at a given point in a given straight line has 
been made a solid angle equal to a given solid angie 
contained hy three plane angles* [q. b. f.] 



PROP. XXVI. XXVII. 
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PROP. XXVII. THEOR. 

To describe from a giten straight line a solid pa^ 
raUehpiped similar and similarly situated to one 
given* 

Let AB be the given |, and CD the given solid (g). 
It is req<^ from AB to desc a solid (g| sim' and simif 
situated to CD. 

At the p^ A of the given | AB make a solid angle 
= the solid angle at C, and let BAK^ KAH, BAH^a^. u. 
be the three plane angles w^ contain it, so that 
ZBAK=Z.ECG,KAH=GCF,andHAB=FCE: 
also make BA : AK 
and AK : AH 
whence^ ex aq, BA : AH 
then complete the £117 BH^ and the solid AL : 
AL shall be sm' and sim^y situated to CD. 



: EC : CG, 


12.6. 


: CG : CF, 


12. «. 


:EC : CF: 


22 B. 



fFh^ f^ 




G 



\ 



For, •/ BA : AK : : EC : CG, 

/. thcsidesabouttheequal Z. «ECG, BAKare : : ^S 

and /. / — 7 BK is sim' to djEG, Def.i .«. 

For the same reason, 

ZZI7KH is sim' to GF, and HB to FE : 
,*. ihree / — 7 » of the solid AL are sim' to three of 

the solid CD : 
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24. 11. and the three opp. ones in each solid are equal and 

8im>^ to these^ each to each. 

Also, 
*.* the plane Z. ' w^ contain the solid angleg of the fif^ 
are equals each to each^ and situated in the fame 

order, 
B. 11. /• the solid angles are equal> each to each. 

Def. 11. /, the solid Ah is 8im<^ to the solid CD. 

11* 

•\ from a given straight line AB has been de^ 
scribed a solid parallehpiped AL similar and 
similarlif situated to ihe given one CD. 



»wmi>»»»w»w»i«>» 



PRGP.XXVIII. TH£OR. 

Jfa solid parallelopiped be cut by a plane pQSsin§ 
through the diagonals of two of the opposite f^nes; 
it shaU be cut into two equal parts. 

Let AB he a solid gl, and DE, CF the diagonals 

of the opp- / 7 « AH, GB, viz. those w'* are drawn 

hetwixt the equal /I » in each : 

V CD,FEarehoth||GA, 

and not in the same plane with it, 
9.11. /. CD, FE are II ; 

/, the diagonals CF, DE, are in 
^ ll» the plane in w'^ the ||* are, 

and are themselves |J ; 

and the plane CDEF shall cut the solid AB faitt 
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For, 
.\.^CGF= .y:\CBF, and.x:\DAE=^::\DHE,34.i. 

and that thenuCA is equal and sim' to the 

opp.oneBE, and the/djGE toCH; 24.11, 

.*. the prism contained by the two ^^ » CGF, DAE, 

and the three /ZZT CA, GE, EC, 
= theprism contained by the two ^^» CBFj DHE, c. 11. 

and the three/CZT" BE, CH, EC ; 
for they are contained by the same no of equal and 
sim' planes, alike situated, and none of their solid 
angles are contained by more than three plane /. '• 
.% the soUd AB U bisected by the plane CDEF. 

[q. e. d.] 

** N.B. The iniiflting itraight lines of a ntralleloplped men- 
tioned in the next and lome following propositions, are the sides 
of the parallelograms betwixt tlie base and the opposite plane 
parallel to it.** 
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PROP. XXIX. THEOR. 

Solid paraUehpipeda upon the same base, and of 
the same altitude, the insisting straight lines of 
which are terminated in the same straight lines 
in the plane opposite to the base, are equal to one 
another. 

Let thesolid |g|" AH, AK beon the same base AB, 
and of the same altit., and let their insisting |* 
AF, AG, LM, LN, be terminated in the same 
I FN, and CD, CE, BH, BK be terminated in the 
same | DK : the solid AH shall be = tbe «oVl^ K&» 
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First, let theZIIT* DG, HN, w*» are opp. to the 
base AB> have a com • side H G : 
then, 

*.' the 8olid AH is eat by the 
plane AGHC passing throng 
the diagonals AG, CH, of the 
opp. planes ALGF, CBHP, 
28. iL •*• AH is cutinto twoequalpartsbyihepIaneAGHC; 
•% the solid AH is doable of the priam w*^ is con* 
tained betwixt the ,c^« ALG^ CBH t 

for the same reason, 

*•* the solid AK is oat by the plane LGHB, 

throo^h the diagonals LG, BH, of the opp. 

planes ALNG, CBKH, 
•% the solid AK is double of the same priim w*^ Is 
contamed betwixt the^^A* ALG, CBH : 
Ax. 6L •*• the solid AH = the solid AK. 

Next, let theZHT* DM, EN, opp. to the base. 



4.1. 



SorS 

Ax. 

88.1. 

8G.1. 



have no com. side : then, 
D 




A L 

VCH, CKareZHT*, 
/, CB = each of the opp. sides DH, EK ; 

/. dh = i;k: 

add} or take away the com. part HE ; 
then DE =5 HK : 
also .^ CDE x= .^ BHK, 

and iCI7 DG = £Z7 HN : 



• 1 



PROP. XXIX. XXX. S09 

for the same reason, 

also ZZ7CF = d7BM, and CG»BN, ailL 

for they are opposite ; 

/. the prism w^ is contained by the two,^' 

AFG, CDE, and the threeZZZT* AD, DG, GC, 

=theprism contained by the two ^^« LMN, BHK, c. ii. 

and the threeZZZT* BM, MK, KL. 

If /. the prism LMN^BHK, be taken from the 
solid of w** the base is the^ZIZAB, and in w'' 

FDKN is the one opp. to it ; 
and if from this same solid there be taken tlie 

prism AFG, CDE; 
the rems solid, viz. the (gl AH =& the remSjgl AK. Ax.s, 

•*« solid paraUelopipeds, S$c. [q. e. d.] 



PROP. XXX. THEOR. 

Solid piiretllelopipeds upon the same base, and of 
the same altitude, the insisting straight lines of 
which are not terminated in the same straight 
lines in the plane opposite to the hose, are equal 
to one another* 

Let thegl' CM, CN, be on the same base AB, 
and of the same altit., but their insistilig |* AF, AG, 
LM, LN, CD, CE, BH, BK, not terminated in 
the same |^ : the solids CM, CN shall be equal to 
one another* 
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Prod. FD, MH^and 'SG, KE^ and let them meet 
one another in the p^ O^ P^ Q> R j and join AO^ 
LP,BQ,CR: then. 



IT K 




A C 

V the plane LBHM is || the opp. plane ACDF, 
and that the plane LBHM is that in w^ are 
the ||» LB, MHPQ, in w** also is the fig. BLPQ; 
and the plane ACDF is that in which are the ||» 
AC, FDOR, in w»> also is the fig. CAOR ; 
the fig» BLPQ, CAOR are in || planes : 

in like manner, 

'.' the plane ALNG is || the opp. plane CBK£, 

and that the plane ALNG is Uiat in w^* are the 

II* AL, OPGN, in w»» also is the fig. ALPO ; 

and the plane CBKE is that in w*» are the ||» 

CB, RQEK, in w*» also is the fig. CBQR ; 

/. the fig« ALPO, CBQR are m || planes : 

Hyp. and the planes ACBL, ORQP are || ; 

.•.thesolidCPisagl: 

». II. hut the solid CM = the solid CP, 

for they are on the same base ACBL, and their 

insisting \* AF, AO, CD, CR ; LM, LP, BH, BQ, 

are in the same \* FR, MQ. 



PROP. XXX. xxxt. 




and the solid CP = the solid CN, v. il. 

for thej are on the same bue ACBL, and their 
biistiug i> AO, AG, LP, LN ; CR, CE, BQ, BK 
ate In the same |' ON, RK ; 

A the solid CM = the solid CN. 

.*. toUdparalUlopipedi, S^c. t* ^ ">•] 



PROP. XXXI. THEOR. 

Solid parallelopiptdt, which are upon eqval bout, 
and of the tamt aUitudt, are tqual to OTie on- 
Let the solid gl' AE, CF be on equal bases 
AB, CD, andbeofthesamealtit.: 

the solid AE ahaU be= the solid CF. 
first, let the insisting j* be at r* Z. * to the bases 
AB, CP ; and let the bases be placed in the same 
plane, and so that the sides CL, LB ma; be in a | ; 
then the | LM, w** is a( r> Z * to the plane in if>' 
the bases are, in the p' L, is com. to the two 8q\\45\i.vw. 



SOS 
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14.1. 



7 6. 



2M1. 



11.5. 
9.5. 



A£, CF : let the other insisting \^ of the solids 
be AG, HK, BE ; DF, OP, CN : and first, let the 
/_ ALB = the Z. CLD : then AL, LD are in a ].• 
Prod. OD, HB, and let them meet in Q, and 
complete the solid |g| LR, the base of w^ is the 
LQ, and of w^ LM is one of its insisting |>. 

Then, •/ 2:Z7 AB =£117 CD, 

/. base AB : LQ : : CD ; LQ. 

And, 

*/ the solid (g) AR is cut by the plane LMEB, 
w^ is II to the opp. planes AK, DR : 
solid AE : LR : : base AB : LQ : 







for the same reason, 

V the solid gl CR is cut by the plane LMFD, 
w^ is [I to the opp. planes CP, BR ; 
solid CF : LR : ! base CD : LQ : 

but, from above, 

baseAB : LQf.CD : LQ; 
/, solid AE : LR:: CF : LR; 
and .*. solid AE=xsolid CF. 

But let the solid (§!« SE, CF be on equal bases 
SB, CD, and be of the same altit, and let their 
insisting !» be at r^ Z. * to the bases ; and place the 
bases SB, CD in the same plane, so that CL, LB 

* See the wotc to Prop. 14. Book 6. 



PROP. xzxi. SOB 

may be in a | ; and let the A* SLB, OLD be 
unequal : the solid SE shall be = the solid CF 

Prod, DL> TS until they meet in A, and from B 
draw BH || DA; and let HB, OP prod*^ meet in Q, 
and complete the solids AE^ LR : 

/. the solid AE = the solid SE ; 39. 1 1. 

for they are on the same base LE^ and of the same 
altit.^ and their insisting |% viz. LA, LS, BH^ BT; 
MG, MV, EK, EX, are in the same |» AT, GX : 

Andj *.* / — 7 AB = SBj 35,1. 

for they are on the same base LB, 
and between the same ||« LB, AT; 
and that the base SB = the base CD ; 
/. the base AB XX the base CD; 
and Z. ALB =B Z. CLD I 

.•, by the first case, 

the solid AE = the solid CF : 

but it has been dem^ that 

the solid AE = the solid SE : 
.•. the solid SE = thesolid CF. 

But, if the insisting |» AG, HK, BE, LM ; 
CN, RS, DF, OP be not at r« Z.» to the bases 
AB, CD; in this case also shall the solid AE s= the 
solid C¥i 

From the pt« G, K, E, M; N, S, P, P, draw the 
|« GQ, KT, EV, MX ; NY, 8Z, FI, PU, ± to n. ". 
the planes in w** are the bases AB, CD ; and let 
them meet them in the p^Q,T,V,X; Y,Z,I,U; 
and join QT, TV, VX, XQ ; YZ, ZI, lU, UY. 

DD 2 
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Then, 
V GQ, KTareatrtZ.*toihe8amep]aiie^ 
•*• they are || one another : 

andM6,£Kare||«; 
the planes MQ, £T, of w** one passes ihroiif^ 
MG, GQ, and the other through £K« KT, w^" are 
II MG, GQ, and not m the same plane with tfaemi 

are || one another : 

for the same reason, 

the planes MV, GT are || one another : 
•% the solid QE is a (g|. 

In like manner, it may he proved that 
thesolid YFisagl, 

But, from what has heen dem<^, 

the soUd EQ = the soUd F Y^ 
for they are on equal bases MK, PS, and of the 
some altit., and have their insisting |' at rt ^ • to 

the bases: 
and the solid EQ = the solid A£, 
and the solid FY = the soUd CF : 
for they are on the same bases and of the same altit ; 
the solid A£ = the solid CF. 









solid paraUelopipeds, ^e. 



lu. B. ik] 
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PROP. XXXII. THEOR. 

Solid parallelopiped^ which have the same altitude, 
are to one another as their bases. 

Let AB, CD be solid @1» of the same altit. : they 
•hall be to one another as their bases ; 

».i.aolidAB : solid CD::base A£ : base CF, Ck»r. 4fli 




OP 




To the I FG apply the £17 FHsxAB, so that 
Z. FGH = Z LCG ; and on the base FH com- 
plete the solid gl GK, one of whose insisting |« 
is FIJ, whereby the solids CD, GK must be of the 
same altit.: then, 

the solid AB = the solid GK> si. 1 1. 

for they are on equal bases AE, FH, and are of the 

same altit ; 

And, 
•/ the solid g) CK is cut by the plane DG, 

wb is 11 its opp. planes, 
/. base HF : FC : : soUd HD : DC : iwj. ii. 

but, the base HF s= the base A£, 
and the solid GK = the solid AB ; 
.\ solid AB : CD : : base AE : CF. 



/• wlid parallehpipedsy ^c, 

D o 3 



^ji.'am'Dr^ 
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Cor. — From this it is manifest, that prisms on 
triangular bases^ of the same altit.,are to one another 
as their bases. 

Let the prisms, the bases of w'' are the vA» 
A£M, CFG, and NBO, PDQ the .^* opp. to 
them, haye the same aldt. : they shall be to one 
another as their bases. 



Complete the £17* AE, CF ; and the solid |g|* 
AB, CD, in the first of w*" let MO, and in the 
other let GQ be one of the insisting |*. Then, 
V the solid gl* AB, CD, have the same altit, 
•\ they are to each other as the base AE is to 

the base CF: 
26. 11 •*• the prisms w^ are their halves are to each other 

as the base A£ to the base CF, 
ue. as^^AEM to ,^ CFG. 



PROP. XXXIII. THEOR- 

Similar solid paraUehpipeds are one to another in 
the triplicate ratio of their homologous sides* 

Let AB, CD be sim' solid (g)*, and the side A£ 
horaol. to the side CF : the solid AB shall hare to 
the solid CD the tripl. ro of that w»» AE has to CF. 

Prod. AE, GE, HE, and in these prod<* take 
EK = CF, EL = FN, and EM =: FR ; and 
complete the / 7 K L, and the solid KO. Then^ 
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V KE, EL = CF, FN, each to each, 
andZ.KEL=ZCFN, 
(forZ.KEL=Z^AEG, 
and, since the solids AB, CD are sim', 
Z.AEG=Z.CFN); 
/. /"~7KL is sim' and equal toZID^CN. 
For the same reason, 

r"^ MK is sim' and equal to CR, 
and also 0£ to FD : 
.*• three£Z7 of the solid KO are sim^ and equal 

to threeZZT^ of the solid CD : 
and the three opp. ones In each solid are sim' and^* i^* 

equal to these : 
/• the solid KO is 8im>' and equal to the solid CD c. n. 




Complete theZZ7GK ; and on the bases GK, 
KL, complete the solids EX, LP, so that EH be 
an insisting | in each of them, whereby they must 
be of the same altit. with the solid AB. Then, 

•.• the solids AB, CD are sim', 
and, by permutation, 

AB: OF:: EG: FN 

but FC = EK, FN= EL, and FR=£M ; 

/. AE : EK : : eg : el 

::eh:em; v^ 



SOS 
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1.6. 
1.6. 



but ZZJAG 
and nZjGK 



25.11. 
25.11. 
25.11. 



alsoZIZ7PE 
.-. CZJAG 

but solid AB 
and solid EX 
also solid PL 
solid AB 



• • 



EK; 

EL; 

£M: 

KL 

KM: 

GK; 

KL; 

KM: 

PL 

KO: 



£=7GK::AE 
^Z7KL::EG 
d7KM::EH 

/=:7GK::GK 

tl PE 

soHdEX::AG 

solid PL : : GK 

solid KO::PB 

5oUd EX : : EX 
::PL 

but if four magn" be continual C I ^*, the first is said 
Def. 11. to have to the fourth the tripL r^ of that w*> it h«i 
^ to the second ; 

and /• the solid AB has to the solid K0» 
the tripl. r® of that w»» AB has to EX : 

but AB : EX : :£Z7 AG : hd gk, 

and:: I AE: |EK; 
•*, the solid AB has to the sohd KO> 
the tripl. ro of that w^ AE has to EK : 
but the solid KO = the solid CD, 
andthelEK = the|CF; 
.*. the solid AB has to the solid CD, the tripL r« 
of that w^^ the side AE has to the homoL side CF. 



/• similar solid paraUelopipeds, Sjc. 



[q, b. d*]] 



Cor. — From this it is manifest, that if four |* be 
continual : : \ as the first is to the fourth, so is the 
solid |g)desc<* from the first to the sim^ solid aw}^ 
desc^ from the second ; for the first | has to the 
fourth the trip, ro of that w^ it has to the second. 
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PROP. D THEOR. 

Solid paraHelopipeds which are contained by paral" 
IdogravM equiangular to one another^ each to 
each, that is, of which the solid angles are equal, 
each to each, have to one another the ratio which 
is the same with the ratio compounded of the 
ratios of their sides. 

Let AB, CD be solid (gl», of w*» AB is contained 
by theZZT* AE, AF, AG, w*» are equiangi; each 
to each, to the r""7 »CH. CK, CL, w^ contain the 
solid CD. The r« w^ the solid AB has to the 
solid CD shall be the same with that w^ is com- 
pounded of the r«* of the sides AM to DL, AN 
to DK, and AO to DH, 

Prod. MA, NA, OA to P, Q> R, so that 
AP = DL, AQ=bDK, and AR = DH; and 
complete the solid (g! AX contained by the /"""T * 
AS, AT, AV simr and equal to CH, CK, CL, each 
to each : whence the solid AX = the solid CD. c. ii. 

Complete likewise the solid AY, the base of w^^ 
is AS, and AO one of its insisting |s 

Take any | a, and make i% a 

a: b::MA : ap 
b: c::NA : aq 
c: d:: ao : ar. 



Then, %• ZZI7 AE is equiang' to AS, 

.•. AE:AS::|a:c, ss.6. 
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and the solids AB, AY, being betwixt the || pIinM 

BO Y, £ AS, are of the same altit. j 

.*. solid AB:EoUd AY:: bBMAB : haaeAS, 




u,ii. solid AY : solid AX ;:bueOQ ; bsHQB, 
t.e.:; lOA :ab 

ie. :: |c : d. 

And, 
V Rolid AB : solid AY :: a : c 

udsoiidAY :Boiid AX:: c :d 

.*, em aq, 

BoUdAB: AXorCD:: 
DaC- A. But tberoofotodisBfti 
the to* of a to b, b to Ci and < 
with the i« of the sides MA to AF, NA to AQ, 

and OA to AE, each to each ; 
and thesides AF, AQ, AR= the aides B L, DK, DH, 
each to each. 
.:the*oMA.^hastotheeomCDthtratiofAiA 
ia the tame with that ahich is compounded nf Ihi 
ratios ^ (Aa tide* AtA toDL AN to DK, and 
AO to T>H. [q. e. d.] 



:d. 

ompounded of 



PROP, xxxin. XXXIV. 



311 



PROP. XXXIV. THEOR. 

The bases and altitudes of equal solid parallelopipeds, 
are reciprocally proportional ; and if the bases 
and altitudes be reciprocally proportional, the 
solid paraUelopipeds are equal. 

Let AB, CD be two solid gi»: and, first, let the 
insisting |s AG, EF, LB, HK ; CM, NX, OD, PR, 
be at r* ^ * to the bases. 

If the solid AB =3 the solid CD, their bases shall 
be reciprocally : I * to their altit*; 
t. c. base EH : base NP : : CM : AG. 




If the base EH = the base NP; then, 
%• the solid AB is also = the solid CD, 
/. shall CM = AG: 
for if the bases EH, NP be equal, 
but the altit* AG, CM be not equ<d, 
neither shall the solid AB = the solid CD i 
but these solids are equal, hy hyp^ ; 
A the altit CM is not :f: AG ; 
t.«.CM=AG. 
/. base EH : base NP : : CM : AG. 

Next, let the bases EH, NP not be equal, but 
EH > die other : then, 

V the solid AB = the solid CD, 
CM>AG: 



• • 
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7.5. 

32. 11. 
2511. 

I.e. 



for, if it be not^ neither also in this case would the 
solid AB = CD ; whereas^ hj hyp*^ these solids 

areequaL 







Make then CT = AG, and complete the solid 
gl C V, of w»» the base is NP, and altit. CT. 
the solid AB = the solid CD, 
A the soHd AB : CV : : CD : CV: 
but, 

the solids AB, CV are of the same altit., 
thesoUdAB : CV : : the base EH : NP: 
and the solid CD : CV : : the base MP : PT ; 
and also : : | MC : CT ; 

andCT=AG: 
.•. the base EH : NP : : MC : AG : 
/• the bases of the solid gi' AB, CD are recipro- 
cally : : 1 to their altit». 
Let now the bases of the solid (gl* AB^ CD be 
reciprocally : I * to their altit», viz. 

base EH : NP : : altit. CM : AG : 
then shall the solid AB = the solid CD. 



K B R 



D 



H^ 



L 




EON 

Ifthe base EH = the base NP; then^ 
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VEH : NP::altit.of8oUdCD : altitofsolidAB, 

thealtit.ofCD=:thealtit.ofAB: A. 5. 

but solid |g|> on equal bases^ and of the same altit. 

are = one another : 31. 1 1. 

.\ the solid CD = the solid AB. 
But let the bases £H^ NP be unequal ; and let 
EH be the greater of the two: then^ 

altit. CM of soUd CD : altit. AG of soUd AB, 
::ba8eEH : NP, 
/. CM is > AG. A. 5. 







E C W 

Hence, as before, take CT = AG, and complete 
the solid CV. Then, 

V base EH : base NP:: CM : AG, 

and that AG =CT, 
.•.baseEH:ba8eNP::CM : CT. 

But, *.* the solids AB, C V are of the same altitj 



• • 



floMABrsoUdCV 
also, MC : CT 






solid AB : soHd C V 



tbaseEH : baseNP: 82.11. 
: base MP : base PT, 1. «. 
: solid CD : solid CV; 25.11. 
: soHd CD : solid CV, 
t. e. each of the solids AB, CD has the same jfi 

to the solid CV ; 
and •*• the solid AB = the solid CD. 9. 5. 

Seoond General Case. — Let the insisting |* FE, 
BL, GA, KH; XN, DO, MC, RP not be atr* 
/,• to the bases of the solids. 

£ B 
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In this case^ likewise^ if the solids AB, CD be 
equals their bases shall be reciprocallj : : ^ to their 
altit«, viz. 
base EH : NP : : altit. of solid CD : altit. of AB. 

From the pt* F, B, K, G ; X, D, R, M draw ±« 
to the planes in w'^ are the bases £H^ NP^ meeting 
those planes in the pt» S, Y, V, T ; Q, I, U, Z ; and 
complete the solids FV, XU, w** are gl*, as was 
proved in the last part of Prop. 31 of this Book. 

•/ the solid AB = the solid CD ; 
and that the solids AB^ BT^ being on the same 
29 or 30 jjj^gg YK, and of the same altit, are equal ; 
29 or 30 and that also the solids CD^ DZ, being on the same 
base XR^ and of the same altit are equal ; 
.•. the solid BT = the solid DZ : 



• • 



but as was before proved, the bases are reciprocally 
: : 1 to the altits of equa^solid gl«, of w*» the insistiiig 

|» are at r' ^ s to their bases ; 
.-.altit. of solidDZ : altit ofBT:: base FK : XR; 
and the base FK = EH, and the base XR =* NP; 
.•. altit of solidDZ : altit ofBT:: base EH ; NP; 
but the altit^ of the solids DZ, DC, as also those of 

the solids BT, B A are the same : 
.•.altit of solid CD : altit ofAB:: base EH : NP; 
t. €• the bases of the solid gl* AB, CD^ are recipro- 
cally : : 1 to their altit". 

Next, let the bases of the solids AB^ CD be reci- 
procally : ; 1 to their altit", viz. 

baseEH : NP:: altit of solid CD : altitofAB; 

then shall the solid AB = the solid CD. 
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For^ the same constr^ being made^ 
VbaseEH : NP::altit.of8oMCD : altii.of AB, 

and that the base EH = FK, and NP= XR ; 
.MmscFK : XR::altit.ofBoUdCD : altitofAB: 




bat the altit* of the solids AB^ BT are the same« 

as also those of CD and DZ ; 
AhaaeFK : XRr.altit, of solid DZ : altit.ofBT; 
•\ the bases of the solids BT, DZ are reciprocally 

::i to their altit?: 
ftnd their insisting |' are at r^ ^^ " to the hases ; 
/. , as was before proved, 

the solid BT =z the solid PZ : 
btitBT = the solid BA, and DZ = the solid DC, »or80 
for they are on the same bases, and of the same altit. ; 
/. the solid AB = the solid CD. 



•*• the bases^ S^c, 



[q, e. d.] 



«#^M^fk^^WVWV^#A• 
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T/ffrom the vertices of two equal plane angles, there 
he dravon two straight lines elevated above the 
planes in which the angles are, and containing 

£ £ 2 



eijiint ajigies with the sides oflhoae aiiglef, 
to each ; and if in the linee above the planet 
lliere lie taken any points, and from them per- 
pendiculars be drawn to the planes in which Ihe 
Jirtl named angks are; and from the points in 
which they meet the planes, straight lines lie 
itramn to the vertices of the angles first named: 
these straight lines shall contain e^al anglet 
milh the straight lints tehich are above the platm r 
of Ihe angles. 

Let BAG, EDF be two equal plane _ 
from the p" A, V let the |' AG, DM be e 
aboTe the planes of the /. ', making equal ^ • 
their iides, each to each, vi«. i GAB = "" 
and i GAC = MDF; and in AG, DM, let ■ 
p"" G, M be taken, and from them let J_' GL, ! 
, be drawn Co the planes BAC, EDF, meeting tl 
plBneBinthep"L, N; and join LA, ND: 
Z GAL BhaU be= /. MDN. 




Make AH = DM, and through H draw HK \\ 

now GL is J. to the plane BAC, 

and .-, M K. is _L to the same plane. 

Prom the p" K, N, lo the ]■ AB, AC, DE, 

draw J.« KB, KC, NE, NF; 

and join HB, HC, ME, £F. 
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M 

Then, •/ HK is 1. to the plane BAG, 
/. the plane HBK^ w^ passes through HK^ is. n. 
is at r* Z. • to the plane BAG ; 
and AB is drawn in the plane BAG at r^ /. " to the 

com. section BK of the two planes ; 
/. AB is_L to the plane HBK, and makes r* Z.» uf ^ 
with every | meeting it in that plane ; i^f. 3. 

but BH meets it in that plane ; 
.% ABHisart^: 

for the same reason, 

DEM is art/.; 
and /. Z. ABH = Z.I>EM: 

and Z. HAB= £ MDE : Hyp. 

hence, in the two.^» HAB, MDE, 
two Z. 8in the one= two Z. ■ in the other, each toeach 

and one side HA = one side DM, 
w** sides are opp. to one of the equal Z. * iii each ^^ ; 
/, the remS sides are equal, each to each ; 26. i. 
and /. AB = DE. 

In the same manner, if HG and MF be joined, 
it may be dem<^ that 

AG = DF: 
AB, AG = DE, DP, each toeach; 
andZBAG = ZEDF; Hyp. 

/. the baseBG = the base EF, 4. i. 

and the rem* Z. ^ = the rem* Z-* • 

E E 3 
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Z.ABC = Z.DEF: 
and the rt Z. ABK = the r'Z. DEN ; 
/. the rem? Z. CBK=therem8 Z. FEN 

for the same reason^ 

Z.BCK=Z.EFN: 

Hence, in the two ^^« BCK, EFN, 
two2l Bintheone=twoZ. ^intheotber^eachtoeadi; 
and one side BC= one side EF^ 
w*^ sides are a^j^ to the equal Z. ' in each 4^; 
/• the other sides = the other sides ; 
/. BKrsEN.- 
andABssDE; 
/. AB,BK = D£,EN,eachtoeach; 
and they contain r* Z. *; 
•\ the hase AK = the hase DN« 

And, V AH = DM, 

.•.AH2 = DM^- 

but, V AKH and DNM are rt Z. "; 
<7.i /.AH2=AK2 + KH2, 

andDM2 = DN2 4-NM2: 
AK2 + KH2 = DN2 4- NM2 : 
andAK2 = DN2: 
the remK KH2 = the rem* NM2, 
and KH = NMr 
»• 1- and, V HA, AK = MD,DN,eaclitoeach 

and, from above, 

baseHK = MN; 
/. Z. HAK = Z.MDN. 

•'. if from the vertices, ^c. [q. e. d.] 

Coiu— From this it is manifest, that if from the 
vertices of two ec^waV'^\«c\^ L^i^^'f'^jft elevated 



PROP. XXXV. 319 

two equal |' containiDg equal /. ' with the sides of 
the Z. ■, each to each ; the _L" drawn from the ex- 
tremities of the equal |> to the planes of the first L ' 
are = one another. 

Another Demonstration of the CoroUaiy. 

Let the plane /. ■ BAG, EDF be = one another, 
and let AH, DM be two equal |* above the planes 
of theZ.S containing equal/. » with BA, AC, ED, 
DF^ each to each, viz. 

Z. HAB= MDE, and HAC= MDF ; 
and from H, M, let HK, MN be J.* to the planes 
BAG, EDF: HK shaU be =: MN. 

For, 
V the solidangleat A is contained by the three plane 
Z. * BAG, BAH, HAG, w^ are, each to each, = the 
three plane Z. ■ EDF, EDM, MDF, containing the 

solid angle at D ; 

•*• the solid angles at A and D are equal, 

and •% coincide with one another; to wit, 

if the plane Z BAG be applied to the plane Z. EDF, 

the I AH coincides with DM, 

as was shown in Prop. B of this Book : 

andv AH=:DM, 

•*• the p^ H coincides with the p^ M : 
.% HK, w»» b i. to the plane BAG, 
coincides with MN, w*» is JL to the plane EDF, w, u, 
for these planes coincide witli one another, 

.% HK—MN. [q.e.d.3 
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PROP.XXXVI. THEOIL 

Jf three straight lines be propartio7ials, the 9oUd 
parallelopiped described from dU threes as its 
sides, is equal to the equilateral parallelopiped 
described from the mmn proportional, one qftks 
solid angles qf which is contained by three plane 
angles equal, each to each, to the three plane 
angles containing om of the soHd angUe of the 
other figure. 

Let A, B, C be three ::1% viz. 

A : B::B: C: 

the solid desc*^ from A^ B^ C shall be sas theequilat' 
solid desc^ from B, equiang^ to the other* 



Take a solid angle D contained by three plane 

H 



O 






3— 

Z. • EDF, FDG, GDE : and make each of the |« 
ED, DF, DG=B,andcompletethe8olidg|DH: 
2& 11. make LK= A, and at the p^ K in the | LK make 
a solid angle contained by the three plane /. "LKM, 
MKN, NKL = the three /.• EDF, FDG, GDE, 
each to each, and make KN = B, KM = C : 
and complete the &o\\^^iLQ» 
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Then, V A : B:: B : C, and that 
A = LK,B =eachofthe|«DE,DF,andC=KM ; 

/. LK: DE::DF; KM; 
f.e, thesidesabout theequal L "are reciprocally : : ' : 

LM=EF: M.6. 



• • 



and^ 

V EDF, LKM are two equal plane Z.S 
and the two equal [■ DG, KN are drawn from their 
vertices above theur planes and contain equal Z. ' 

with their sides ; 
/, the _L» from the p«» G, N, to the planes EDF 

LKM are = one another : {jO'« ^a. 

,% the solids KO, DH are of the same altiU; 
and they are on equal bases LM, EF; 
and .*• they are = one another : 9i. lU 

but the solid KO is desc<^ from the three I* A» B,C, 
and the solid T^YL from the | B, 

/, if three straight lines, «Sfc. [q. e. d.] 
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Jffmr straight lines be proportionals, the similar 
solid parcMelopipedssimilarfydescribedfrom them 
shall also be proportionals. And if the similar 
paraHelopipeds similarly described from four 
straight lines be proportionals, the straight lines 
shdU be proportionals. 

Let the four j" AB, CD, EF, GH be : : J», via. 
AB : CD : : EF : GH ; • 
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and let the sim' p^ AK, CL, EM, GN be mnfi 
desc^ from them : then shall 

AK: CL:;EM;GN. 




T TC 



Make AB, CD, O, F contiiiual ::i«^ as also 
EF, GH,Q,R: then, 






AB 

and that CD 
11.6. and O 

22. •*• ea ceq, AB 

Cor. 3^ but solid AK 
c^r 33 and solid EM 
soUd AK 



11. 

1K5. 






CD 
O 
P 
P 

solid CL 

solid GN 



EF : 


:GH; 


GH ; 


:Q. 


Q : 


:R; 


EF , 


: R: 


AB ; 


:P; 


EF : 


R; 


EM : 


: GN. 



soHd CL 

Next, let . 

solid AK : solid CL : ! solid EM : solid GN: 
then shaU | AB : CD :: EF : GH. 

Take EF : ST : : AB : CD, 

27. 11. and from ST desc a solid |g| SV sim' and sim^ 
situated to either of the solids EM, GN. 

Then, •.• AB : CD : : EF : ST, 

and that from AB, CD the solid |g|* AK, CL are 
siinl^desc^ ; and, in like manner, the solids EM, SV 

from the !• EF, ST ; 
AK: CL::EM;8V; 
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but by hyp., AK : CL : : EM : GN ; 

/. GN = SV: 

but it is likewise sira"' and sim*^ situated to SV ; 
/. the planes w^* contain the solids GN, SV are 
8im>^ and equal, and their homoL sides GH, ST 
are = one another : 
and, •/ AB : CD : : EF : ST, 
and that ST = GH, 

/. AB : CD : : ef : gh. 

/. if four straight lines, S^c [q.e.d.] 



9.& 
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ff a plane be perpendicular to another plane, and 
a itratght line be drawn from a point in one of 
the planes perpendicular to the other plancy this 
straight line shall fall on the. common section of 
the planes. 

Let the plane CD be _L to the plane AB, and 
let AD he the com. section : if any p': E be taken 
in the plane CD, the _L drawn from E to the 
plane AB shall fall on AD. 
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For, if it does not^ let it, if 

possible, fall elsewhere, as EF; 

and let it meet the plane AB in 
IS. 1. the pt F; and from F draw, in 

the plane AB, a _L FG to DA, 
Def. 4. w^ is also JL to the plane CD ; and join £G« 

Then, •/ FG is X to the plane CD, 
and the | EG, w^ is in that plane, meets it, 

/. FGEisar'Z.: 
but E F is also at r< Z. ' to the plane AB ; 

and /. EFG is a r* Z : 
,Mwo Z."ofthe.^EFGaietogether= twoi^^S 

w*^ is impossible : 

•\ the J. from the p^ £ to the plane AB docs not 

fall elsewhere than upon the | AD ; 

.*, it falls upon it 

•\ if a plane, S^c. [q. e. d.] 



Def.S. 
11. 
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PROP. XXXIX. THEOR. 

In a solid paraUelopiped, if the sides of two qftke 
opposite planes be divided, each into two equal 
parts, the common section of the planes passing 
through the points of division, and the diameter 
qf the solid parattelopiped, cut each other into two 
equal parts. 

Let the sides of the opp. planes CF, AH^ of the 
solid (g) AF be div^ eadi into two equal parts in 
the pt» K, L, M, N ; X, O, P, R; and join KL» 
MN,XO,PR: then, 







•.■DKn=»ni||CL, 

.-. KL«||DC: K 

MN is II BA : 
Slid BA is II DC; 

*.- KL, BA are each of them [| DC, 
snd not in the tame plane wiih it, 

.; KL is II BA : ». 

■nd ■.'KL, MN are each of them || BA, 
and not in tha nme plane nith it, 

.-, KLiaUMN: 9, 

,*. KL, MN are in one plane. 

In like manner it may be proved, that 
XO, PR are in one plane. 

LetYSbeihecom.sectionoftbe planes KN,XIt; 
and DG thedlam' of the solid @3 AF : TS and DG 
shall meet, and cut one anotherinto twoequal parts. 
Jom DY, YE.BS, SG: then, 
V DXisllOE. 
.•, the alt. / ' DXV, YOE are equal : s 
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hence, V DX=OE,XY=YO, 
K 1. and that they contain eqnid L '; 

/. the base DYs the base Y£^ 
and the other ^ * are equal ; 
.% ^XYD=Z.OYE, 
,4.1. and.-. DY£i8a|: 

for the same reason, 

BSGisal, 

andBS=S6. 

And 

V CA is= and || DB, and also ssand || EG ; 
9.XL /. DBis=and||EO: 

and D£, B6 join their extremities ; 
M,i. ,*. DEi8=and||BG: 

and D6^ YS are drawn from p^ in the ont 

to p^ in the other, 
and .*• are in one plane : 

whence it is manifest that DG, YS must meet 
one another: let them meet in T. Then^ 
V DE is II BG, 
». I. /. the alt Z. • EDT, BGT are equal: 

18, ,. and Z. DTY= L GTS: 

hence, in the.^« DTY, GTS, 
two Z, ' in theone= two Z. ' in theother, each toeadi, 
and one side = one side, opp. to two of the equal L ' 

viz. D Y = GS, 
(for they are the halves of DE, BG), 
se I. •% the rems sides are equal, each to eadi ; 

DT = TG,andYT=:TS. 



• • 



•*• if in a 9olid, ^c [q. b. d.] 
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PROP. XL. THEOR. 

If there betvfotriangular prisms of the same aUitude^ 
the hose of one ofwhuA is a parallelogram^ and 
the base of the other a triangle; if the paraUelo^ 
gram be double of the triangle, the prisms shaU be 
equal to one another. 

Let the prisms ABCDEF.GHKLMNbe of the 
same altit^ the first thereof is contained by the two 
.^» ABE, CDF, and the three £Z7« AD, DE, EC ; 
and the other by the two.«^s6HK, LMN, and 
the three £17' LH, HN, NG; and let one of them 
have aZZI7AF, and the other a.^6HK, for its 
base: if iheCU AF be double of the^x^ GHK, 
then shall the prism ABCDEF =s the prism 
GHKLMN, 

B D M O 
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Complete the solids AX, GO : then, 
V £Z7 AF is double of ^^ GHK, 
andZIZZ HK double of the same^xv; 

.\ £=7AF=z=7HK: 
bat solid gl* on equal bases, and of the 

same altit, are = one another ; 
/. the solid AX = the solid GO : 
and the prism ABCDEF is half of the solid AX ; ». ii. 
and the prism GHKLMN half of the solid GO ; ss. u. 
/. the prism ABCDEF = the prism GHKLMN. 

,% if there be two, S^c, Qq. b, d%"\ 

P F 2 
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Which U the first proposition of the tenth book, and it 
to some of the propocitiont of tliis bodk. 

If from the greater oftvoo unequal, magnitudee^ Here 
be taken more than its half, and/rom theremamier 
more than its half; and so on : there ehatt at 
length remain a magnitude less than the least cf 
the proposed magnitudes. 

Let AB and C be two unequal raagn' of w*^ AB 
is the greater. If from AB there be 
taken more than its half^ and from the ^ 
rem I" more than its half, and so on ; there 
sliall at length remain a magn. < C. K- 

For C may be multiplied so as at H 
length to become > AB. 

Let it be so multiplied : and let DE 
its mult be > AB, and let DE be dir<l B C £ 
into DF, FG, GE, each = C. 

From AB take BH > its half, and from the rem' 
AH take HK > its half, and so on ; nntil there are 
as many divisions in A B as there are in DE ; and 
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let the divisionB in A B be AK^ KH^ HB ; and the 
divisionB in D£ be DF, F6, 6E. 

Then, V DE is > AB, 

and that EG taken from DE i8>it8 half, 
batBH taken from ABi8> its half; 
.% the rem^f GD is > the rem' HA. 

Again, •/ GD is > HA, 

and that GF is > the half of GD, 
but H K is > the half of H A ; 
,*, the rem' FD is > the rem' AK. 

And, FDrsC; 
/. Cis>AK; 
t* e. AK is < C. [q. jh. d.] 

And if only the halves be taken away, the same 
thing may in the same way be demonstrated. 
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PROP. L THEOR. 

Simitar jxdygons imcribed in circles, are to one 
another ae the squares of their diameters. 

Let ABCDE, FGHKL be two >, and m them 
thesim' polygons ABCDE, FGHKL; and let 
BM, GN,.be the diam^^ of the «: 

polygBABCDE : polyg«FGHKL : : BM2 : GN^, 

Join BE, AM, GL, FN : then, 
V polygon ABCDE is sim' to polygon FGHKL; 
.•.Z.BAE.-=ZGFL, 
and BA : AE : : GF : FL". 

r F S 
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Jicnce, V in the 1^0,^::::^* BAE, GEt, 

oiieZ. =oneZ., 
and the sides about the equal /,*arei', *», 
/. the ^^^ are equiang*" ; 
and /, Z. AEB = Z. FLG : 

but, 

V Z. •AEBjAMBstandonthesamepartof the «*; 

ZAEB = Z.AMB; 

and for the same reason^ 

Z FLG = Z. FNG : 
.*. also Z AMB = Z. FNG : 
31.3. and r'Z. BAM=rtZ GFN ; 

/, therem^Z.* in the,^»ABM,FGN are equal, 
and the.«i^8 are equiang'' to one another: 
4 a /. BA: GF::BM: GN; 

10 Detb and /, the dupl. r<> of BM to GN is the same with 
* ^^' ^' the dupl. ro of BA to GF : 

hut the ro of BM- to GN- is the dupl. r« of thai 
20. 6. vr^ BM has to GN ; 

and the r® of the polygon ABODE to the polygon 
20. 6. FGHKL is the dupl. of that w'» BA has to GF : 
/,pol« ABODE : poln FGHKL : : BM*- : GN-. 

•% similar poiy^mis, ^-c Qq. b. d.] 
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PROP. 11. THKOR. 

Circles are to one anottier as the squares of their 

diameters. 

Let ABCD, EFGH be two © « ; BD, FH their 
diam" : 

© ABCD : O EFGH : : BD2 : FH-\ 

For, if it be not so, then must 

BD-.FH-.,©ABCD. |>or<©EFGH» 
First, let this space be a space S < © EFGH ; 
and in the © EFGH ilesc. the sq. EFGH. 6. 4. 

This sq. is > half of the © EFGH ; 
for if, through the p** E, F, G, H there be drawn 

tangents to the © , 
the sq. EFGH is half of the sq. desc*^ about tlie © : 41, i. 
and the © is < the sq. desc^ about it : 
/, the sq. EFGH is > half of the © . 

Bist each of the arcs EF, FG, GH, HE, in the 
pt»K, L, M, N, and join EK, KF, FL, LG,GM, 
MH, HN, NE : 

« For there is some sq. a Q ABCD ; 
let P be the side of it; 
and to three K BD, FH and F there can tie a fourth : ',l : 

let this be Q ; 
the sq* of these four |> are I 'M ; 
i, e. it is possible that to the 8q> of BD, FH, 12. 6. 

and thcO ABCD there may be a fourth 11-. 
Let this be S. 

And in Vke numner are to be understood some tUn^ in tS&A 
Collowinf prcypotitionf • 
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then each of the.^» EKF, FLG, GMH^ HNE 
is > half the s^ of the Gin w^ it stands ; 
for^ if |s touching the he drawn through the p(* 
K,L,M,N,andthe ZZ:7»onthe|»EF,FG,GH, HE 

he completed^ 
each of the .^» EKF, FLG, GMH, HNE is the 
41. 1. half of theZZ!7in w** it is : 

but every s^ is < iheCUin which it is ; 

.% each of the ,^» EKF, FLG, GMH, HNE 

is > half the s^ of theO w^ contains it 





Again, if the rems arcs he each of them bis4, and 
their extremities be joined by |s by continuing to 
do this, there will at length remain seg^ of the © , 
w** together are < the excess of the EFGH 
above the space S ; for, by the preceding Lemma, 
if from the greater of two imequal magn" there 
be taken more than its half^ and &om the rem<^ 
more than its half, and so on ; there shall at length 
remain a magn. < the least of the proposed 
magn'* 

Let then the segt« EK, KF, FL, LG, GM, MH, 
HN, NE be those that remain, and are together 

< the excess of the EFGH above S : 
/• the rest of the , viz. the poIygQ EKFLGHIfN 



N 
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Desc. likewise in the © ABCD the polygon 
AXLBOCPDR sirar to the polygon EKFLGMHN, 
/.polyg'AXBOCPDR : polyg" EKFLGMHJI 

: : BD-' : fh^. i. 12. 

but also, BD2 : FH- : : © ABCD : space S : Hyp. 
/. polyg" AXBOCPDR : polyg" EKFLGHMN 11.5. 

: : © ABCD : space S. 
but the © ABCD is > the polygon contained in it; 
the space S is > the polyg" EKFLGHMN : 
but^ as has been dem^^ u. 5. 

the space S is also < the above polygon ; 
vr^ is impossible. 
•\ it is impossible that 
BD2 : FH^ : : © ABCD : any space < © EFGH. 

In the same manner it may be dem^ to be impos- 
sible that 
FH2 : BD2 : : © EFG ; any space < © ABCD ; 

Neither is it possible that 
BD^ : FH2 : : © ABCD : any space > © EFGH. 
For, if possible^ let this space be T, then invb'; 
FH2 : BD2 : : space T : © ABCD : 




but, by hyp«, the space T is > EFGH ; and 
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space T '.' © ABCD 

M. 6. : : © EFGH : some space* < © ABCD ; 

FH5* : BD^ 

:: ©EFGH : some space < © ABCD 
w^ has been shown to be impossible: 

.\ it is impossible that 
BD2 : FH2:: ©ABCD : any space > ©EFGH: 
and it has also been dem^ that it is impossible that 
BD2 : FH^: : © ABCD : any space < ©EFGH 

.\BD2 : FH2 : : © abcd : ©efgh : t 

«*• circles are, S^c [q. e. d.] 
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PROP. III. THEOR. 

Every pyramid having a triangular bate, may be 
divided into two equal and similar pyramids 
having triangular bases, and which are similar 
to the whole pyramid; and into two equal 
prisms which together are greater than the haf^ 
of the whole pyramid. 

Let there be a pyr^of w^ the base is the ^^ ABC 

* For as, in the foregoing note it was explained bow ft was 

possible there could be a fourth 11^ to the squares of BD, FH* 

and the© ABCD, wh was named S; so, in Uke manner, there 

can be a fourth l',^ to this other space, named T, and the ©> 

ABCD, EFGH. And the like is to be understood in some of the 

following propositions. 

t For, as a fourth : :i to the sq> of BD, FH, 

and the© ABCD is possible, 
and that it can neither be > nor < © EFGH, 

.'.icxsnstbeaBit. 
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and its vertex the p^ D : the pyr^ ABDO may be 

div^ into two equal and aim' pyr*^ 

liaving triangular baaes^ and sim^ to 

the whole; and into two equal prisms 

wi> together shall be > half of the 

whole pyramid. 

Biat AB, EC, CA, AD, DB, DC 
in the pt» E, F, G, H, K, L, and 
join EH, EG, GH, HK, KL, LH, 
EK,KF, FG: then, 

•/ AE = EB, and AH = HD, 

HE is II to DB! «.«. 

for the same reason, 

HKis||toAB: 

HEBK is a CZJ, S4. i. 

andHK=EB: 
butEB = AE; 
aLM)AE=HK; 
and AH = H D : Constr. 

/. EA, AH = KH, HD each to each ; 

andZ.EAH = Z.KHD; ».i. 

:. the base EH = the base KD, 
and ^^ AEH is equal and sim>^ to ^^ HKD. 4. i. 

For the same reason, 

.^ AGH is equal and sim' \X},^^ HLD. 

Again, 

•.• the two |» EH, HG, w*" meet one another, 
are || to KD, DL, w^ meet one another, 
and are not in the same plane with them 

.% they contain equal Z.'; V^XU, 

Z.EHG=Z.KDL: 



• • 
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Hence, in the^^^* EHG, KDL, 

•/ EH, H G = KD, DL, each to each, 

andZ.EHG=Z.KDL; 
/. the base EG = the base KL, 
4.1. and ,^ EH G is equal and sim' to .^^ KDL. 



For the same reason, 

.^^AEG is equal and sim"' to^e^r^HKL. 
.*. the pyr**, of which the base is the .^^ AEG, and 
c. II. of w^ the vertex is the p^ H, is equal and sim' to 
the pyr**, tlie base of w*» is the .^ KHL, and vertex 
the pt D. 

And, 

V HK is II to AB,a side of^^ ADB, 

/, ,^ ADB isequiang. to^^^HDK, 

4. 6. and their sides are : : '« : 

/. ^^ADB is simr to^^HDK : 

and for the same reason, 

^^DBC issim'to^jr^^DKL, 

and ,^ ADC to^::i^HDL, 

and also^^ABC to^^AEG ; „- 

xS 

but, as was before proved, 
21. €. ,^AEG is sim' to^^^HKL; 

/. ,^ABC is sim' to^::i^HKL : 
and /. the pyr<* of which the base is the^^ ABC 
and vertex the p^ D, is sim' to the pyr** of w^" the 
base is the,^ HKL, and vertex the same p* D : 

but, as has been proved, 

Def!*if. ^® Py^ ®^^'' ^^ ^^^® ^ the^^HKL, and vertex 
n. the p' D, is sim' to the pyr^ the base of w'* is the 
,^ AEG, and vertex the p« H : 
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/, the pyr**, the base of w^ is the ,^ ABC, and 

vertex the p* D^ is sira'^ to the pyr** of w*' the base is 

the ,^ AEG, and vertex H : 

,\ each of thepyr*^* AEGH, HKLD is sim'* 
to the whole pyr** ABCD, 

And, V BF = FC, 

•'. ZZ7EBFG is double of ^^r^^ GFC : 4i. i . 
but when there are two prisms of the same altlU 
of w^ one has a / 7 for its base, 
and the other a .^^ that is half of the£Z7, 

diese prisms are = one another ; 40. 1 1 

.*. the prism having the/ 7EBFG for its base, 
and the | KH opp. to it, is = the prism having the 
,^GFC for its base, and the,^ HKL opp. to it ; 
for theprisms are between the || planes ABC, HKL, is. ii. 
and .'. are of the same altit : 

and it is manifest that each of these prisms is > 
either of the pyr^* of which the.^» AEG, HKL 
are the bases and the vertices the p^* H, D ; for, 
if EF be joined, the prism having the/ny EBFG 
for its base, and KH die | opp. to it, is > thepyr**of 
w** the base is the^^EBF, and vertex the p^ K : 

but this pyr^ is = the pyr**, the base of which is c. n. 

the .^ AEG, and vertex the p' H ; 

for they are contained by equal and sim' planes: 

.*, the prism having the ZZI? EBFG for its base, and 

opp. side KH, is > the pyr** of which the base is 

the .^ AEG, and vertex the p'H : 

and the prism of w^* the base is the ZZZZ EBFG, 
and opp. side KH, is = the prism having the 
^^ GFC for its base, and HKL the .^ opp. to it; 

G G 
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and the pyr^' of ir^ the base is the ^^ AEG, and 
verteKHyig=s.-diepyr*'ofw''tfaebaaeigthe^^HKL 

and vertex D: 
.'. the two prigms before-mentioned are > the two 
pyr<i> of w^ the bases are the.^^> A£G, HKL^and 
vertices the p*» H, D. 

.*• the whole pyramid of which the base is tke tri- 
angle ABC, arid vertex the point J), is divided into 
two equal pyramids similar to one another, and to the 
whole pyramid J and into two eqtuUprismsj andthe 
two prisms are together greater than half of ^^ 
whole pyramid, [q. e. d.*] 
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PROP. IV. THEOIL 

J[f there be two pyramids of the same attitude, upon 
triangular bases, and each of them be divided 
into two equal pyramids, similar to the whole 
pyramid, and also into two equal prisms; and 
if each of these pyramids be divided in the ^ame 
manner as the first two, and so on; as the base 
qfone of the first two pyramids is to the base of 
t!ie other, so shall all the prisms in one qfthem 
be to all the prisms in the other, that are pro^ 
duced by the same number of divisions. 

Let there be two pyr*^ of the same altit. on the 
triangular bases ABC, DEF, and having their ver- 
tices in the pt> G, H ; and let each of them be div^ 
into two equal pyr^^ sim^'to the whole, and also into 
two equal prisms ; and let each of the pyi^ thus 
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made be eonoeived to be div^ in like manner, and 
80 on : 

as the base ABC is to the base D£F> 
80 shall all the prisms in the pyr^ ABC6 
be to all the prisms in the pyi^ DEFH 
made by the same n® of divisions. 

Construct as in the foregoing propn; then^ 
V BX = XC, and AL= LC ; 

XL is II AB, a & 

and ^i:! ABC sun' to^^LXC. 
For the same reason^ 

^^rlDEF is sim' to^^RVF. 

And^ 
•.• BC is double of CX, and EP double of FV, 

BC : CX : : ef : fv : c. 5. 

and on BC, CX are desc^ the sim' and sim^y 
situated rect» fig« ABC, L^C; and on EF, FV, 
in like manner, are desc^ the sim"^ fig* DEF,RVF; 
.-.-^ABC : .^LXC::.^DEF;^^RVF;22.6. 
and, by permutation, 

.^ ABC : ^^ DEF : : ,^lxc : .^rvf. 

And^ 

V the planes ABC, OMN are \\* 

as also the planes DEF, STY, is. u. 

/. ihe±«fromtheptoG,H,tothebasesABC,DEF, 
w^, by hyp., are = one another, 
shall each be bis"^ by the planes OMN^ STY, 17. ii . 

• •.* GO B OA, and GM « JfB» 2. 6. 

.*. OMisBtoAB; 

«nd in like manner, 

OK is OtoAC; 
.*. the plane MOM is | to the plane BAC. IS. IL 

GO 2 
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17. 11. 



Or. 32. 

II. 



for the js GC, HF arebis^ in the p^" N, Y, 
by the same planes : 
.-. the prisms LXCOMN, RVFST Y 
are of the same altit.: 
and .". as the base LXC is to the base RVF, 
T. e, as the .^ ABC is to thc^DEF, 
so Is the prism having the .^ LXC for its 

base, and OMN the^^opp. to it, 
to the prism of w*» the base is the ^^ RVF. 
and the opp.^^ STY: 




and •/ the two prisms in the pyr*^ ABCG are equal 
and also the two prisms in thepyr** DEFH; 
.*, as the prism of w'' the base is the / 7 KBXL 
andopp. side MO, to the prism having the ,ii::A LXC 
for its base, and OMN the^^^r^opp. to it ; 
7. ft. so is the prism of w*» the base is theZHjPEVR 
and opp. side TS, to the prism of w^ the base 
is the ^^ RVF, and opp.^<^STY : 
,% by composition, 

as the prisms KBXLMO, LXCOMN together 
are to the prism LXCOMN, 
80 arc tlie ])risins rEVilTS, UVFSTY, 
to the prism RVFST Y ; 
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and, permutando^ 

as the prisms KBXLMO, LXCOMN, 
are to the prisms PEVRTS, B VFST Y, 
so is the prism LXCOMN to the prism RVFSTY; 
bat, as has been proved, 

as the prism LXCOMN is to the prism RVFSTY, 

so is the base ABC to the base D£F ; 

/• as the base ABC to the base DBF, 

so are the two prisms in the pyr^ ABCG 

to the two prisms in the pyr<* DEFG : 

and likewise if die pyr^ now made, for example 

the two OMNG, STYH be similarly diy*, 

as the base OMN is to the base STY, 

so are the two prisms in the pyr^ OMNG 

to the two prisms in the pyr<* STYH : 

but, 

base OMN : base STY : : base ABC : baseDEF: 

/. as the base ABC is to the base DEF, 

so are the two prisms in the pyi<* ABCG 

to the two prisms in the pyr^ DEFH ; 

and 80 are the two prisms in die pyr** OMNG 

to the two prisms in the pyr<* STYH : 

and so are all four to all four : 

and the same thing may be shown of the prisms 

made by dividing the pyT<is AKLO and DPRS, and 

of an made by the same n^ of divisions. 

[q. e. d.3 
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PROP, V. THEOR. 

Pyramids of the same altUtidetohuAhatfeiriangular 
bases, are to one-another as their bases. 

Let the pyr^ of which the .x:^* ABC, D£F are 
the hases^ and of w*^ the vertices are the p^ G, H, 
heof thesamealtit.: then, 
pyr** ABCG : pyi*^ DEFII : : base ABC : base DEF. 

For, if it be not so, it follows that 
base ABC : base DEF 

::pyr<iABCG : asolid either < or >pyr*»DEFH.* 

First, let this solid be a solid, Q, < the pyr*' : 
and div. the pyr*^ l>EFf I into two equal pyi***, sini^ 
to the whole, and into two equal prisms ; then, 
3. 12. these two prisms are > the half of the whole pyr^. 

Again, let the pyr*^ made by this division be 

L«m. i.in like manner div<*, and so on mitil the pyr^ w^ 

*^' remain undiv<l in the pyr*^ DEFH be, all of them 

together, < the excess of the pyr** DEFH above the 

solid Q : 

let these, for example, he the pyr^ DPRS, STYH : 
.% the prisms, w'* make tlie rest of the pjrr** DEFH, 

are > the solid Q. 

• This may be explained in liic same waj a« at t>e ooCe is 
Prop. 2., in the like cate. 
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Let the pyr** ABCG be also div^^ in the same 
manner, and into as many parts, as the pyr^ 
DEFH ; 

,% the prisms in the pyr^ ABCG 
: the prisms in the pyr^ DEFH 

: : base ABC : base DEF : 4. i^ 

but, by hyp', 

pyr**ABCG : solidQ : : baseABC : baseDEF; 
and /, the prisms in the pyr^ ABCG 

: the prisms in the pyr^ DEFH 
: : pyr<i ABCG : solid Q : 

but the pyr** ABCG is > the prisms contained in it, 
/. also the solid Q is > the prisms in the pyr<i DE F H ; u. 5, 

but it is also < those prisms, 
w** is impossible. 

.% it is not the case that 

base ABC : base DEF : 

: : pyr^ ABCG : any solid < pyr^ DEFH. 

In the same manner it may be dem^ to be impos- 
sible that 

baseDEF : baseABC 

: : pyr*^ DEFH : any soUd < pyr^ ABCG, 




Q 
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Xor is it possible that 

base ABC : baseDEF 

: : pyr<i ABCG : any solid < pyr<» DEFH. 

For, if it be possible, let this solid be Z : then, 
V base ABC : baseDEF ::pyi^ ABCG : soHdZ 
/. by invn, 

base D£F : base ABC : : solid Z : pyi^ ABCO ; 
but, •.' solid Z is > the pyr** DEFH, 
solid Z : pyr<»ABCG 

: : pyr<»DEFH : some solid* < pyr<» ABCG ; 
and .*• 

base DEF : base ABC 

: : pyrd DEFH : some solid < pyr*» ABCG, 
but the contrary to this has been proved : 
/• it is not the case that 

base ABC : baseDEF 

: : pyi^ ABCG : any solid > pyr<» DEFH. 
And it has been proved that neiUier is 
base ABC : baseDEF 

: ; pyrd ABCG : any soHd < pyr<* DEFH. 
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base ABC : base DEF :: pyr<» ABCG : pyr<» DEFH. 
•% pyramids, <5fc. [q. k. tu] 

* Thii may be explained in the same waj u at the iik« 
Prop. 2. 
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PROP. VI. THEOR. 

Pyramids of the some altitude which have polygont 
for their bases, are to one another as their 
bases. 

Let the pyr^« w'* have the polygons ABODE, 
FGHKL, for their hases, and their vertices in the 
p** M, N, he of the same altit. : then, 

pyr^ABCDEM rpyr^FGHKLN 
: : hase ABODE : base FGHKL. 

Div. the base ABODE into the .^s ABO, AOD, 
ADE, and the base FGHKL into the.^» FGH, 
FHK, FKL: and on the bases ABO, AOD, ADE, 
let there be as many pyr*^ of w** the com. vertex is 
the p^ M, and on the rems bases as many pyr^ hav- 
ing their com. vertex in the point N : 

M N 




13 ^C 

tlien, V-^A30 

: : pyr<i ABOM 

and .^ AOD 

:: pyr^ AODM 

and also .^ ADE 

pyrd ADEM 






G H 
FGH 
pyr<i FGHN ;. 

pyrd FGHN ; 
.^FGH 



5.12. 



pyr^i FGHN ; 
9s all the first antecedents to their com. conseq*, 2. Cor, 
go are all the other antecedents to their com. consec^J i-jA.^^ 
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t. e, pyrd ABCDEM : pyr^ FGHN 
: : base ABODE : base FGH : 

and for the same reason^ 

pyrd FHGKLN : pyr* FGHN 
: : base FGHKL : base FGH ; 
and, by inv", 

pyrd FGHN : pyr^ FHGKLN 
: : base FGH : base FGHKL : 



then, •/ pyrd ABCDEM 
: : base ABODE 
and pyrd FGHN 
:: base FGH 



pyrd FGHN 
base FGH : 
pyrd FGHKLN 
base FGHKL; 



•*• M €Bq» 

pyr*» ABODEM : pyr* FGHKLN 
: : base ABODE : base FGHKL. 

.*. pyramids, S^c. [q. b. i>.] 
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PROP. VII. THEOIL 

Every prism havinga triangular base maybe ditfided 
into three pyramids that have triangular bases, 
and are equal to one another. 

Let there be a prism of which the base is the^^ 
ABO, and DEF the ^y^^i opp. to it : the prism 
ABODEF maybe div** into dureeequalpyr^^ having 
triangular bases. 

Join BD, EO,OD : then, 

V ABED is a/zijof wh BD is the diam'. 
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/. ^:^ ABD =,^EBD ; m. i. 

/. the pyr** of w^ the hase is the ^^ ABD^ 
and vertex the p* C, is = the pyr<* of w** the base 

is the ^:^ EBD, and vertex the p* C : 5. 12. 

but this pyr^ is the same with the pyr** the base of w^ 
is the ,^ EBC, and vertex the p* D ; 
for they are contained by the same planes : 

/, the pyr^ of w^ the base is the y 

^^ ABD, and vertex the p^ C, 
is = the pyr*, the base of w^ is the 
,^EBC, and vertex the p^ D. 

Again, ^ 

V FCBE is aZZ7, of w^ the diam' is CE, 
.•.^:^ECF=,^ECB: 

/. the pyr^ of w^ the base is the ,^ ECB, and 84. 1. 
vertex the p^ D, is = the pyr*^ the base of w^ is the 
,^ECF, and vertex the p* D : 

but it has been proved that the pyr<^ of w^ the base 
isthe^^ECB, and vertex the p' D^ is = the pyr** 
of w** the base is the ^^ ABD, and vertex the p^ C ; 
/. the prism ABCDEF is div«^ into three equal 
pyr**« having triangular bases, viz. 

into the pyr^s ABDC, EBDC, ECFD. 

And^ 
•/ the pyrd of w»» the base is the ^^^ ABD, and 
vertex the p* C, is the same with the pyr<* of w** 
the base is the ,^ ABC, and vertex the p' D, 

for they are contained by the same planes ; 

and that die pyr*^ of w^ the base is the .^r^ ABD, 

and vertex the p' C, has been dem<^ to be a third 

part of the prism, the base of w** is the .^ ABC, 

andDEF theopp., 
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.•. the pyr^ of w^» the base is the ..^ABC, and 
vertex the p* D, is the third part of the prism w*» 
has the same base, viz. the ^^^ ABC, and DEF 
its opp.,^, [q- e. d.] 

Cor. 1. — From this it is manifest, that every pyr** 
is the third part of a prism w^ has the same base, 
and is of an equal altit. with it: for if the base of 
the prism be any other iig. than a ^^y it may be 
div^ into prisms having triangular bases. 

Cob. 2. — Prisms of equal altit^ are to one another 
as their bases ; for the pyr<^^ on the same bases, and 
5. 12. of the same altit., are to one another as their bases. 
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PROP. VIII. THEOR. 

Similar pyramids, having triangular bases, are one 
to another in tlie triplicate ratio of that of their 
homologous sides. 

Let the pyr<*8 having the ,^^» ABC, DEF, for 

tneir bases, and the p^ G, H, for their vertices, be 
sim*" and sim^y situated : the pyr^ ABCG shall have 
to tlie pyr^ DEFH the tripl. ro of that w»> the 
side BC has to the homol. side EF. 

Complete the / — ? « ABCM, GBCN, ABGK, 
and the solid glBGML, contained by these plane* 
and those opp. to them ; and, in like manner, com- 
plete the solid @! EH PO contained by the three 
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DEFP, HEFR, DEHX, and those opp. to 
them. Then^ 







Dfl£ 11. 
11. 



pyr^ ABCG is sim' to pyr«» DEFH, 
.-. Z. ABC= Z. DEF, Z GBC= Z. HEF, 
andZ.ABG=DEH; 

•iidAB:BC::DE : ef, 

t. ft the sides ahout the equal Z* are : : !■ ; 
/. £Z:7BM is simr to EP : 

for the same reason, 

/ — 7 BN is simr to ER, and BK to EX : 
/. the three/ — 78 BM, BN, BK are sim^ to the 
three EP, ER, EX : 

but the three BM, BN, BK are equal and sim' to 24. li. 
the three w** are opp. to them, and the three EP, 
ER, EX, equal and sim>^ to the three opp. to them: 
.*. the solids BGML, EHPO are contained by the 

same n** of sim*" planes ; B.11. 

and their solid angles are equal ; 

.*. the solid BGML is sim' to the solid EHPO : DeC i 

11. 
but sim' solid (g|s have the tripl. r^ of that w^ their 

homoL sides have ; 88. lu 

/. the solid BGML has to EHPO the tripl. ro 
of that w^ the side BC has to the homol. side EF : 

H H 
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IB, 11. bat since the prifm^ w^ is the half of the tolld|9 
7. li is triple of the pjrr**, 

•*• the pyr^> are die sixth part of the solids ; 
and .-. pyrd ABCG : pyr<> D£FH 
15. 5. : : solid B6ML : solid EHPO ; 

/• also the pyramid ABCG has to the pyramid 
DEFH, the triplicate ratio of that which BC has 
to the homologous side EF. [q. b. d.] 

Cor. — From this it is evidenty that sim>^ pyr^'* 
19^ have multangular bases are likewise to one 
another in the tripL ro of their homoL sides. 

For the sim^ polygons^ w^ are the bases^ may be 
div^ into the same no of sim' .^* homol. to the 
whole polygons, and the pyr^ so be diy<^ into sim^ 
pyr<^" having triangular bases : 

/• as one of the triangular pyr<^ in the first mult- 
angular pyr<^ is to one of the triangular pyr^'in the 
other^ 80 are all the triangular pyT<^ in die first to 
la. 5. all the triangular pyr^ in the other^ 

u e, 80 is the first multangular pyr^ to the other : 

but one triangular pyr^ is to its sim'triangolarpyr^ 

in the tripL ro of their horaoL sides ; 

and •*• the first multangular pyr*^ has to the other 

the tripl. ro of that w** one of the sides of the first 

has to the homoL side of the other. 
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PROP. IX. THEOR. 

The bases and altitudes of equal pyramids hawng 
triahgular bases are reciprocally proportionals 
and triangular pyramids, of which the bases and 
altitudes are reciprocally proportional, are equal 
to one another. 

Let the pyr^ of w»> the,^^* ABC, DEF are the 
bases^ and w** have their vertices in the pt> Q, EL, 
be = one another ; the bases and altit^ of the pyr^ 
ABCG, DEFH, shall be reciprocally : : i, viz. 

base ABC : base DEF 
:: altit. of pyrd DEFH ; aldt. of pyr<» ABCG. 




Q R 




Complete theZHT* AC, AG,GC, DF, DH,HF; 
and the solid |g)s SGML, EHPO, contained by 
these planes and those w^ are opp. to them : thon 
pyrd ABCG = pyr<i DEFH, 






and that 
the solid BGML is sextuple of the pyr^ ABCG^'^.^^^ 

H H 2 



u. 
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and the solid EllPO sextuple of the pyr^ DEFH ; 
Ax. 1. 5. .'. the solid BGML = the solid EHPO : 

hut the hases and altit^ of equal solid (gj* are 
w.ii. reciprocally yj; 

,• hase BM ' base EP 
:: altit-of solidEHPO : altit.ofsoHdBGML: 

but .^ ABC : ^:^DEF nbaseBM; baseEP; 
15.8. .-..^ABC : ^:::iDEF 

:: altit of solid EHPO : altit. of solid BGML : 

but the altit>of the solidEHPOandthepyi<>D£PH 

are the same^ 
a3 are also the aldt" of the solid BGML and the 

pyr^^ABCG: 

.-. base ABC : base DEF 
: : altit. of pyrd DEFH : altit. of pyr<> ABCG : 

•*. the bases and aUitudes of the pyramidiABCG^ 
DEFH^ are reciprocally proportionaL 

Again, let the bases and altit* of the pyr'^sABCG, 
DEFH, be reciprocally : ! \ viz. 

base ABC : base DEF 
: : altit. of pyr<i DEFH : altit. of pyr^ ABCG : 
then shall pyr^ ABCG= pyr^ DEFH. 

The same construction being made, 
•/ base ABC : base DEF 
: : altit. of pyr^ DEFH ; altit. of pyr* ABCG ; 
and base ABC : base DEF :: ZZI7BM ; ^=7EP; 
.•.ZIZ7BM: ZIZ7EP 
:: altit. of pyr^ DEFH . altit. of pYr<» ABCG: 
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bat the pyi^ DEFH and the solid EHPO are of' 

the sarae altit.^ 
as are also the pyr^ ABCG and the solid BGML; 
•\ base BM : base EP 
Italtit-ofglEHPO ; altit.ofg|BGML: 
but solid (gis which have their bases and altit^ re- 
ciprocally : : 1, are = one another; 34. 11. 
.% solid (gl SGML = soUd (gp EHPO : 

and 

the pyr<^ ABCGis the sixth partof the solidBGML, 

and 

the pyr<^DEFHisthesixthpartofthesolidEHPO; 

/. py r* ABCG = pyr* DEFH. Ax. 11 

A the hfue9, ^e. [^ b. d.] 



PROP. X. THEOR. 

Every no^ %9 the third part of a cylinder which has 
the same hose and is of an equal altitude with it. 

Let a cone and a cyL have the same base, viz. 
the ABCDj and be of the same altit.: the cone 
shall be the third part of the cyL, «.«. the cyL shall 
be triple of the cone. 

If the cyl. be not triple of the cone, it must be 
either > or < the triple. 

H H 3 
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First, Ifct it be > tho triple, and insc. the 
sq. ABCD in the © : 

this sq. is > * the half of the © ABCD. 

On the sq. ABCD erect a prism of the same altit* 
with the cyl.: 
this prism shall be > half of the cyL: 

for let a sq. be desc^ about the © , and let a prism 
be erected on the sq. of the same altit with the cyL ; 
then the insc<* sq. is half of that circumsc^ : 

and on these sq. bases are erected solid (gi*, 
viz. the prisms of the same altit. : 

"^4. 11. and these prisms are to one another as their bases: 

.% the prism on the sq. ABCD is the half^of the 
prism on the sq. dcsc^ about the © : 

and the cyl. is < the prism on the sq. desc^ about 

the © ABCD : 

.% the prism on the sq. ABCD of the same altit. 
with the cyl., is > half of the cylinder. 

Bist the arcs AB, BC, CD, 
DA, in the p^* E, F, G, H ; 
andjoin AE, EB, BF, FC, CG, 
GD, DH, HA: then, as was -^l 
shown in Prop. 2. XI I. each of the ^ 
^:^» AEB, BFC, CGD, DHA, 
is > the half of the seg' of the in w^ it stands. 

Erect prisms on each of these .xv», of the same 
altit* with the cyl.: each of these prisms shall be 
> half of the seg^ of the cyl. in w^ it is ; 

* As v>';vs shown \t\ Ftoi^. 2. of this bock. 
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for, if through tlie p^ E, F, G, H, ||s be drawn to 
AB, BC, CD, DA, and/HT* be completed on the 
same AB, BC, CD, DA, and solid |g)" be erected 
on the^ZT", the prisms on the ^r^» AEB, BFC, 
CGD, DHA, are the halves of the solid g!': ' ^,'2.^ 
and the seg** of the cyL w^» are on the seg*» of 
the cut ojff by AB, BC, CD, DA, are < the 

solid |gi> w^ contain them : 
.-. theprisms on the^r^8AEB,BFC,CGD, DHA, 
are > half of the seg*» of the cyL in w^ they are : 
»•. if each of the arcs be bis**, and |» be drawn from 
the p^ of division to the extr« of the arcs, and on 
the^A* thus made, prisms be erected of the same 
altit. with the cyl., and so on, there must at length 
remain some seg** of the cyl., w'» together are Lenw 
< the excess of the cyL above the triple of the 

cone : 
let them be those on the s^^^ of the AE, EB, 

BF, FC, CG, GD, DH, HA ; 

,'. the rest of the cyL, ue. the prism of w** the 

base is the polygon AEBFCGDH, and of w^ the 

altit. is the same with that of the cyL, is > the 

triple of the cone ; 
but this prism is triple of the pyr^ on the same base. Cor. : 
of w^ the vertex is the same with the vertex of * 

the cone ; 
/. the pyr^ on the base AEBFCGDH, having the 
same vertex with the cone, is > the cone, of w^ 
the base is the ABCD : 
but the pyr** is contained within the cone, 
and ,*. is < the cone : 
w'* is impossible : 
/. the cyl. is 3> the triple pf the cone. 
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Nor can the cyl. be < the triple of the cone. 
For^ if possible^ let it be less : 

.*. inyiy, the cone is > the third part of the cyL 

In ABCD insc asq. t thissq.is > half of the : 
and on thesq. ABCD erect a pyr<^, having the same 
vertex with the cone ; thispyr^ is > half of the oone: 
for^ as was before dem<i^ 
if a sq. be desc^^ about the 0, 
the sq. ABCD is the half of it : 
and if on these sq" there be erected 
solid |g|B of the same altit. with 
the cone^ w^ are also prisms^ 
the prism on the sq. ABCD is 
the half of that w^^ is on the sq. desc' about the ; 
for they are to one another as their bases : as are 
s. 11. also the third parts of them : 

•*• the pyr^ the base of w^' is the sq. ABCD^ is half 
of the pyr^ on the sq. desc^ about the : 

but this last pyr^ is > the cone w*^ it contains; 
.*• the pyr^ on the sq. ABCD, having the same 
vertex with the cone> is > the half of the cone. 
BisUhe arcs AB, BC,CD,D A in the pf» E, F,G, H, 
and join AE, EB, BF, FC, CG, GD, DH, HA; 
then each of the ,^« AEB, BFC, GGD, DHA, 

is > half of the seg* of the in w** it is ; 
on each of these .^r^* erect pyr^' having the same 
vertex with the cone : 

/. each of these pyr^* is > the half of the seg* of 
the cone in w^ it is, as before was dem^ of the prism 
and seg^ of the cyL: and thus biss each of the 
arcs, and joining the p^ of division and their extr* 
by I*, and on the ^^ erecting pyr^ having their 
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vertices the same with that of the cone, and so on, 
there must at length remain some seg'* of the cone, 
w** together are < the excess of the cone ahove the Lemma 
third part of the cyl.: 
let these be the seg** on AE, EB, 
BF, FC, CG, GD, DH, HA : 
.*. the rest of the cone, i,e. the 
pyr*^ of w** the base is the polygon 
AEBFCGDH, and of w'^ the ver- 
tex is the same with that of the 
cone, is > the third part of the cyl. : 
but this pyr<^ is the third part of the prism on the 
same base AEBFCGDH, and of the same altit. 

with the cyL; 
this prism is > the cyl. of w^ the base is 

ABCD: 

bat the prism is contained within the cyL 
and /• is< thecyL; 
w'^ is impossible : 
•*• the cyLis ^ the triple of the cone. 

And it has been dem^ that 

it is ^ the triple of the cone ; 
•*• the cyL is triple of the cone, 
!• e. the cone is the third part of the c>L 






•% eterjjf cone, ^"c. 



[q. e. d.^ 



558 BOOK 



PROP. XI. THEOR. 

Cone$ and cylinders of the same aUUude, are ie 
one another as their bases. 

liCt the cones and cyl% of w^^ the bases are 
ihe0« A BCD, £FGH, and the axes Kh, MS, 
and AC, £6 the diamr* of their bases^ be of the 
same altit.: 

cone AL : cone EN:: OABCD : OEFGH. 

For, if it be not so, then 
© ABCD : © EFUH 
: : coneAL ; some solid either > or < cone EN. 

Let this solid be X, and first let X be < EN, 
and let Z be another solid such that Z = EN — X ; 
.*. cone EN = X + Z. 

In © EFGH insc. the sq. EFGH ; 

•*• this sq. is > half of the © : 

on the sq. EFGH erect a pyr<^ of the same altit. 

with the cone ; 
this pyr<^ shall be > half the cone : 

for, if a sq. be desc<^ about the © , and a pyr^ be 
erected on it, having the same vertex with the cone*, 
the pyr<* insc<* in the cone is half of thepyr** circum- 

sc^ about it, 
% 12. (for these pyr^* are to one another as their bases); 

• Vertex ii put in the place of altitude, which ia in the Gred^ 
becauae the pyramid, in what followa, ii suppoied to be dreom- 
wribed about the cone, and lo mutt hare the mum Tertsz. And CIm 
I dianffa la made in lome placet following. 
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but the cone is < thecircumscr^^ pyr^ ; 
•% ths p7r<^ of w^ the base ig the sq. EFGH.anditi 
vertex the same with that of the cone^ is > half of 

the cone. 
Bist each of the arcs EF, FG, GH, HE in the 
pt» O, P, R, S, and join EO, OF, FP, PG, GR, 
RH, H8, SE : 
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.*. each of the ^^» EOF, FPG, GRH, HSE, 

is > half of the seg^ of the © in w^ it is: 
on each of these .^s erect a ^ji^ having the same 

vertex with the cone ; 
each of these pyr<^ is > half of the s^^ of the cone 

in w"* it is : 
and thus hiss^ each of these arcs, and from the -p^ of 
division drawing |* to the extr« of the arcs^ and on 
each of the .^» thus made erecting pyr**8 having 
the same vertex with the cone, and so on, there 
must at length remain some seg^^ of the cone w^ 

are together < the solid Z : 
let these be the segts on EO, OF, FP, PG, GR, 

RH, HS, SE : 
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•% the rem* of the jcone, viz. the pyr*^ of w** the base 
is the polygon EOFPGRHS, and its vertex the 
same with that of the cone^ is > the solid X. . 

In © ABCD insc. the polgon ATBYCVDQ 
sun' to the polygon £0FP6RHS^ and on it erect 
a pyr^ having the same vertex with the cone AL : 
1.12. V polygon ATBYCVDQ : EOFPGRHS 

•.: AC2 : EG2; 
2. 12. and also © ABCD : © EFGH : : AC2 : EG2 ; 
/.polygonATBYCVDQ : polygon EOFPGRHS 

: : © ABCD : © efgh j 

but © ABCD : © efgh : : cone AL : solid X ; 

u. fi. and polygn ATBYCVDQ : polyg" EOFPGRHS, 

as the pyr^ of w^ the base is the first of these poly- 

6. 12. gonsy and vertex It, is to the pyr^ of w^ the base is 

the other polygon^ and its vertex N : 

.*. as the cone AL is to the solid X, so is the pyr<i 

of w'^ the base is the polygon ATBYCVDQ, and 

vertex L, to the pyr** the base of w^ is the polygon 

H. 6. EOFPGRHS, and vertex N ; 

but the cone AL is > the pyr^ contained in it: 
,% the solid X is > the pyr^ in the cone EN : 
but, as was shown, 

X is < that pyr^ : 
wh is absurd : 
•*• it is not possible that 

©ABCD : ©EFGH 
: ; cone AL : any solid < cone EN, 
In the same manner it may be dem^ to be impo^ 
sible that 

^ EFGH : © ABCD 
: : cone EN : any solid < cone AL« 
Nor is it possible that 
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ABCD : o EFGH 
: : cone AL : any solid > cone EN 





\ 
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For, if possible, let tliiq solid be I, w*» is > cone 
EN. Then invi% 

EFGH : ABCD : : solid I : cone AL : 

but V the solid I is > the cone EN, 14. o. 

.*, solid I : cone AL 
: I cone EN : some solid w*> must be < cone EN- 
/. 0EFGH: 0ABCD 

: : cone EN : some solid w^» is < cone EN 
but this was shown to be impossible : 
r,\ it is not possible that 

ABCD : © EFGH 
: : cone AL : any solid > cone EN. 

And it has been shown also that it is not possible 
that 

ABCD : EFGH 
: I cone AL : any solid < cone EN : 
.\ ABCD : EFGH : : cone AL : cone EN : ib. e. 
but, •.• the cyl« are triple of the cones, w. vi, 

I I 
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/, the cyl« are to each Other as the cones ; 

and /. as ABCD is to O EFGH, 
SO are the cyl^ upon them of the same altit. 

/. cones and cylinders of the same altitude are 
to one another as their bases* Qq» x. o.] 
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PROP. XII. THEOR. 

Similar cones and cylinders have to one another 
the triplicate ratio of that which the diameters 
of their bases have. 

Let the cones and cyl^ of w^ the bases are the 
©» ABCD, EFGH, and the diam" of the bases 
AC, EG, and KL, MN, the axes of the cones or 
cyl', be sim' : the cone of w'* the base is the 
ABCD, and vertex the p^ L, shall have to the cone 
of w** the base is the © EP'GH, and vertex N, the 
tripl. ro of that w^ AC has to EG. 

For if the cone ABCDL bat not tc the cone 
EFGHN the tripl. r© of that which AC has to EG, 
the cone ABCDL must have the tripL of that ro to 
some solid w^ is < or > the cone EFGHN. 

First, let it have it to a less, viz. the solid X. 
Make the same constrn as in the preceding prop^ : it 
may then be dem'^ in the same way as in that 
propo, that the pyi*^ of w^ the base is the polygon 
EOFPGRHS^ and vertex N, is > the tcM X. 
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Inscribe also in the © ABCD the polygon 
ATBYCVDQ sun' to the polygon EOFPGRHS, 
on w^^ erect a pyr^ having the same vertex with the 
cone ; and let LAQ be one of the .^^^ containing 
the pyr** on the polygon ATBYCVDQ, the vertex 
of w*» is L ; and let NES be one of the^xA* con- 
taining the pyr^ on the polygon EOFPGRHS, of 
w^ the vertex is N ; and join KQ, MS : then 
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%« the cone ABCDL is sim^ to the cone EFGHN. S4. DH 
/. AC : EG : : axis KL : axis MN ; {^g. 

andAC: EG :: AK ; EM; 

/.KL:MN:: ak : em; 

and, alt»% 

AK : KL : : em : mn : 

and these : : i sides are about the r' Z. * AKL, EMN* 

/. .^ AKL is sim'^ to ^^ EMN, , ©. 

Again^ 

AK:KQ::EM:MS, 

XX 2 
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and that these sides are about equal /^ * AKQ, EMS 
(for these /. * are^ each of them, the same part of 
foarr«Z.»atthecent^K, M); 
••«. /. ^^AKQissim'to^xxEMS. 

Andy '.'y from above, 

AK: KL::EM: mn, 

and that AK= KQ, and EM= MS; 

/.KQ: KL::MS: mn: 

and these sides are about the r^ Z. * QKL, SMN ; 
/. .^ LKQ is sim' to^x\NMS. 

And 

•/ .^» AKL, EMN are sim% 
as also ^^» AKQ, EMS ; 

LA : AK : : ne : em, 

andAK: AQ::EM: ES; 
215. /. exaq. LA : AQ :: NE : ES. 

Again V ^:^* LQK, NSM are sim' 
as also ^^'^ K AQ, MES, 

.•,LQ:QK::NS:SM, 

andQK:QA::SM; SE; 
22. 6. /. ex aq. LQ ." QA : : NS : SE ; 

and it was proved that 

QA: AL::SE : en 



.'• again, ex esq. 

LQ: AL::NS: en: 

thus, in jy\* LQA, NSE, the sides about all the 

/.•are::»«, 

ft. 9. and ,*, the ,^''areequiang''and simi'to one another: 

,*, the pyr<* of w^ the base is the ..^AKQ, and 

vertex- L, is sim^ to tlie pyr^ the base o£ w^' is the 

£Md, ani vextex N, for their solid an^^les are 
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ss one another^ and they are contained by the samo B. n. 

no of sim"^ planes : 
but sim'^ pyr** w'* have triangular bases have to or.e 
another the tripl. r® of that w'^ their horacL 8. 12. 

sides have ; 

/. pyr*» AKQL has to pyr^ EMSN the tripl. ro of 

that w'» AK has to EM. 

In the same manner, if |» be drawn from the p*« 
D, V, C, Y, B, T, to K, and from the pt« H, R, G,' 
P, F, O, to M, and pyr*^ be erected on the ^^ s 
havuig the same vertices with tlie cones^ it may be 
dem** that each pyr** in the first cone has to each iu 
the other, taking them in the same order, the tripl. 
ro of that w*» the side AK has to the side EM, 
i.e. w^AChastoEG: 

but as one antecedent is to its consequent, 
so are all the antecedents to all the consequents ; 
/, as the pyr'* AKQL to the pyr** EMSN, so is the 12. 5. 
wholepy r<*the baseof w^^is the polygnDQATB YC V, 
awd vertex L, to the whole pyr* of w^ the base is the 

polygon HSEOFPGR, and vertex N : 

/. also the first of these two last-named pyr*^ has to 

the other the tripl. ro of that w^ AC has to EG ; 

but, by hyp*, the cone of w'* the base is the © 

ABCD, and vertex L, has to tlie solid X, the tripL 

ro of that w^ AC has to EG; 

.', as the cone of w^ the base is the ABCD, and 
vertex L is to the solid X, so is the pyr** the base 
of w*» is thepolygon DQATBYCV, and vertexL, to 
thepyr^ the base of w^ is the polygon HSEOFPGR, 

and vertex N : 
but the said cone is > the pTt^ coivtwiiei^Vtv.^^ 

II 3 ' 
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the solid X is > the pjrr* the base of vr^ is the 
polygon HSEOFPGR, and vertex N : 
but it is also less ; 
w^ is impossible : 

the cone, of w^ th-3 base is the ABCD and 
vertex L, has not to any solid w** is < the cone of 
w^ the base is the EFGH and vertex N, the tripL 
r> of that w»» AC has to EG. 

In the same manner it maybe dem**, that neither 
has the cone EFGHN to any solid w"* is < the cone 
ABCDL, the tripL ro of that w^ EG has to AC. 

Nor can the cone ABCDL have to any solid w*» is 
> the cone EFGHN, the tripl. r® of that w** AC 
has to EG. 

For, if possible, let it have it to a greater, %'iz.the 
solid Z : 

/. jnv^% the soV\d X \\a& \o iKc cone ABCDL tlic 
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tripl. r<> of that which EG has to AC : 
but •/ the solid Z is > the cone EFGHN, 
/. as the solid Z is to the cone ABCDL, 
so is the cone EFGHN to some solid^ 
w^ must be < the cone ABCDL ; M. ft. 

,\ the cone EFGHN has to a solid w^ is < the 
cone ABCDL the tripl. ro of that w»» EG has to AC, 

w^ was dem*^ to be impossible : 
.*, the cone ABCDL has not to any solid > the 
cone EFGHN, the tripl. r<> of that w^ AC has to 
EG : and it was dem** that it could not have that r® 

to any solid < the cone EFGHN, 
.-, the cone ABCDL has to the cone EFGHN,i5 .\ 

the tripl. r® of that w^ AC has to EG : 

but every cone is the third part of the cyl. on the ^o- is 

same base, and of the same altit. : 

and /. as the cones are to each other, 

so are the corresponding cyP : 

/. also the cyl. has to the cyl. 

the tripl. r<> of that w^' AC has to EG. 

.% similar cones^ SfC» [q. e. d.] 
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PROP XIII. THEOR. 

Jfa cylinder be cut by a plane parallel to its opposite 
planes, or bases, it divides the cylinder into two 
cylinders, one of which is to the other as the 
axis of the first to the axis of the other. 

Let the cyl. AD be cut by "he \\b\\^ G\\ ^ 






the opp. planes AB, CD, meeting 
the axis EF in the p> K, and let 
the line GH be the com. section of 
the plane GH and the stuface of 
tbecyl. AD. 

Lei AEFC lie thecr^in 
position of it, bjr the revolution of 
m'' about the 1 EF the cjl. AD 
iadesc'; and letGK be the com. 
section of the plane GH, and the 
planeABFC. 

Then, V 
the II planes AS, GH ate cut by the plane AEKG, 
.', AE, KG, their com. sections with it, are || : 
■ .-. AKisad?, 
3ndGK = EA, the | from the cent, of the OAB; 
In the same manner each of the |> drawn from the 
pi K to the line GH may be proved to be ^ those 
wh are drawn from the cent, of o AB U> its o<^ 
(.1 and ,'. these I' areall^one another; 

.-. the line GH is the « of a o of wi' the cent, is 

the p< K : 
.-. the plane Gil div" tiie cyl. AD into the cyl' 

AH,GD; 
for they ate the same w'' would be destf' by the revo- 
lution of ihsdT' AK, GF about the |» EK, KF, 
and it is to be shown, liiat 

cyl. AH : cyl. HC : ; axis EK : axis KF 

Prod, the axis KF botli ways: and take aiiy n° 

of |> EN, NL, each = EK ; and any tf FX, XM, 

each = FK ; and let jilancs {| AB, CD, pan 

throt^h the ^' li,'S,TS.,M ■, 



PROP. XIII. 3b9 

.*« as was proved of the plane GH^ the com. sec- 
tions of these planes with the cyl. prod. are0% 
the cent' of w^ are the p^* L, N, X, M ; and these 
planes cut off the cyl^ PR, RB, DT, TQ. And, 

V axisLN = NE = EK 

.*, the cyl^ PR, RB, BG, are to one another as 

their bases : but their bases are equal, 

and /. the cyP PR, RB, BG are equal : 

And, 

V the axes LN, NE, £K are = one another, 
as also the cyl* PR, RB, BG, 

and that there are as many axes as cyl'; 

.*• whatever mult, the axis KL is of the axis K£, 
the same mult is the cyL PG of the cyl. GB : 

for the same reason, 

whatever mult, the axis MK is of the axis KF, 
the same mult, is the cyl. QG of the cyl. GD: 

but as the axis KL is > , = or < the axis KM: 

so is the cyl. PG > , = or < the cyl. GQ : 

/, since there are four magn«, viz. 
the axes, EK, KF, and the cyl* BG, GD : 
and that of the axis EK and cyl. BG 

there have been taken any equimult^ whateverj 

viz, the axis KL and cyl. PG ; 

and of the axis KF and cyl. GD any equimult 
whatever, viz. the axis KM and cyl. GQ ; 
and since also it has been dem^ that 

as the axis KL is > , =s or < the ax\a ^Vl* 
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SO the cyl. PGis >, =or < the cyL GQ ; 
/. cyL BG : cyL GD : : axis EK : axis KF. 

.% t/*a cylinder, ^c. [q. e. d.] 



)»»<*»l» »#y #^ 0^00^ 



PROP. XIV. THEOR. 

Cones and cylinders upon equal bases are to one 
another as their altitudes. 

Let the cyl" EB, FD, be on equal bases AB, CD 
cyL EB : cyl. FD : : axis GH : axis KL. 

Prod, the axis KL to the p^ N, making LN = 
the axis GH, and let CM be a cyL of w^» the base 
is CD, and axis LN, Then, 




m 



D 



<^^ 



V the cyls £B, CM have the same altit. 
11. 12. •*• ^hey are to one another as their bases ; 

but their bases are equal, 
/, also the cyl' EB, CM, are equaL 

And^ 

\* the cyL FM is cut by the plane CD 
\\ to its o^^. planes ; 
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/. cyl. CM : cyL FD : : axis LN : axis KL : la 1% 

but the cyl. CM == the cyl. EB, 

and the axis LN = the axis GH ; ifi. a. 

/. cyL EB : cyL FD : : axis GH : axis KL : 

And 

•.• the cyl' are triple of the cones^ w. 1 s. 

/, cone ABG : cone CDK : : cyL EB : cyl. FD .* 
,•, also 

cone ABG : cone CDK : : axisGH : axis KL. 

'•*• cones and cylinders, S^-c, [q. e. d.] 



•••■■MiraMMiMiK* 



PROP. XV. THEOR. 

T^ hoses and altitudes qf equal cones and cylinders 
are reciprocally proportional; and if ^ bases 
and altitudes be reciprocally proportional, the 
cones and cylinders are equal to one another. 

Let the © • ABCD, EFGH, the diam" of w^ are 
AC, EG, be the bases, and KL, MN, the axes, as 
also the altit^, of equal cones and cyP ; and let 
ALC, ENG be the cones, and AX, EO the cyls : 
the bases and altit? of the cyl^ AX, EO, shall be 

reciprocally : t *, viz. 
baseABCD : baseEFGH::altit.MN : altitKL. 

The altit* MN^ KL must either be equal, or be 
nneguaL 
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First, let them be equal : then 

since the cyl* AX, EO are also equal, 
and that cones and cyl^ of the same altit. are to 
11. le, one another as their bases ; 

/. the base ABCD = the base EFGH ; 

and .•, 

baseABCD : base EFGH:: altit MN : altit. KL. 



A. 6. 





X yZi'. 



C E 



But let the altit^ KL, MN, be unequal ; and 
MN being the greater of the two, take from it M P 
= KL, and through the pi P cut the cyl. RO by 
the plane TYS, |1 the opp. planes of the ^EFGH, 
RO : then, the com. section of the plane TYS and 
the cyl. EO is a , and 

,•. ES is a cyl., the baseof wi> is the EFGH, and 

altit. MP : 

And, 

•/ the cyl. AX= the cyl. EO, 
7.A /. cyl. EO : cyl. ES : : AX : the same ES : 

but since the cyl^ AX, ES are of the same altit. 
11.12. /.cyl.AX : cyl. ES:: baseABCD : baseEPGH; 
and •.• the cyl. EO is cut by the plane TYS 
II its opp. planes. 



PROP. XV. 57.^ 

/. cyl. EO : cyl. ES : : altit. MN : MP or K L ; i?. u 
.-. base ABCD : baseEFGH 
: : altit. MN : altlt, KL ; 

t. e. tlie bases and altit* of the equal cyls AX, EO 

are reciprocally : • '. 

But let the bases and altit* of the cyP AX, EO, 
be reciprocally ; t *, viz. 

base ABCD : baseEFGH:: altit. MN : altit. KL: 
then shall the cyl. AX = the cyl. EO. 

First, let the base ABCD == the base EFGH : 
then, •/ 
base ABCD :, base EFGH:: altit. MN : altit. KL; 

/. MN=KL: A. 5. 

and A cyl. AX = cyl. EO. ii- 12. 

But let the bases ABCD, EFGH be unequal, 
and let ABCD be the greater of the two ; whence, 
•/ Imse ABCD : base EFGH 
: : altit. MN : altit. KL, 

MNis>KL. A. 6. 

Then, the same constr" being made as before, 
•.' base ABCD : base EFGH 
: : altit. MN : altit. KL ; 



aiid that, 



and also 



altit. KL = altit. MP, 
cyLAXrcyLES *^-»*i 

: : base ABCD : base EFGH 



cvl. EO : cyl. ES 
: : altit. MN : altlt. MP or KL\ 

K. K 
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cyl. AX : cyL ES 
cyl. EO : cyL ES ; 
whence cyl. AX = cyl. EO : 
And the same reasoning holds in cones. 



[q. b. d.] 



PROP. XVI. PROS. 



In the greater of two circles^ that have the eame 
centre J to inscribe a polygim of an even number 
of equal sides, that shall not meet the less circle. 

Let ABCD, EFGH be two given « having the 
same cent. K : it is req. to insc in the greater 
ABCD, a polygon of an even n® of equal sides that 
shall not meet the less . 

Through the cent. K draw the | BD, and from the 
pt G, where it meets the O c® of the less , draw 
GA at r'Z." toBD, and prod, it to C ; 
/. AC touches the EFGH : 
!«.». then, if the arc BAD be bis**, and 
the half of it be again bis^, and so 
Lemma on, there must at length remain 
an arc < AD: let this be LD: 
from L draw LM JL to BD, 
prod, it to N ; and icin LD, DN : 

>. LD = DN. 
And, •/ LN is tl AC, 
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and that AC touches the © EFGH ; 

.•, LN does not meet the © EFGH ; 

andmuchless shall the jsLD^DNmeetthe © EFGH: 

80 that, if straight lines, each equal to. hD, be 
applied in the circle ABCD from the point L 
around to N^ there shall be inscribed in the circle 
a polygon of an even number of equal sides not 
meeting the less circle. [o. k* f*! 



0im-^0i*im0^0 m0m 



LEMMA II. 

If two trapeziums ABCD^ EFGH be inscribed in 
the circles, t1^ centres of which are the points 
JS^fh; and if the sides AB^ DC be parallel, as 
also EF, HG; and the other four sides AD, 
BC^ EH, FG, be all equal to one another ; but 
the side AB greater than £F, and DC greater 
than HG : the straight line KA from the centre 
of the circle in which the greater sides are, is 
greater than the straight line LE drawn from 
the centre to the circumference of the other 
circle. 

If it be possible, let KA be > LE ; 
then KA must be either = or < LE. 

First, let K A == LE : 

then the two » are equal : 
and V |» AD, BC= !• EH, FG, each to each, 
/.thearcs AD,BC =:uiearcsEH, FG,each to ea«ili:^^v 

KK 2 
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but, •/ |8 AB, DC are > EF, GH, each than each, 

.% tiie arcs AB,DCare> EF, GH, each than each; 

.% the whole © ceABCDis> the whole ceEFGH: 

but these ^^^ are also equal, 

w^ is impossible. 

/. |KAis:jfcLE. 

V<-^ ^ C T-T ^ . Or 





But let KA he < LE ; and make LM = KA, 

and from the cent. L, at dist. LM, desc. O MNOP^ 

meeting the |» LE, LF, LG, LH, m M, N, O, P ; 

and join MN, NO, OP PM, w»» are respectively 

J. fi. II to and < EF, FG, GH, HE : then, 

•/ EH is > MP, 
AD is > MP ; 
and the © » ABCD, MNOP are equal; 
.*. arc AD is > MP : 

for the same reason, 

arc BC is > NO ; 
and •.• I AB is > EF, w»» is > MN, 
d fortiori, .\ AB is > MN : 
/. arc AB is *^ MN ; 

and for the same reason, 

arc DC is > PO : 
.% the whole © cc ABCD is > the whole MNOP ; 
but these © c«* are likewise equal ; 
w^ is impossible ; 
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/. KAi8<LE: 
noither is KA= LE ; 
,% I KAmu9tbe>LE. 



[q. e. d.] 



Cor. — And if there be an isosc. .<x:\, the sidoi 
of w^ are = AD, BC, but its base < AB, the 
greater of the two sides AB, DC ; it may, in the 
same manner, be dem^ that | KA is > the] drawn 
from the cent, to the ^ of the desc^ about 
the,,i:::^. 
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PROP. XVII. PROB. 

In the greater of two sphere* which have the same 
centre, to inscribe a solid polyhedron, the super^ 
ades of which shall not meet the less sphere. 

Let there be two spheres about the same cent. A : 
it is req^ to insc in the greater a solid polyhedron, 
the superficies of w^ shall not meet the less sphere. 

Let the spheres be cut by a plane passing through 
the cent. ; the com. sections of it with the spheres 
shall be © » ; for the sphere is desc^ by the revolu- 
tion of a-^ about the diam' rem? unmoved ; so 
that in whatever position the J © be conceived^ 
the com. section of the plane in w^ it is witli the 
superficies of the sphere is the © ce of a © ; and 
this is a great © of the sphere, for the dlam' of the 
sphere, w*» is likewise the diara' of the © , is > «xc^ V^"^ 
in the or sphere, 

K xc 3 
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Let then the © made by the section of the plane 
witli the greater sphere be BCD£, and with the less 
sphere be FGH ; and draw the two diam"^ BD, CE, 
16 12. at r' Z. ■ to one another ; and in BCDE, the greater 
of the two © 8, insc. a polygon of an even n^of equal 
sides^ not meeting the less © FGH ; and let its 
sides in BE the fourth partof the © , be BK, KL, 
LM, ME; join KA, and prod.it to N ; and from A 
12. 1, draw AX at rt Z. « to the plane of the © BCDE, 
meeting the superficies of the sphere in the p* X: 
and let planes pass through AX, and each of the 
I* BD, KN, w^, from what has been said, shall prod, 
great © " on the superficies of the sphere, and let 
BXD, KXN be thei © 8 thus made upon the diam** 
BD, KN : then, 

•/ X A is at rt Z. « to the plane of the BCDE, 
i» !i. ,*. every plane w'* passes through XA is at r' Z.* 

to the plane of the © BCDE ; 
/. thei © « BXD, KXN are at r* Z. * to that plane: 
and •/"the J © * BED, BXD, KXN on the equal 

diam« BD, KN, are = one another ; 
/. their halves BE, BX, KX are = one another ; 
and .*• as many sides of the polygon as are in BE, 
so many are there in BX, KX, =the sides BK, 

KL, LM, ME : 
let these polygons be desc^, and their sides be 

BO, OP, PR, RX; KS,ST,Ty,YX; 
and join OS, PT, RY ; and from the pt* O, S, 

draw OV, SQ, _L « to AB, AK : then, 

•/ the plane BOXD is at rt Z. « to the plane BCDE, 

and in one of them BOXD, O V is drawn J_ to AB, 

the com. ?>ecl\0Yv of the planes. 



for the same reason, 

SQ ia X to the same plane, 
f<w the plane K8XN is at c' £_ 'to the plane BCDE. 




Join VQ ; then, 
-.• in the e^ual^ © ■ BXD, KXN.the arcs BO, KS 
areequal, and OV, SQ are ± to their diam-, M.L 
.-. OV = SQ,MidBV = KQ: 
but the whole BA = the whole K A ; 
.'. the rem' VA= the rem'QA. 

.■.kq:qa::bv: VA; ^,9. 

.-. VQ is II BK ; 

V OV, SQ are both at r' / ' to the plane of the * II. 
©BCDE, 
,-, OVisll SQ; 
and it has also been proved that 
OV=SQ; 
.*. QV, SO are equal ana \^v ^ ' 
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and, •/ QV is || SO, and also || KB, 
9.11. /. SO is Ij KB; 

and /• BO, KS, w^ join them, are in the same plane 
in w^ these ||' are, and the quadrilati fig. KBOS is 

in one plane : 

and if PB, TK be joined, and_L* be drawn from 

the pt8 P, T to the \^ AB, AK, it may be dem<* that 

TP is II KB in the same way that SO was shown 

to be II the same KB ; 

9.11. /.TP is II SO, 

and the quadrilat^ fig. SOPT is in one plane: 
for the same reason, 

the quadrilat^ TPRY is in one plane : 
2. 1 1. and die fig. YRX is also in one plane : 

/, if from the pi* O, S, P, T, R, Y, there be drawn 
|8 to the p' A, there will be formed a solid polyhedron 
between the arcs BX, KX, composed of pyr^*, the 
bases of wh arethequadrilats KBOS,SOPT/rPRY, 
and the ^^^ YRX, and of vf^ the com. vertex is 

the pt A : 

and if the same consta-i^ be made on each of the 
sides KL, LM, ME, as has been done upon BK, 
and the like be done also in the other three 
quadrants, and in the other hemisphere; there 
will be formed a solid polyhedron insc<i in the 
sphere, composed of pyr'**, the bases of w** are 
the aforesaid quadrilat^ fig», and the ^^^ YRX, 
and those formed in the like manner, in the rest of 
the sphere, the com. vertex of them all being 

the p' A. 

Also thesupei&ci^^oi vVki^^otUdT^olYhedronshaU 
;;. 21. not meet the \ew s^^vexe Viv ^^^ *\^ S^aa ^^^^, 



For, from the p* A draw AZ J,, to ihe plsne of 
the quadrilat' KBOS, meedDg it m Z, and join 
BZ, ZK : then, ' 




V AZisXto the plane KBOS, 
.'.itmakesr'/. >wttheTei7|ii]eetmgit in diat plane; 
- ' " • ■ o BZ and ZK : 






AB=AK, 



and that AB2=AZ=+ ZB^, 

and AK^ = AZ2+ ZK'^- « 

.-. AZ^ + ZB2=:AZ24- ZK^; 
■nd AZ^ being taken from these eqnals, 
the jeta' ZB^=the rem' ZK^; 
and .-. I ZB = ZK : 
In the like manner it may be dem'' that the ]' dravm 
from the p' Z to the p" O, S, are = BZ or ZK ; 
,*, the S desc* from the cent, Z, and dist, ZB, will 
pan through the p" K, O, S, and KBOS will be a 
quadrilat' fig. in the®: 
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and V KB is > QV, and QV = SO, 
KB is > SO: 
but KB is = each of the |s BO, KS; 
/. each of the arcs cut off by KB, BO, KS, 
is > that cut off by OS ; 
suid these three arcs, together with a fourth = one 
of them, are > the same three together with that 

cut off by OS, i,e. > the whole ce of the © ; 
•% the arc subtended by KB is > the fourth partof 
the whole © ce of the © KBOS, 
and /. Z. BZK at the cent, is > a r*Z. ; 
and */ Z BZK is obt, 

8. 2. /. BIC2 is > BZ2 + ZK2, 

i . e.>2 BZ% 
Join KV : then, in the.^^» KBV, OBV, 
V KB, BV = OB, BV, each to each, 
and diat they contain equal Z. * ; 
4.1. /. Z. KVB=Z.OVB: 

and O VB is a r' Z. : 

/. also KVB is a rt Z. : 
and •/ BD is < 2 DV, 
8w 6. .'« the rect. BD. BV is < twice the rect. BV. DV; 

t.c.KB2is<2KV2: 
butKB2i8>2BZ2; 
/. KV2is>BZ2: 
andV BA = AK, 
and that BA2 = BZ2 + ZA2, 

AK2=:KV2-|-VA2; 
/. BZ2 + ZA2 == KV2 + VA2; 
and of these sq% KV2is > BZ2, 
.% ZA2 is > VA2, 
andZAis>VA: 
dfarUori, .\ AZ is > AG, 
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for^ in the preceding prop», it was shown that 
KV falls without © FGH ; 
and AZ is J_ to the plane KBOS, 

and .*• is the shortest of all the |' ihaX can he drawn 
from A^ the cent, of the sphere^ to that plane. 

.\ the plane KBOS does not meet the less sphere. 

And.that the other planes hetween the quadrants 
BX^ KX^ fall without the less sphere, is thus 
dem<i. 

From the p* A draw AI JL to the plane of the 
quadrilat^ SOPT, and join 10: then, as was dem** 
of the plane KBOS and the p^ Z, it may similarly 
be shown that the point I is the cent, of a 
desc* ahout SOPT ; and that OS is > PT ; 

and it was shown that PT is [| OS ; 

hence, 

•/ in the two trapeziums KBOS, SOPT insC* in 
0» the sides BK, OS are \\% as also OS, PT; and 
the other sides BO, KS, OP, ST all = one another, 
and that BK is > OS, and OS > PT, 
/. I ZB is > 10. 

Join AO ; it wiU be = AB ; 

and %• AIO, AZB are r« Z. % « i''^» 

.•. AI2h-I02 = A02 
= AB2 

= AZ2-HZB2; 
and ZB2 is > 102; 
/. AZ2 is < AP, 
and AZ is < AI : 
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And it was proved that 

AZis> AG; 
a fortiori, .\ AI is > AG : 
.\ the plane SOPT falls wholly without tlie less 
sphere. 

In the same manner it may he dem** that the plane 
TPRY falls without the same sphere, as also the 
,^i:\ YRX, viz. hy the Cor. of 2d Lemma. 

And similarly it may hedem** that all the planes^ 
w^ contain the solid polyhedron^ fall without theless 
sphere. 

.*• in the greater of two spheres, which have the 
same centre,a solid polyhedron is described, the n<- 
petficies of which does not meet the less sphere* 

[q. e. p.] 

But that I AZ is > AG, may be dem** otherwise, 
and in a shorter manner, without the help of Prop. 
16., as follows. 

From the p* G draw GU at r' /I » to AG, and 
join AU. 

If then the arc. BE bebis**, and its half again bis<*, 
and so on, there will at length remain an arc < the 
arc w'' is subtended by a | = GV, instf* in the © 
BCDE : let this be the arc KB : 
.-. I KBis<GU: 
and •.*, as was proved in the precedinff, 

Z. BZK is obt., 

/. KB is > BZ : 

but GUis>KB; 

dfo7iior:, ,\ GU is > BZ, 

and GU2 > BZ2: 



and AU5a:AB; 
/. AU-'=AB2, 
i.e. AG2+GU2 = AZ2+ZB2; 
but GU2 is > BZ2 : 
.-. AZ2 is > AG2, 
and .'. AZ is > AG. 

Cor. And if in the less sphere there be desti^ a 
solid polyhedron, by drawing * betwixt the p^ in w*» 
the I" from the cent, of the sphere drawn to all the 
angles of the solid polyhedron in the greater sphere 
meet the superficies of the less; in the same order in 
w'* are joined the p*« in w** the same j* from the cent, 
meet the superficies of the greater sphere ; the solid 
polyhedron in the sphere BCD£ has to this other 
solid polyhedron the tri pi. r® of that w*» the diam' of 
the sphere BCDE has to the diam' of the other 
sphere : 

For if these two solids be diy^ into the same n® of 
pyr^*, and in the same order, the pyr**» shall be sim' 
to one another, each to each ; since they have the 
solid angles at their com. vertex, the cent, of the 
sphere the same in each pyr^, and their other solid 
angles at the bases ?= one another, each to each, for b. 1 1. 
they are contained by three plane ^ "each = each ; 
and 
thepyr^ are containedbythesamenoofsim^planes, 

and .*. are sim' to one another, each to each : J}- ^*' 

But sim' pyr^ have to one another the tripL r* Cor. i 

of their homoL sides : ^^* 

.•. the pyr<* of w*» the base is the quadrilat^ KBOS, 
and vertex A, has to the pyr^ in the other sphere of 
the same order, the tripL ro of their homol. pider?, 

Iil4 
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i. e. of that ro w^ AB from the cent of the greater 
sphere has to the | from the same cent to the super- 
ficies qf the less sphere. 

And^ in like manner, each pyr^ in the greater 
sphere has to each of the same order in the less, the 
tripL ro of that w^ AB has to the semi-diam^ of 
the less. 

And as one antecedent to its consequent, so 
are all the antecedents to all the consequents. 

/• the whole solid polyhedron in the greater 
sphere has to the whole solid polyhedron in the 
other, the tripl. r® of that w^^ AB the semi-diamr of 
the first has to the semi-diam' of the other; i.e.w*^ 
the diamr BD of the greater has to the diam' of the 
other sphere. 
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PROP. XVIII. THEOR. 

Spheres have to one another the triplicate ratio (^ 
that which their diameters have. 

Let ABC, DEF, be twospheres^of w*»thediam" 
are BC, EF The sphere ABC has to the sphere 
DEF the tripl. r© of that w** BC has to EF. 

For, if it has not, the sphere ABC shall have to 
a sphere either < or > DEF, tlie tripl, r® of diat 
wh BC has to EF. 

First, let it have that ro to a less, viz. the sphere 
GHK ; and let the sphere DEF have the same 
cent with GHK ; and in the greater sphere DBF 
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desc. a solid polyhedron, the superficies of w^ does 17. 12. 
not meet the less sphere GHK : and in the sphere 
ABC desc. another^ 8im>^ to that in the sphere 
DEF; 

]C EFf ^l^TsiC jN 

/• the solid polyhedron in the sphere ABC has to 

the solid polyhedron m DEF, the tripl. roof that w^* Cor. 17 

BC has to EF. 

But the sphere ABC has to the sphere GHK, 
the tripl. ro of that w^* BC has to EF ; 
/, the polyhedron in 1 . f the polyhedron in 1 
the sphere ABC J * "[ the sphere DEF J 
:: sphere ABC : sphere GHK. 

But the sphere ABC is > the solid polyhedron 
in it: 

.'. also the sphere GHK is > the polyhedron in !•*• » 

the sphere DEF : 
but the sphere is contained within, 
and /, is also < the polyhedron, 
w^^ is impossible : 
.*. the sphere ABC has net to any sphere < DEF, 
the tripl. ro of that w»> BC has to EF. 

In the same manner, it may be dem**, that the 
sphere DEF has not to any sphere < ABC, the 
tripl. ro of that w^ EF has to BC. 

Nor can the sphere ABC have to any sphere > 
DEF, the tripL ro of that w^^ BC haa to EF, 
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For^ if it can^ let it have tliat r^ to a greater 
sphere LMN : 

,% inv^t the sphere LMN has to the sphere ABC, 
thetripl. r® of that w»' EF has to BC. 

But, 
•/ the sphere LMN is > the sphere DEF, 
/. as the sphere LMN to ABC, 
14. 5. so is the sphere DEF to some sphere < ABC ; 
and /. the sphere DEF has to a sphere < ABC, 
tfie tripl. r<> of that w^ EF has to BC, 
w*» was shown to he impossible : 
/. the sphere ABC has not to any sphere > DEF, 

the tripl. r© of that w»» BC has to EF ; 
and it was dem^ that neither has it that r^ to any 

sphere < DEF. 

/, the sphere ABC has to ihe sphere DEF the 
Inpficafe ratio of that which BC has to EF. 

[q. e. D-. J 
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THC Bomowm WIU k chahqcd 

AN OVERDUE FEE IF T>1tt BOOK It 
HOT RETURNED TO THE UBRARY ON 
OR BEFORE THE LAST DATE STAMPED 
BELOW. NON-«ECEIPT OF OVERDUE 
NOTICES DOES HOT EXEMPT THE 
BORROWER FROM OVERDUE FEES. 
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